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Outline

判别分析 (Discriminant Analysis)

分布已知的判别准则 (Allocation Rules for Known Distributions) 

应用中的判别规则 (Discrimination Rules in Practice) 

 中的判别分析
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‣ 银行入

Preface 引言

• 判别分析用于分类结果事先已知的情形.

‣ 判别分析的目一干

好客户：还贷无问题 

差客户：还贷有问题

‣ 例: 银行用

建立模型: 判别准则

新客户

年龄
收入
性别
婚姻
教育
家庭
债务

⋮

= ?

‣ 评价可能产生风
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library(mclust) 
x = banknote 
x[c(1:3, 101:103), ]

Allocation Rules for Known Distributions 分布已知的判别准则

• 判别分析是用于区分一组总体  并确定如何将新的观察结果归为哪一个总体的

一系列方法.

Πj

‣ 币的长度, 

‣ 币的宽度 (左), 

‣ 币的宽度 (右), 

‣ 币内框至下边界的距离, 

‣ 币内框至上边界的距离, 

‣ 币中心图片对角线的长度.

X1 =
X2 =
X3 =
X4 =
X5 =
X6 =

总体  : 假币 

总体  : 真币

Π1

Π2
新币

判别准则 (算法)
?
?
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Allocation Rules for Known Distributions 分布已知的判别准则

• 判别分析是用于区分一组总体  并确定如何将新的观察结果归为哪一个总体的

一系列方法.

Πj

‣ 设有  个总体:  .J Π1, Π2, …, ΠJ

‣ 拟将一 自一x

‣ 判别准则 (discriminant rule)：样本空间  的一ℝp

R1⋃R2⋃⋯⋃RJ = ℝp , Ri⋂Rj = Φ (i ≠ j)

x ∈ Rj ⟹ x ∈ Πj , j = 1, 2, …, J

‣ 判别分析的主要任务：寻找一小
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Allocation Rules for Known Distributions 分布已知的判别准则

• 极大似然判别准则 (Maximum Likelihood Discriminant Rule)

‣ 记总体  的密度函数为 , .Πj fj (x) j = 1, 2, …, J

‣ 极大   Lj (x) = fj (x) = arg max
i

fi (x) ⟹ x Πj

‣ 如果有若干 目大一fi (x)

‣ 理论上，ML 准则确定的  的划分为ℝp

Rj = {x Lj (x) > Li (x) , i = 1, 2, …, J , i ≠ j}
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Allocation Rules for Known Distributions 分布已知的判别准则

• 极大似然判别准则 (Maximum Likelihood Discriminant Rule)

‣ 在将一干一

‣ 当  时，如果  来自 而 J = 2 x Π1 Π2

p21 = P (X ∈ R2 Π1) = ∫R2

f1 (x) dx

‣ 同样，如果  来自 而 x Π2 Π1

p12 = P (X ∈ R1 Π2) = ∫R1

f2 (x) dx
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Allocation Rules for Known Distributions 分布已知的判别准则

• 极大似然判别准则 (Maximum Likelihood Discriminant Rule)

‣ 将来自   用 Πj x Ri C (i j)
判定总体

所属总体

Π1 Π2

Π1 0 C (2 1)
Π2 C (1 2) 0

‣ 误判期望成本 (expected cost of misclassification, ECM) 为

ECM = C (2 1) ⋅ p21 ⋅ π1 + C (1 2) ⋅ p12 ⋅ π2

来自总体  的先验概率Π1 来自总体  的先验概率Π2

‣ 先验概率 ：随机选取的一  πj x Πj
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Allocation Rules for Known Distributions 分布已知的判别准则

• 极大似然判别准则 (Maximum Likelihood Discriminant Rule)

‣ 我们关注 ECM 较小干小

‣ 两个总体 ECM 最小

定理 14.1 对两个总体  和 ，使得误判期望成本 (ECM) 最小的判别准则为 Π1 Π2

R1 = x
f1(x)
f2(x)

≥
C (1 2)
C (2 1) ( π2

π1 )

R2 = x
f1(x)
f2(x)

<
C (1 2)
C (2 1) ( π2

π1 )

‣ 极大一

R1 = { x
f1(x)
f2(x)

≥ 1} , R2 = { x
f1(x)
f2(x)

< 1}
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Allocation Rules for Known Distributions 分布已知的判别准则

• Example: 假设

{Π1 :银行不良客户的总体
Π2 :银行优质客户的总体

,
C (2 1) :不良客户判为优质客户产生的成本

C (1 2) :优质客户判为不良客户产生的成本

‣  : 银行一γ

G (R2) = − C (2 1) ⋅ π1 ⋅ ∫ I (x ∈ R2) f1 (x) dx − C (1 2) ⋅ π2 ⋅ ∫ [1 − I (x ∈ R2)] f2 (x) dx + γ ⋅ π2 ⋅ ∫ I (x ∈ R2) f2 (x) dx

= − C (1 2) ⋅ π2 + ∫ I (x ∈ R2) {−C (2 1) π1 f1 (x) + [C (1 2) + γ] π2 f2 (x)} dx

常数

‣ 要收益最大

≥ 0

R2 = x
f2 (x)
f1 (x)

≥
C (2 1) ⋅ π1

[C (1 2) + γ] ⋅ π2

定理 14.1

γ = 0
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Allocation Rules for Known Distributions 分布已知的判别准则

• Example: 假设 ，并且x ∈ {0 , 1}

Π1 : P(X = 0) = P(X = 1) =
1
2

Π2 : P(X = 0) =
1
4

= 1 − P(X = 1)

ML 判别准则：R1 = { x
f1(x)
f2(x)

≥ 1} , R2 = { x
f1(x)
f2(x)

< 1}

x = 0 :
f1(0)
f2(0)

=

1
2
1
4

= 2 > 1

x = 1 :
f1(1)
f2(1)

=

1
2
3
4

=
2
3

< 1

⟹
{x = 0} ∈ Π1

{x = 1} ∈ Π2
⟹ {R1 = {0}

R2 = {1}
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Allocation Rules for Known Distributions 分布已知的判别准则

• Example: 假设有两个总体 {
Π1 : N (μ1 , σ2

1)
Π2 : N (μ2 , σ2

2)

L1(x) = f1(x) =
1

2π σ1

exp − (x − μ1)2

2σ2
1

, L2(x) = f2(x) =
1

2π σ2

exp − (x − μ2)2

2σ2
2

ML 判别准则：R1 = { x
f1(x)
f2(x)

≥ 1} , R2 = { x
f1(x)
f2(x)

< 1}
L1(x)
L2(x)

=
f1(x)
f2(x)

=
σ2

σ1
exp {−

1
2 [( x − μ1

σ1 )
2

− ( x − μ2

σ2 )
2

]}x ∈ R1 , ≥ 1

⟹ ln
σ2

σ1
−

1
2 [( x − μ1

σ1 )
2

− ( x − μ2

σ2 )
2

] ≥ 0 ⟹ ( x − μ1

σ1 )
2

− ( x − μ2

σ2 )
2

≤ 2 ln
σ2

σ1

⟹ ( 1
σ2

1
−

1
σ2

2 ) x2 − 2 ( μ1

σ2
1

−
μ2

σ2
2 ) x + ( μ2

1

σ2
1

−
μ2

2

σ2
2 ) ≤ 2 ln

σ2

σ1
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Allocation Rules for Known Distributions 分布已知的判别准则

• Example: 假设有两个总体 {
Π1 : N (μ1 , σ2

1)
Π2 : N (μ2 , σ2

2)

⟹ ( 1
σ2

1
−

1
σ2

2 ) x2 − 2 ( μ1

σ2
1

−
μ2

σ2
2 ) x + ( μ2

1

σ2
1

−
μ2

2

σ2
2 ) ≤ 2 ln

σ2

σ1

‣ 如果取：μ1 = 0 , σ1 = 1 , μ2 = 1 , σ2 =
1
2

R1 = {x x ≤
1
3 (4 − 4 + 6 ln 2)  或  x ≥

1
3 (4 + 4 + 6 ln 2)}

R2 = ℝ∖R1 = {x
1
3 (4 − 4 + 6 ln 2) < x <

1
3 (4 + 4 + 6 ln 2)}

x ∈ R1
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Allocation Rules for Known Distributions 分布已知的判别准则

• Example: 假设有两个总体 {
Π1 : N (μ1 , σ2

1)
Π2 : N (μ2 , σ2

2)
## 方差不等 

s1 = 1 
mu1 = 0 
s2 = 0.5 
mu2	 = 1 
curve(dnorm(x, mu1, s1), -3, 3, col = "red", ylim = c(0, 0.8), axes = FALSE, xlab = "", ylab = "Densities", lwd = 2) 
axis(1, at = -3:3, pos = 0) 
axis(2, at = c(0, 0.2, 0.4, 0.6, 0.8), pos = -3) 
curve(dnorm(x, mu2, s2), -1, 3, col = "blue", add = TRUE, lty = 2, lwd = 2) 
title(main = "Two Normal Distributions") 
abline(v = c(0.38, 2.28), lwd = 3) 
text(-1, 0.5, "R1", col = "red", cex = 2) 
text(2.6, 0.5, "R1", col = "red", cex = 2) 
text(1.5, 0.5, "R2", col = "green4", cex = 2)
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Allocation Rules for Known Distributions 分布已知的判别准则

• Example: 假设有两个总体 {
Π1 : N (μ1 , σ2

1)
Π2 : N (μ2 , σ2

2)

⟹ ( 1
σ2

1
−

1
σ2

2 ) x2 − 2 ( μ1

σ2
1

−
μ2

σ2
2 ) x + ( μ2

1

σ2
1

−
μ2

2

σ2
2 ) ≤ 2 ln

σ2

σ1

‣ 如果取：σ1 = σ2

R1 = {x x ≤
1
2 (μ1 + μ2)}

R2 = ℝ∖R1 = {x x >
1
2 (μ1 + μ2)}

x ∈ R1
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Allocation Rules for Known Distributions 分布已知的判别准则

• Example: 假设有两个总体 {
Π1 : N (μ1 , σ2

1)
Π2 : N (μ2 , σ2

2)
## 方差相等 

s1 = 1 
mu1 = 0 
s2 = 1 
mu2	 = 3 
curve(dnorm(x, mu1, s1), -3, 3, col = "red", xlim = c(-3, 6), ylim = c(0, 0.4), axes = FALSE,  
      xlab = "", ylab = "Densities", lwd = 2) 
axis(1, at = -3:6, pos = 0) 
axis(2, at = c(0, 0.1, 0.2, 0.3, 0.4), pos = -3) 
curve(dnorm(x, mu2, s2), 0, 6, col = "blue", add = TRUE, lty = 2, lwd = 2) 
title(main = "Two Normal Distributions") 
abline(v = 1.5, lwd = 3) 
text(0, 0.2, "R1", col = "red", cex = 2) 
text(3, 0.2, "R2", col = "green4", cex = 2)
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Allocation Rules for Known Distributions 分布已知的判别准则

定理 14.2 假设 . 

(a) 极大   方

 

 

(b) 当  时， 

 

其中 

Πi ∼ Np (μi , Σ)
x μi δ (x , μi)

x Πi , i = 1, 2, …, J

δ2 (x , μi) = (x − μi)T Σ−1 (x − μi) , i = 1, 2, …, J

J = 2

x ∈ R1 ⟺ αT (x − μ) ≥ 0

α = Σ−1 (μ1 − μ2) , μ =
1
2 (μ1 + μ2)
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Allocation Rules for Known Distributions 分布已知的判别准则

• 贝叶斯判别准则 (Bayes Discriminant Rule)

‣ 记总体  的密度函数为 , .Πj fj (x) j = 1, 2, …, J

‣ 用  自  πj x ∈ ℝp Πj j = 1, 2, …, J

J

∑
j=1

πj = 1

‣ 贝  πj ⋅ fj (x) = max
1≤i≤J

{πi ⋅ fi (x)} ⟹ x Πj

‣ 贝 ℝp

Rj = {x πj ⋅ fj (x) ≥ πi ⋅ fi (x) , i = 1, 2, …, J}

‣ 极大   Lj (x) = fj (x) = arg max
i

fi (x) ⟹ x Πj

π1 = π2 = ⋯ = πJ =
1
J
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Allocation Rules for Known Distributions 分布已知的判别准则

• 贝叶斯判别准则 (Bayes Discriminant Rule)

‣ 确定性判别准则 (deterministic discriminant rule)：

ϕj(x) = {
1, πj ⋅ fj (x) = max

1≤i≤J {πi ⋅ fi (x)}
0, 其它

, j = 1, 2, …, J

‣ 随机化判别准则 (randomized discriminant rule)：

ϕj(x) = P (x ∈ Rj) , j = 1, 2, …, J, where
J

∑
j=1

ϕj(x) = 1.

ϕj(x) = max
1≤i≤J

{ϕi(x)} ⟹ 判 x 属 Πj
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Allocation Rules for Known Distributions 分布已知的判别准则

• 贝叶斯判别准则 (Bayes Discriminant Rule)

‣ 哪一

‣ 用 自   pij Πj x Πi

pij = ∫ ϕi(x) ⋅ fj(x)dx , i, j = 1, 2, …, J .

‣ 假设有两个判别准则：(1) 概率 ; 

(2) 概率 .

{pij i, j = 1, 2, …, J}
{p′￼      

‣ 准则 (1) 优于准则 (2)：对所有的  都有  ，且至

一  立

i = 1, 2, …, J pii ≥ p′￼

i pii > p′￼
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Allocation Rules for Known Distributions 分布已知的判别准则

• 贝叶斯判别准则 (Bayes Discriminant Rule)

‣ 对于某一而言



定理 14.3 所有贝叶斯判别准则（包括极大
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Allocation Rules for Known Distributions 分布已知的判别准则

• ML 准则  的误判概率(J = 2)

p12 = P (x ∈ R1 Π2)
= P (αT (x − μ) > 0 Π2)

如果 x 来自 Π2 ⟹ αT (x − μ) ∼ N1 (−
1
2

δ2 , δ2)
δ2 = (μ1 − μ2)T Σ−1 (μ1 − μ2)μ1 与 μ2 的 Mahalnobis 距离:

= P (αT (x − μ) > 0)
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Allocation Rules for Known Distributions 分布已知的判别准则

• ML 准则  的误判概率(J = 2)

p12 = P (x ∈ R1 Π2)
= P (αT (x − μ) > 0 Π2)
= P (αT (x − μ) > 0)

= P
αT (x − μ)+

1
2

δ2

δ
>

1
2

δ = 1 − Φ ( 1
2

δ)

⟹ αT (x − μ) ∼ N1 (−
1
2

δ2 , δ2)
⟹

αT (x − μ)+
1
2

δ2

δ
∼ N1(0 , 1)

= Φ (−
1
2

δ)

= P
αT (x − μ) − (−

1
2

δ2)
δ

>
0 − (−

1
2

δ2)
δ

‣ 同理可得：p21 = Φ (−
1
2

δ) .



Discriminant Analysis

R1 = x −
1
2

xT (Σ−1
1 − Σ−1

2 ) x + (μT
1 Σ−1

1 − μT
2 Σ−1

2 ) x − k ≥ ln
C (1 2)
C (2 1)

⋅
π2

π1

R2 = x −
1
2

xT (Σ−1
1 − Σ−1

2 ) x + (μT
1 Σ−1

1 − μT
2 Σ−1

2 ) x − k < ln
C (1 2)
C (2 1)

⋅
π2

π1

Allocation Rules for Known Distributions 分布已知的判别准则

• 协方差矩阵不等时的判别

‣ 此时 ECM (expected cost of misclassification, 误判期望成本) 依赖于密度之比
f1(x)
f2(x)

.

‣ 或等价地，依赖于 ln {f1(x)} − ln {f2(x)} .

‣ 当两个总体的协方

k =
1
2

ln
Σ1

Σ2
+

1
2

ln (μT
1 Σ−1

1 μ1 − μT
2 Σ−1

2 μ2)

二次函数
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Discrimination Rules in Practice 应用当中的判别准则

• 如果总体的分布与参数均已知，则使用 ML 准则.

‣ 假设数据来自 Np (μj , Σ) , j = 1, 2, …, J

x11, x12, …, x1n1

i.i.d.∼ Np (μ1 , Σ)
x21, x22, …, x2n2

i.i.d.∼ Np (μ2 , Σ)
⋮ ⋮

xJ1, xJ2, …, xJnJ

i.i.d.∼ Np (μJ , Σ)

⟹ ̂μ j = xj =
1
nj

nj

∑
k=1

xkj , j = 1, 2, …, J

n =
J

∑
j=1

nj

𝒮j =
1
nj

nj

∑
k=1

(xjk − xj) (xjk − xj)
T

̂Σ = 𝒮u =
J

∑
j=1

nj (
𝒮j

n − J )
=

1
n − J

J

∑
j=1

nj

∑
k=1

(xjk − xj) (xjk − xj)
T
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Discrimination Rules in Practice 应用当中的判别准则

• 如果总体的分布与参数均已知，则使用 ML 准则.

‣ 假设数据来自 Np (μj , Σ) , j = 1, 2, …, J

(x − xk) 𝒮−1
u (x − xk)T = min

1≤i≤J {(x − xi) 𝒮−1
u (x − xi)T} ⟹ x ∈ Rk

即，判 x 属 Πk
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data.g = subset(x, Status == "genuine", select = 2:7) # 真钞子集 

data.g 
data.f = subset(x, Status == "counterfeit", select = 2:7) # 伪钞子集 

data.f

Discrimination Rules in Practice 应用当中的判别准则

• Example: 对真伪钞票数据集应用 ML 判别准则.

‣ 在真伪钞票数据集当中随机选择 20 个数据：

library(mclust) 
data(banknote) 
set.seed(1993) 
n0 = sample(1:200, size = 20, replace = FALSE) 
x = banknote[n0, ] 
x
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Discrimination Rules in Practice 应用当中的判别准则

• Example: 对真伪钞票数据集应用 ML 判别准则.

‣ 计算两个数据集的样本均值向量：

mu.g = apply(data.g, 2, mean) # 真钞的均值向量 

mu.g 
mu.f = apply(data.f, 2, mean) # 伪钞的均值向量 

mu.f
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Discrimination Rules in Practice 应用当中的判别准则

• Example: 对真伪钞票数据集应用 ML 判别准则.

‣ 计算合并的样本协方

s.g = cov(data.g) * (dim(data.g)[1] - 1) / (dim(data.g)[1]) # 真钞的样本协方差矩阵 

round(s.g, digits = 4) 
s.f = cov(data.f) * (dim(data.f)[1] - 1) / (dim(data.f)[1]) # 伪钞的样本协方差矩阵 

round(s.f, digits = 4) 
su = ((dim(data.g)[1]) * s.g + (dim(data.f)[1]) * s.f) / (20 - 2) # 合并计算的样本协方差矩阵 

round(su, digits = 4)

̂Σ = 𝒮u =
J

∑
j=1

nj (
𝒮j

n − J )
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mu.g = as.matrix(mu.g) 
mu.f = as.matrix(mu.f) 
su = as.matrix(su) 
alpha = solve(su) %*% (mu.g - mu.f) 
round(alpha, digits = 4) 
mu = (mu.g + mu.f) / 2 
round(mu, digits = 4)

Discrimination Rules in Practice 应用当中的判别准则

• Example: 对真伪钞票数据集应用 ML 判别准则.

‣ 划分两个总体的超平面

̂αT (x − ̂μ) = 0

̂α = ̂Σ −1 ( ̂μ1 − ̂μ2) =̂μ =
1
2 ( ̂μ1 + ̂μ2) =
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Discrimination Rules in Practice 应用当中的判别准则

• Example: 对真伪钞票数据集应用 ML 判别准则.

‣ 对真伪钞票数据集所有个体的回判：

data.x = as.matrix(banknote[, 2:7]) # 真伪钞数据集全体 
MU = matrix(mu, nrow = dim(data.x)[1], ncol = 6, byrow = TRUE) # 均值向量构造的矩阵 
disc.f = (data.x - MU) %*% alpha # 计算每个体的判别函数值：正判为真钞、负判为伪钞 
disc.f[1:100, ] # 真钞的判别函数值 
sum(disc.f[1:100, 1] < 0) # 真钞判为伪钞的数量
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Discrimination Rules in Practice 应用当中的判别准则

• Example: 对真伪钞票数据集应用 ML 判别准则.

‣ 对真伪钞票数据集所有个体的回判：

disc.f[101:200, ] # 伪钞的判别函数值 
sum(disc.f[101:200, 1] > 0) # 伪钞判为真钞的数量
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Discrimination Rules in Practice 应用当中的判别准则

• 如果总体的分布与参数均已知，则使用 ML 准则.

‣ 假设数据来自 Np (μj , Σ) , j = 1, 2, …, J 当  时J = 3

h12 (x) = (x1 − x2)T 𝒮−1
u [x −

1
2 (x1 + x2)]

h13 (x) = (x1 − x3)T 𝒮−1
u [x −

1
2 (x1 + x3)]

h23 (x) = (x2 − x3)T 𝒮−1
u [x −

1
2 (x2 + x3)]

‣ ML 判别准则：

判 x 属 Π1 , 当 h12 (x) ≥ 0 并且 h13 (x) ≥ 0
判 x 属 Π2 , 当 h12 (x) < 0 并且 h23 (x) ≥ 0
判 x 属 Π3 , 当 h13 (x) < 0 并且 h23 (x) < 0



Discriminant Analysis

‣ 对两个正态总体

Discrimination Rules in Practice 应用当中的判别准则

• 误判概率的估计

‣ 随机化判别准则 (randomized discriminant rule)：

ϕj(x) = P (x ∈ Rj) , j = 1, 2, …, J, where
J

∑
j=1

ϕj(x) = 1.

ϕj(x) = max
1≤i≤J

{ϕi(x)} ⟹ 判 x 属 Πj

‣ 用 自   pij Πj x Πi

pij = ∫ ϕi(x) ⋅ fj(x)dx , i, j = 1, 2, …, J .

{
Π1 : Np (μ1 , Σ)
Π2 : Np (μ2 , Σ)

, 我们计算了 ML 准则的误判概率为：

p12 = p21 = Φ (−
1
2

δ2)
δ2 = (μ1 − μ2)T Σ−1 (μ1 − μ2)



Discriminant Analysis

‣ 对两个正态总体

Discrimination Rules in Practice 应用当中的判别准则

• 误判概率的估计

‣ 将其中的参数用

{
Π1 : Np (μ1 , Σ)
Π2 : Np (μ2 , Σ)

, 我们计算了 ML 准则的误判概率为：

p12 = p21 = Φ (−
1
2

δ2)
δ2 = (μ1 − μ2)T Σ−1 (μ1 − μ2)

̂p 12 = ̂p 21 = Φ (−
1
2

̂δ 2)
̂δ 2 = (x1 − x2)T 𝒮−1

u (x1 − x2)



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• 误判概率的估计

‣ 误判概率还可以通过回判方

将初始数据  利用判别准则回判给  .xi , i = 1, 2, …, n Π1, Π2, …, ΠJ

nij : 属于 Πj 但回判给 Πi 的数量

⟹ ̂p ij =
nij

nj
, i, j = 1, 2, …, J

称矩阵  为混淆矩阵 (confusion matrix).( ̂p ij)



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Example: 对真伪钞票数据集应用 ML 判别准则.

‣ 混淆矩阵为：

真钞 Π1 伪钞 Π2

Π1 98 2
Π2 2 98

观测值

回判结果

‣ 定义明显错误率 (apparent error rate, or APER) 为误判观测值所占的比比

APER =
4

200
× 100 % = 2 %



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 思想：使投影  构成很好的分类来确定判别准则.aTx

‣ 初始观测数据： 𝒳 =

x11 x12 ⋯ x1p
x21 x22 ⋯ x2p

⋮ ⋮ ⋱ ⋮
xn1 xn2 ⋯ xnp

=

xT
1

xT
2
⋮
xT

n

‣ 投影后的数据：

𝒴 = 𝒳a =

x11 x12 ⋯ x1p
x21 x22 ⋯ x2p

⋮ ⋮ ⋱ ⋮
xn1 xn2 ⋯ xnp

a1
a2
⋮
ap

=

a1x11 + a2x12 + ⋯ + apx1p

a1x21 + a2x22 + ⋯ + apx2p

⋮
a1xn1 + a2xn2 + ⋯ + apxn

=

aTx1

aTx2
⋮

aTxn

=

y1
y2
⋮
yn



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 投影后数据  的总平方𝒴

n

∑
i=1

(yi − y)2 = 𝒴Tℋ𝒴

ℋ = ℐ −
1
n

1n1T
n

= aT 𝒳T ℋ 𝒳 a

𝒯 = 𝒳Tℋ𝒳

= aT𝒯a

‣ 假设有来自   J Π1 , Π2 , … , ΠJ 𝒳  𝒳    𝒳

‣ Fisher 判别：寻找线性组合 ，使得组间平方

方比大

aTx



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 投影后数据  的总平方𝒴

n

∑
i=1

(yi − y)2 = 𝒴Tℋ𝒴

ℋ = ℐ −
1
n

1n1T
n

= aT 𝒳T ℋ 𝒳 a

𝒯 = 𝒳Tℋ𝒳

= aT𝒯a

‣ 假设有来自   J Π1 , Π2 , … , ΠJ 𝒳  𝒳    𝒳

‣ 组内平方 投影  : 𝒳ka
𝒴1 = 𝒳1a , 𝒴2 = 𝒳2a , … , 𝒴J = 𝒳Ja

各组内的平方和: 𝒴T
1ℋ1𝒴1 , 𝒴T

2ℋ2𝒴2 , … , 𝒴T
J ℋJ𝒴J

J

∑
k=1

𝒴T
k ℋk𝒴k =

J

∑
k=1

aT𝒳T
k ℋk𝒳ka = aT (

J

∑
k=1

𝒳T
k ℋk𝒳k) a = aT𝒲a



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 投影后数据  的总平方𝒴

n

∑
i=1

(yi − y)2 = 𝒴Tℋ𝒴

ℋ = ℐ −
1
n

1n1T
n

= aT 𝒳T ℋ 𝒳 a

𝒯 = 𝒳Tℋ𝒳

= aT𝒯a

‣ 假设有来自   J Π1 , Π2 , … , ΠJ 𝒳  𝒳    𝒳

‣ 组间平方 投影  : 𝒳ka
𝒴1 = 𝒳1a , 𝒴2 = 𝒳2a , … , 𝒴J = 𝒳Ja

各组的均值:  y1 , y2 , … , yJ ; 总均值:  y =
n1y1 + n2 y2 + ⋯ + nJ yJ

n1 + n2 + ⋯ + nJ

J

∑
k=1

nk (yk − y)2 =
J

∑
k=1

nk [aT (xk − x)]
2

= aT {
J

∑
k=1

[nk (xk − x) (xk − x)T]} a = aTℬa

各组的均值:  x1 , x2 , … , xJ ; 总均值:  x =
n1x1 + n2x2 + ⋯ + nJ xJ

n1 + n2 + ⋯ + nJ



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 投影后数据  的总平方𝒴

n

∑
i=1

(yi − y)2 = 𝒴Tℋ𝒴

ℋ = ℐ −
1
n

1n1T
n

= aT 𝒳T ℋ 𝒳 a

𝒯 = 𝒳Tℋ𝒳

= aT𝒯a

‣ 假设有来自   J Π1 , Π2 , … , ΠJ 𝒳  𝒳    𝒳

‣ 总平方 投影  : 𝒳ka
𝒴1 = 𝒳1a , 𝒴2 = 𝒳2a , … , 𝒴J = 𝒳Ja

𝒳 =

𝒳1

𝒳2
⋮

𝒳J

𝒴 =

𝒴1

𝒴2
⋮

𝒴J𝒴Tℋ𝒴 = aT𝒯a = aT𝒲a + aTℬa

总平方和 =组内平方和 +组间平方和



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 投影后数据  的总平方𝒴

n

∑
i=1

(yi − y)2 = 𝒴Tℋ𝒴

ℋ = ℐ −
1
n

1n1T
n

= aT 𝒳T ℋ 𝒳 a

𝒯 = 𝒳Tℋ𝒳

= aT𝒯a

‣ 假设有来自   J Π1 , Π2 , … , ΠJ 𝒳  𝒳    𝒳

‣ Fisher 判别：寻找线性组合 ，使得组间平方

方比大

aTx

求  使得  达到最大.a
aTℬa
aT𝒲a



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

定理 14.4 使得  达到最大  大



aTℬa
aT𝒲

a 𝒲

‣ Fisher 判别准则：将  判给投影后  最接近的那一x aTx

如果 ，则将   判给  .k = arg min
1≤i≤J

aT (x − xi) x Πk



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 当  时，J = 2 {
Π1 : 𝒳1 (n1 × p)
Π2 : 𝒳2 (n2 × p)

ℬ =
J

∑
k=1

[nk (xk − x) (xk − x)T] = n1 (x1 − x) (x1 − x)T + n2 (x2 − x) (x2 − x)T

x =
n1x1 + n2x2

n1 + n2

= n1 (x1 −
n1x1 + n2x2

n1 + n2 ) (x1 −
n1x1 + n2x2

n1 + n2 )
T

+ n2 (x2 −
n1x1 + n2x2

n1 + n2 ) (x2 −
n1x1 + n2x2

n1 + n2 )
T

=
n1n2

2

(n1 + n2)2 (x1 − x2) (x1 − x2)T +
n2n2

1

(n1 + n2)2 (x1 − x2) (x1 − x2)T

=
n1n2

n1 + n2
(x1 − x2) (x1 − x2)T

d = x1 − x2

n = n1 + n2

=
n1n2

n
ddT



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Fisher 线性判别函数

‣ 当  时，J = 2 {
Π1 : 𝒳1 (n1 × p)
Π2 : 𝒳2 (n2 × p)

‣ 可以证明：矩阵  只有一 𝒲 tr (𝒲



𝒲

‣ 对应的特征向量为  .a = 𝒲

‣ 相应的判别准则为：

如果 ，则判   

如果 ，则判  

aT [x −
1
2 (x1 + x2)] > 0 x ⟶ Π1

aT [x −
1
2 (x1 + x2)] ≤ 0 x ⟶ Π2



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Example: 讨论真伪钞票数据集的 Fisher 判别.
rm(list = ls(all = TRUE)) 
graphics.off() 
library(mclust) 
data(banknote) 
xg = as.matrix(banknote[1:100, 2:7]) # 真钞数据 

xf = as.matrix(banknote[101:200, 2:7]) # 伪钞数据 

mean.xg = as.matrix(apply(xg, 2, mean)) # 真钞数据的均值 

mean.xf = as.matrix(apply(xf, 2, mean)) # 伪钞数据的均值

xf =xg =

‣ Fisher 判别：寻找线性组合 ，使得组间平方方比

大

aTx
aTℬa
aT𝒲



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Example: 讨论真伪钞票数据集的 Fisher 判别.

100

∑
i=1

[(yg)i
− yg]

2

+
100

∑
i=1

[(yf)i
− yf]

2

= aT𝒲a

100 [(yg − y)
2

+ (yf − y)
2] = aTℬa

‣ Fisher 判别：寻找线性组合 ，使得组间平方方比

大

aTx
aTℬa
aT𝒲

⟸ y =
1
2 (yg + yf)

(yg)i
= aTxi

(yf)i
= aTx100+i

, i = 1, 2, …, 100. ⟹

⟹ a = 𝒲−1 (xg − xf) =

0.000
0.029

−0.029
−0.039
−0.041
0.054

‣ Fisher 判别准则：{当 aT (x − x) > 0 时，判 x 是真钞
当 aT (x − x) ≤ 0 时，判 x 是伪钞



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Example: 讨论真伪钞票数据集的 Fisher 判别.
m = (mean.xg + mean.xf)/2 # 两个总体均值的平均 

w = 100 * (cov(xg) + cov(xf)) # 组内平方和对应的矩阵 

d = mean.xg - mean.xf # 均值差 

a = solve(w) %*% d # 确定线性组合（投影）的系数 

round(a, digits = 3)

a =

yg = as.matrix(xg - matrix(m, nrow = 100, ncol = 6, byrow = T)) %*% a # 计算真钞数据的投影值 

yf = as.matrix(xf - matrix(m, nrow = 100, ncol = 6, byrow = T)) %*% a # 计算伪钞数据的投影值 

xgtest = yg 
sg = sum(xgtest < 0) # 真钞判归伪钞的数量 

sg 

xftest = yf 
sf = sum(xftest > 0) # 伪钞判归真钞的数量 

sf



Discriminant Analysis

Discrimination Rules in Practice 应用当中的判别准则

• Example: 讨论真伪钞票数据集的 Fisher 判别.
# 绘制两个总体投影值核密度估计曲线 

plot(ff, lwd = 3, col = "red", xlab = "", ylab = "Densities of Projections", main = "Densities of Projections of Swiss bank notes",  
     axes = FALSE, xlim = c(-0.2, 0.2), cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.8) 
lines(fg, lwd = 3, col = "blue", lty = 2) 
text(mean(yf), 3.72, "Forged", col = "red") 
text(mean(yg), 2.72, "Genuine", col = "blue") 
axis(1, pos = 0) 
axis(2, pos = -0.2)



Discriminant Analysis

 中的判别分析ℜ

• 线性判别分析 (Linear Discriminant Analysis)

lda(x, prior, subset, method, …)

矩阵或数据框

先验概率，缺省时取各类样本容量的比例

指定用于训练样本的指标向量

估计方法: "moment", "mle", "mve", "t" .

predict(object, newdata, prior = object$prior, dimen, 

method = c("plug-in", "predictive", “debiased"), …)

拟判对象的数据框 判别使用的空间维数

plot(object, …)

pairs(object, …)

ldahist(data, g, nbins = 25, h, breaks, …)

绘制一元 Fisher 线性判别的直方图或密度图

数据向量
与数据等长的指定分类的向量

带宽

小区间的分点



Discriminant Analysis

iris 数据集的判别分析
library(MASS) 
x = iris[, 1:4] # 读入数据 

g = gl(n = 3, k = 50) # 生成有三类、每类 50 个对象的分类因子 

x = cbind(x, Type = g) # 将分类因子 g 添加到数据中 
attach(x) 
x.lda = lda(Type ~ Petal.Length + Petal.Width + Sepal.Length + Sepal.Width) # 方差相等下的 Bayes 判别 

x.lda # 显示结果 
detach(x) 
plot(x.lda, dimen = 1) # 绘制一个线性判别函数的图形 
colors = rep(1:3, times = c(50, 50, 50)) 
plot(x.lda, cex = 1.5, dimen = 2, col = colors) # 绘制两个线性判别函数的图形 

x.pred = predict(x.lda) # 回判 

x.pred$class # 显示回判的结果 

x.pred$posterior # 后验概率 

x.pred$x # 线性判别函数 (投影) 的取值 

x.alloc = cbind(Type = g, x.pred$x, Allocations = x.pred$class) # 真实类型、判别类型对照 (含判别函数) 
x.alloc 
x.confu = table(g, x.pred$class) # 混淆矩阵 
x.confu 
x.prob = prop.table(x.confu) # 混淆矩阵对应的错判概率 
x.prob 
sum(diag(x.prob)) # 判对率 

1 - sum(diag(x.prob)) # 错判率 
x.alloc = as.data.frame(x.alloc) 
ldahist(x.alloc$LD1, g, type = "b") # 第一线性判别函数(投影)值的直方图与核密度 

ldahist(x.alloc$LD2, g, type = "b") # 第二线性判别函数(投影)值的直方图与核密度 

pairs(x.lda, cex = 1.5, col = colors) # 线性判别的二维散点图



Discriminant Analysis

 中的判别分析ℜ

• 二次判别分析 (Quadratic Discriminant Analysis)

qda(x, prior, subset, method, …)

矩阵或数据框

先验概率，缺省时取各类样本容量的比例

指定用于训练样本的指标向量

估计方法: "moment", "mle", "mve", "t" .
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iris 数据集的判别分析
rm(list = ls(all = TRUE)) 
graphics.off() 
options(digits = 3) 

library(MASS) 
x = iris[, 1:4] # 读入数据 

g = gl(n = 3, k = 50) # 生成有三类、每类 50 个对象的分类因子 

x = cbind(x, Type = g) # 将分类因子 g 添加到数据中 

attach(x) 
x.qda = qda(Type ~ Petal.Length + Petal.Width + Sepal.Length + Sepal.Width) # 方差不等条件下的二次 Bayes 判别 

x.qda # 显示结果 
detach(x) 

x.qpred = predict(x.qda) # 回判 

x.qpred$class # 回判结果 

round(x.qpred$posterior, digits = 2) # 回判的后验概率 

x.qalloc = cbind(Type = g, Allocations = x.qpred$class) # 真实类型、判别类型对照 

x.qconfu = table(g, x.qpred$class) # 混淆矩阵 
x.qconfu 
x.qprob = prop.table(x.qconfu) # 混淆矩阵对应的错判概率 
x.qprob 
sum(diag(x.qprob)) # 判对率 

1 - sum(diag(x.qprob)) # 错判率



Discriminant Analysis

健康人群与心梗患者的判别分析
rm(list = ls(all = TRUE)) 
graphics.off() 
library(MASS) 
library(readr) 
setwd("~/Desktop/2023_Applied Multivariate Statistical Analysis/R Codes with data/Data") 
x = read_csv("myocardial.csv") # 读入数据 
x = as.data.frame(x[, 2:5]) 
x$Type = as.factor(x$Type) 
x

健康人群

心梗患者

‣ 判断三项指标  的一人人心x =
420.50
32.42
1.98



Discriminant Analysis

健康人群与心梗患者的判别分析
attach(x) 
x.lda = lda(Type ~ X1 + X2 + X3) # 方差相等条件下的 Bayes 判别 

x.lda # 显示判别结果 

plot(x.lda, dimen = 1, type = "b") # 绘制线性判别函数的图形 

x.pred = predict(x.lda) # 回判 

x.pred$class # 显示回判的结果 

round(x.pred$posterior, digits = 2) # 后验概率 

x.pred$x # 线性判别函数 (投影) 的取值 

x.alloc = cbind(x, x.pred$x, Allocations = x.pred$class) # 真实类型、判别类型对照 (含判别函数) 
x.alloc 

x.confu = table(x$Type, x.pred$class) # 混淆矩阵 
x.confu 

x.prob = prop.table(x.confu) # 混淆矩阵对应的错判概率 
x.prob 

sum(diag(x.prob)) # 判对率 

1 - sum(diag(x.prob)) # 错判率 

x.new = data.frame(X1 = c(420.50), X2 = c(32.42), X3 = c(1.98)) # 新的观测数据 
x.new 
x.new.pred = predict(x.lda, newdata = x.new) # 利用上述判别分析模型的预测 

x.new.pred # 查看结果 

x.new.pred$posterior # 查看后验概率：属于第2类的概率 0.78，判此人为心梗患者 
detach(x)


