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¥IJ %IJ ﬁ*ﬁ (Discriminant Analysis)
ﬁﬁ EI;%I] E/‘J ¥U%U;EJH\U (Allocation Rules for Known Distributions)

}\_‘b 1 El‘J ¥U%U%mm\u (Discrimination Rules in Practice)
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Allocation Rules for Known Distributions 43 %5

Discriminant Analysis

S Z089F 51 N

o FADMERTXD—HSMR I AREITHEFAINRER IR B —T SR
—RIAIE.

library(mclust)
X = banknote

x[c(1:3, 101:103), ]

> x[c(1:3, 101:103), ]

Status
1 genuine
2 genuine
3 genuine

101 counterfeit
102 counterfeit
103 counterfeit

T —

#h

Length Left Right Bottom Top Diagonal
214.8 131.0 131.1 9.0 9.7 141.0

214.6 129.7 129.7 8.1 9.5 141.7
214.8 129.7 129.7 8.7 9.6 142.2
214.4 130.1 130.3 9.7 11.7 139.8
214.9 130.5 130.2 11.0 11.5 139.5
214.9 130.3 130.1 8.7 11.7 140.2

)
//””——7 : ‘——-hi‘ILA1ZK I]{ 1 i

FREN (BE)
)E311S-I]EZ: EgJFi

X2

- T T ey -
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X, = HHIKE,

X, = FHIRE (%),

X, = FHIBRE (B).

X, = HRIEE FLFRM9IEE,
X, = MRIEE LRI,
X, = HHROEHHRENRE.
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Discriminant Analysis

Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

o FHADHERT

—RIAIE.

>

>

X3 —H A 11 FHREAORS AR ER G R YT A — 1 SR RY

8l J AR I, I, ..., 1, .
B — 1T YNNE x #IERBERE TSI

BB @iecriminant i) REARES 6] RP B9— 1%

R RS R =Rr, R(\R =0 (i#))

xeRj

il sRyig:NE

FE(ES:

— xEHj, j=1,2, ..., J

S I MRS, IMERHIBBEERR AR
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® *&j{ﬂ){%;ﬂ%u;ﬁmu (Maximum Likelihood Discriminant Rule)

> DRV T BEBE RSN [0, j=1,2, ..., J.
> ARRMSRFIBIAEN (Lgm): Lix) = f(x) = argmaxf;(x) — Hx &L

> MRBETT f () BRESERRBIARI&A, MEERE—#3IENA.
> 1P F, ML/ENER R 89%155

R={x| Lo)> L i=12 ../, i#j|
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Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

o R AAUTAFIBIAEN] (Maximum Likelihood Discriminant Rule)
> ERE—TWINMEFR R ESLETSAEIFHN—T, aJgEsHINIRF.
» HJ=28, WRx KB I, MBAVFIZET 11,, NIRFAIRIEERE I

P21 :P<X€R2‘ H1> =[ fi (x)dx
R,

> [, MR x KB 1L mExfALG T 17, MhxARBERA

P12:P(X€R1‘ Hz) =J 1 (x)dx
R,
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® *&j('ﬂ,{,n\%U%mﬁmu (Maximum Likelihood Discriminant Rule)

> WRERE 11 OVUME x FI4 R B, B C (i |/) RIORHMIBLE (cos)

HIE R
1, A
11 0 . C <2 ‘ 1)
IO SRS U ST SO
m, c<1 \2) 0

> =FIHAZEE E‘ZZ|§ (expected cost of misclassification, ECM) N

ECM = c(z \1) -pzl-ﬂ1+C<1 \2) Dy 7
k8 BRI, é’?#@%ﬂfﬁ%i/ \}7;‘25 BAR [T, 9 56 B &

> SEIOMEER 70 BENLIEEREY—1MAE x BT RN 11 BOBEER.
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Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

o RAAUTAEIBIEN] Maximum Likelihood Discriminant Rule)

> Ff1RE ECM BUNFIBEN, SEmZ+1#5ENH ECM /.

> TSR ECM s/ a9FIAEN 0T

EIE 14.1 sF A A AR IO, Ao 1T, 1243323402 i A (ECM) 3]s 69 3 5 A4 0

( \
I PPRETET Y
1 fHe) c(z 1) 7
\ )
( \
po | C012)]/n,
A J%< C<2 1) (m) |
! )
> HRARMAZA (ML) EBIEN]: ECM F5IaMtR | FiRF AR —FR45IRIBH.

Ri=14 x Sitx) >1 2, Rh=<4 x Sitx) <1
Ja(x) Jo(x)



@) JAZRT g Discriminant Analysis

Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

e Example: iR

m:EERREPOSE c(2 ) RREPHNREEP LN

>y DIRTTIERIRB— MM E P &R AN .

G (R,) =—C<2|1>-nl-[l(xeRz)fl(x)dx—C<1 |2>-nz-Jll—I(xERQ)]fz(x)dx+y-7r2-JI(x€R2)f2(x)dx

/\
> 0
=-c(1 |2).n2+JI(xER2) {—C(2|1>7z1f1(x)+ c(1]2)+r Jrzfz(x)}
> Bl@mmEA, N N
f w TH 14.1

AW c(2]1)-m r=9
fi ) [C<1‘2>+y

o]Z'Z

J
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o Example:{fRixxe {0,1}, #A

-

I, : PX=0)=PX = 1)=%

H2:P(X=O)=%=1—P(X= 1)

"

TE— Jix) fix)
I-I . ) )
ML #BIEN R, {x ‘ o 21} , R, {x ‘ o <1}

1 3
x=0:fl(0)=2= > 1
LO) 1
4 L ix=0} el . R, = {0}
1 x=1}ell, R, = {1}
A 2
x=1": =—=—x<1
FONERE
4 I
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Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

e Example: BIEETNEE 4 Nl o)
X : 15
P X1 I I, : N (qu | 022)

2 2
1 S 1 (x = py)
L) = /() = e L) =f(0) = eXp § ~
2z 0 of 27 o, 03

T o ~ fi@)
VKl\/lucﬁ-ﬂ/@nyRl{x fz(x)Zl} ,Rz_{x ‘ f2<x><1}
Lx) fix) o { L (x=—m\ [x—m }
= =—expy{ — > 1

R — —
TER Lyx) fH&x) o

o, 1|(x=m\ [(x-m\ =\ (x-m\ 0,
— In—-—— - >0 — — <2In—=
op 2 0] 0, o} 0, o1
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Allocation Rules for Known Distributions 3

11, :N(,ul : 012)
11, :N(,uz : 0'22)

1
> gu%gy /,{120,01:1,/,{2:1,0'2:5

e Example: &3 ﬁl_ﬂi/\uﬂ-‘{

%( ~\4+6In2) o x

Discriminant Analysis

72 0 SRR Bl N

%(4+\/4+6ln2>}

1 1
E(4—\/4+61nz) <x<§<4+\/4+61n2>}
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11, :N(,ul : 012)
11, :N(,uz : 022)

e Example: RIFEMTRME

# HENSE
s1=1

mul =0
s2=0.5
mu2 =1
curve(dnorm(x, mu1, s1), -3, 3, col = "red", ylim = ¢(0, 0.8), axes = FALSE, xlab ="", ylab = "Densities", lwd = 2)
axis(1, at = -3:3, pos = 0)

axis(2, at = ¢(0, 0.2, 0.4, 0.6, 0.8), pos = -3)

curve(dnorm(x, mu2, s2), -1, 3, col = "blue", add = TRUE, Ity = 2, lwd = 2)

titte(main = "Two Normal Distributions")
abline(v = ¢(0.38, 2.28), lwd = 3)

text(-1, 0.5, "R1", col = "red", cex = 2)
text(2.6, 0.5, "R1", col = "red", cex = 2)
text(1.5, 0.5, "R2", col = "greend"”, cex = 2)

Two Normal Distributions

R1 R2 R1
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3

11, :N(,ul , 012)

e Example: RIXBM TR {

> ?ZI]%EX 0 = 0y




(&) Fal ek X F (e 3 s Discriminant Analysis

s/ CHINA UNIVERSITY OF PETROLEUM -BEUING AT KARAMAY

11, :DJ(ﬂl, af)
DQ:AWﬁz,qa

e Example: RIFEMTRME

# HZEWESE

s1=1

mul =0

s2=1

mu2 =3

curve(dnorm(x, mu1, s1), -3, 3, col = "red", xlim = ¢(-3, 6), ylim = ¢(0, 0.4), axes = FALSE,
xlab ="", ylab = "Densities", lwd = 2)

axis(1, at = -3:6, pos = 0)

axis(2, at = c¢(0, 0.1, 0.2, 0.3, 0.4), pos = -3)

curve(dnorm(x, mu2, s2), 0, 6, col = "blue", add = TRUE, Ity = 2, Iwd = 2)

titte(main = "Two Normal Distributions")

abline(v = 1.5, lwd = 3)

text(0, 0.2, "R1", col = "red", cex = 2)

text(3, 0.2, "R2", col = "green4", cex = 2)
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B 14.2 & 1, ~ N, (1; , Z).

(@) MAMARAEN: 4o x 5 u 49 Mahalanobis 3£ % 6 (x : ﬂi) 09 -F 77 5 3| 5
O, MAx BIL,i=1,2, ..., J, L
2 (x ., w)=(x—p) = (x—p) , i=1,2, ..., J
(b) % J =28,
XER <= a'(x—p)>0

i
1

2

a=2_1(ﬂ1—ﬂ2) , H= (ﬂ1+ﬂ2)
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Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

® )I_I\ ﬂ+ﬁﬁ¥U%U)’EJﬂU (Bayes Discriminant Rule)

> IR L NEBEREAN fx),j=1,2, ..., J.

> 1 7 %%/__I__\EE%:\ X € RP ;EEIL,\MS H EI’J’;“‘E? *E%% (prior probability),j =1,2, ..., J.

j=1
> DU ERAIBEN: 7 - f () = 1n<1a<)§{7ri-j§(x)} — FAxREII

> DIMErF BN ERY RP 8930 R

R={x|rnfo2nf@ . i=12 ../}

1
][1:7[2:---:71']:7

> IRAAUZAF BN (ML ) - L (x) = f;(x) = arg maxf x) = HxEI..




B JAZART (R s Discriminant Analysis
® JI_I\I]'|',H\E¥|J7DJ|J;EJH\U (Bayes Discriminant Rule)
> ﬁﬁE'I_ﬁLﬂfU%U)ﬁjﬂ\U (deterministic discriminant rule) -

bx) = {1’ 7)) = max {m i)}
0, HEE

j=12, ..., J

> Bﬁﬂ'ﬂ_’,%%ﬂ}&)ﬂ\u (randomized discriminant ruIe):

J
¢j(x)=P<xeRj> , j=1,2, ..., J, where quj(x)= 1.
j=1

¢j(x) = max {le(x)} — HxE 17

1<i<J
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Discriminant Analysis

Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

® )I_I\ ﬂ+ﬁﬁ¥U%U)’EJﬂU (Bayes Discriminant Rule)

> IR —F Rl N B AE?

> p, FRTRE R 1T, MK x (BRI R 17, (IR

pij = J¢i(x) Sxdx, 1, =12, ..., J.

> BRBFHIBIEN: (1)K {p, | =12 .7}
(2) {p;j =12, J}

> OFEM (D) HFEM (2): WAREN i=1,2, ... J¥Fp,>p,, BEDLXE
—N i p, > pl FERERRAL.
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B TR RGOk q s Discriminant Analysis

® JI_I\ I]'|',H\E¥U7DJU;E)”\U (Bayes Discriminant Rule)

> WFE-THRENmMS, WRAEFERNTENEESHRAEN, MWFRZF5!

EN R £35 49 (admissible).

TR 14.3 pra Wet AR5 AR (@IEAR KM (ML) AN)) #RT 2749
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o MLEM (J=2) H9RFMEER | EEM2ERD~N, @, 2)
(@) BMAMAAEN: doRx 5 p; % Mahalanobis SE& & (x , p;) 49-F 7 ik 5] &

p12=P(XER1‘H2)(— v, ﬂ']%]x/%ﬂi,i=1,2, C ] b
52 (x aﬂi) = (x—ll,-)TZ'_l (x—pi) c =12

|

P(aT(x_ﬂ)>()‘H2) (b) %J=2%,

=P(aT(x—ﬂ) >O> Mn 1
a=X"(m—m) , k= (m+m)
— —
1

i, 5 p, B9 Mahalnobis BEE: & = (ﬂ1 —ﬂz)T

M
=
|
=
N
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Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

o MLEM (J=2)RIRFIER | F=M2REL-N (. 2)
(@) MXMAEN: 4R x 5 p; 49 Mahalanobis £ & & (x , p;) 49-F % A 5 &

pp=7r (x S Rl‘ H2><— b, WA B/, i=1,2, ...,J, k¥
(k. m)=(x—pm) T (x-p) , i=1,2 ..,J

|

(b) % J=2#f,

T

1 [ | ]
aT(x_”)_<_§52> 0" _552 T 12 2
= P > =>a(x—y)~N<_5 5)
%) ) 1
a® (x —p)+=5°

\ ) = 2 NGO, D
( - 1 ) A )

AR 1 1
\ J

1
> [EEAR[E: Py =9 <—55> .
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* MHEEEAFHAIFR

> BB ECM (expected cost of misclassification, i2£IEALE A A<) 1K Ehi

> SN, K-

= In {fi(@)} —In{/,(x)} .

> ST EEEASE, ARENTSENESR:

f

_C<1

Discriminant Analysis

Allocation Rules for Known Distributions %3 %0 2 Z089F! 51| /&N

EPdne

C

2

U

C
C

2

(
(1
(

[E—

fi(x)

Ja(x)




D) ARG GkR m Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

o UWRZHIDHSSEIEM, NMEA ML AN,

> BRBIERASTESSBMEN, (1, %) . j=1.2 ... J

-

1.1.d.

xll, x12, ceen xlnl ~ Np (ﬂl ’ Z)
1.1.d.

) x21, x22, coey x2n2 ~ Np (ﬂz ) Z)

id.
K Xg2s e Xy "~ N, (ﬂJ ; Z)
1
— ﬂ]=_] _Zxk]’ ]:1,2, ,J
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Discrimination Rules in Practice Nz 2= g5# 51 N

o UWRZHIDHSSEIEM, NMEA ML AN,

> BRBIERASTESSBMEN, (1, %) . j=1.2 ... J

T 14.2 8% 0~ N, (u; , Z).
(@) MRMARAN: R x 5 pu, 49 Mahalanobis $E % 6 (x ,yi) 8 -F 7 ik 3 &
N, WA xBIL,i=1,2, ..., J, &b
8 (x,m) = (x—pl-)TZ‘l el o (=103 0 d
(b) % J=2 &,
XER, & a'(x—p) >0

%
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Discrimination Rules in Practice Nz 2= g5# 51 N

Status Length Left Right Bottom Top Diagonal

P NE=E =4 LRI 45 genuine 214.8 129.4 129.1 8.2 10.2  141.0
Example RTEﬁ‘J J =R &EI:E7<}\—L . ML #J%J/EJ‘J 95 genuine 214.7 129.6 129.5 8.3 10.0  142.0
113 counterfeit 215.4 130.7 131.1 9.7 11.8 140.6
EEE E_ ﬁ 5][_’ = K 198 counterfeit 214.8 130.3 130.4 10.6 11.1 140.0
> =iS E 2Ll 3 . 92 genuine 215.4 130.0 129.9 8.5 9.7  141.4
Y_Eﬁg 7 TR R S{¢E7<é BL;H—LL?:F 20 | RQ?E 40 genuine 213.9 130.3 129.0 8.1 9.7  141.3
42 genuine 214.8 130.1 129.6 8.8 9.9  140.9
ib | 75 genuine 215.2 129.9 129.7 7.2 10.6  142.1
ibrary(mclust) 183 counterfeit 215.0 130.5 130.1 11.0 11.4  139.3
data(banknote) 146 counterfeit 214.9 130.6 130.4 11.9 10.5 139.8
193 counterfeit 214.7 130.3 130.2 10.8 11.1 139.2
set.seed(1993) 191 counterfeit 215.1 130.2 129.8 10.2 12.0  139.4
10 = EETRIE20T, S0 = 20, [EREED = FALES) 07 gemiine 215.0 1304 1303 01102 1411
X = banknote[nO0, ] 80 genuine 214.6 129.9 129.4 7.9 10.0  141.8
o, 31 genuine 215.2 130.1 129.8 7.9 10.7  141.8
157 counterfeit 214.2 129.7 129.0 10.3 11.4 139.5
96 genuine 215.6 129.9 129.9 9.0 9.5 141.7
data g = subset(x, Status == "genuine, select =27) # 5% & 2 g Zeinsie 3ind
data.g — —————
data.f = subset(x, Status == "counterfeit", select = 2:7) # (A %)+ > data.g
data. f Length Left Right Bottom Top Diagonal
: 45 214.8 129.4 129.1 8.2 10.2  141.0
95 214.7 129.6 129.5 8.3 10.0 142.0
> data.f 92 215.4 130.0 129.9 8.5 9.7  141.4
Length Left Right Bottom Top Diagonal 40 213.9 130.3 129.0 81 9.7 141 .3
113 215.4 130.7 131.1 9.7 11.8  140.6 42 214.8 130.1 129.6 8.8 9.9  140.9
183 215.0 130.5 130.1 11.0 11.4  139.3 97 215.0 130.4 130.3 9.1 10.2  141.1
193 214.7 130.3 130.2 10.8 11.1  139.2 31 215.2 130.1 129.8 7.9 10.7  141.8
FR— — | — —
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Discrimination Rules in Practice Nz 2= g5# 51 N

o Example: W ENEEIEE N ML #51/EEN.

> ITEMITEIRESAEARYEOE:

mu.g = apply(data.g, 2, mean) # EZHItYEGE
mu.g
mu.f = apply(data.f, 2, mean) # {H ¥ I {EE =

mu.f

> mu.g
Length Left Right Bottom Top Diagonal
214.9606667 130.000000 129.658333 8.283333 10.083333 141.516667
T — L
> mu.f

Length Left Right  Bottom Top Diagonal
214.8250 130.3125 130.2500 10.3375 11.3875 139.4500
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Discrimination Rules in Practice Nz 2= g5# 51 N

o Example: W ENEEIEE N ML #51/EEN.

= / CS)' > round(s. igits =
> 'I-|_%é9:iﬁ’\3 *iZIKTdJ\E%%E IZ$ : Z = OSDM = 2 I’l] ( " _JJ) « Lgr,mgghg - Lefi) Right Bottom Top Diagonal

3 Length 0.2106 0.0158 0.1228 0.0311 0.0269 0.0414
]=1 Left 0.0158 ©0.0900 0.0525 0.0258 0.0042 -0.0175

Right 0.1228 ©0.0525 0.1258 0.0685 0.0218 0.0132

- 7))\ ottom . . . . -0. -0.
5.9 = cov(data g) " (dm(data g)1] - 1)/ (Am(cata ) # HDMEANSZIERE Atk S5 1msvem du sim s
round(s g d|g|tS 4) Diagonal 0.0414 -0.0175 0.0132 -0.1106 0.0378 ©.1381

I — —

s.f = cov(data.f) * (dim(data.f)[1] - 1) / (dim(data.f)[1]) # (HEHIFEA T 5 ZE 5%
round(s.f, digits = 4) \ round(s.f, digits = 4)

. . N ength ef ight Bottom Top Diagonal
su = ((dim(data.g)[1]) * s.g + (dim(data.f)[1]) * s.f) / (20 - 2) # B ITENERID S EERE Length ;.1{;4 0.;832 05@382 0.3203 0.0302 0?1463

o Left 0.0834 0.0836 0.0969 0.0745 -0.0261 0.0844
round(su, digits = 4) Right  0.0888 0.0969 0.1800 -0.0781 -0.0044 ©0.1112

Bottom 0.0603 0.0745 -0.0781 1.0198 -0.3520 0.409%4
Top 0.0303 -0.0261 -0.0044 -0.3520 0.2086 -0.0794
Diagonal 0.1463 0.0844 0.1112 0.4094 -0.0794 ©0.5700
. . T — T
> round(su, digits = 4)

Length Left Right Bottom Top Diagonal
Length 0.1934 0.0476 0.1213 0.0475 0.0314 0.0926
Left 0.0476 0.0972 0.0781 0.0503 -0.0088 0.0258
Right 0.1213 0.0781 0.1638 ©0.0109 0.0120 0.0582
Bottom ©0.0475 0.0503 0.0109 0.6220 -0.2255 0.1082
Top 0.0314 -0.0088 0.0126 -0.2255 0.1714 -0.0101
Diagonal 0.0926 0.0258 0.0582 0.1082 -0.0101 0.3454

(SIS I CS IS TGS R S
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Discrimination Rules in Practice Nz 2= g5# 51 N

o Example: W ENEVELIESN A ML F31/EN.

> RIS BERGBEE: | TR

(@) BXMAAEN: ok x 5 p; 4 Mahalanobis 3% & (x , ;) 8 F 7 & 2] &

5T (x ﬂ) 0 Ay T2 00 S A 1L 2 o df S
N 62(x,ﬂ,-)=(x—ﬂ,-)TZ‘l(x—;ti) =19
mu.g = as.matrix(mu.g) \ (b) %J=2
mu.f = as.matrix(mu.f) ~ i
XER, & a (x—pu)20
su = as.matrix(su) = e 1 =)
i

alpha = solve(su) %*% (mu.g - mu.f) 1

round(alpha, digits = 4) a=2"(m—p)  p=(m+m)
mu = (ng w me) /2 \ L — m—

ro/und(mu, digits = 4)

> round(alpha, digits = 4)

[,1]
> round(mu, digits = 4) Length 15 .6620
[,1] ~_ Left 8.0579
Length  214.8958 v = (0 0. = ; -
Yo L fg 214.8958 a =2 (ﬂl ﬂz) — Right 18.6149
H=— (ﬂl + I’l2> — e . Bottom -17.8881
o) Right 129.9542 Top -31.7045
Bottom 9.3104 Diagonal  9.0011
Top 10.7354 e — —

Diagonal 140.4833

L
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Discriminant Analysis

= FRYF Bl 7N

FIE 14.2 BRI~ N, (4, ).

Discrimination Rules in Practice

ML F 51 Em).
F:

Example: Xt E{p¥) EEIESE N

> WEMNDEBRERSEMRE TR

(@) HAMAKAN: 4o R x 5 p, 4 Mahalanobis 353 & (x , ;) 8 -F H A 5 &
J, &+
(c—p) = (x-m)

d, MAxRIL,i=1,2, ..,
52(x,pi)=
(b) &J=2H,

i=12, ..J

XxER < a’(x-p)20

data.x = as.matrix(banknote[, 2:7]) # AN EIEE A kb

MU = matrix(mu, nrow = dim(data.x)[1], ncol = 6, byrow = TRUE) # 4{& @ &i&a0 a4
F AR

1
a=2"(p—m), p=7(m+m)

T — —

disc.f = (data.x - MU) %*% alpha # it E& MR H B R EE: EFIANED.
disc.f[1:100, ] # E¥HI%I5I XK

IEE

sum(disc.f[1:100, 1] < 0) # EP ¥R H S

> disc.f[1:100, ] # BE£HFIAIREE

[1]
[12]
[23]
[34]
[45]
[56]
[67]
[78]
[89]

[100]

26.
56.
.441711
45,
49,
69.
54.
45,
30.
62.
> sum(disc.f[1:100, 1] < @) # E¥

[1] 2

32

999005
225316

018912
794384
368642
080217
929377
827339
774821

68.
47.
56.
36.
.596775
40.
59.
34.
48.

42

193114
977007
380576
724043

711675
083167
165653
854158

6l.
32.
38.
34.
45.
77.
55.
04 .
04 .

922748 58

166501 27

.080161
528295 44.
206323 31.
219319 70.
366134 45.
.944776

475226
399366
731960
561642

90.
74.
6l.
76.
39.
46.

477643 41.
909866 51.
350832 41.
778266 79.
145017 61.
/27281 65.

801535(-3.

397845

.102123 )53.

014671 31.
190678 63.

815287
220631

DA E

54.
57.

627514 ©68.
926495 45.

570788
058584
080370
331377
403265
504759
072160
119288
137386

80.
7.
54.
65.
.229999
6l.
33.
35.
55.

/1

1843061
622656
574310
153615

969140
259018
851866
946975

53.
25.
93.
.434597
.039288
52.
.462297
.146198
65.

69
44

48

182507
958509
746415

226639

644404

22.
47.
45.
44 .
18.
30.
04 .
41.

23

929032
069234
384346
005857
044925
639961
026686
193362

.447638

27.
59.
.463898
.056909
39.
29.
.900990
67.
40.

80
72

37

531682
596471

101883

394616

568919
708399

58

52

59

.355999
.453276
45.
45.
.957580
23.
34.
.0004438
34.

186462
720772

760411
182885

698553
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Discrimination Rules in Practice

Example: X E{k¥/

DEEES
SEPTE TMARRY

=

< FH

-
—

ML F 51 Em).
F:

disc.f[101:200, ] # {hEEIF 5! R

S

sum(disc.f[101:200, 1] > 0) # (v ¥ N EL =

Discriminant Analysis

R 91 1 e U

EIE 14.2 BZ I~ N, (1, , Z)-
(8) MABAAKAEN: 4R x 5 p; 49 Mahalanobis 58 & (x , p;) 49 F 78 2] &
J, EF

(x —I‘i)TZ_1 (x—m) ,

d, MAxRIL,i=1,2, ..,
52(x,pi)=
(b) &J=2H,

i=12, ..J

E = =) 30
*F

1
= (ﬂl + I‘2)

a=2"(p-m), p=7

> disc.f[101:200, ] # {AEPRVFIHIREE
-65.056187 -23.

[1] -58.
.060932
.980244
-33.
.495168
.948237

-12
-73

[11]
[21]
[31]
[41]
[51]
[61]
[71]
[81]
[91]

-67
~45

[1] 2

-15.
-58.
-47.
-59.
> sum(disc.f[101:

357887

376547

705712
850276
826389
337074

-51.
-44
-82.
-29.
.495653
-14.
-54.
-23.

-41

-17.

229398
118097
735892
863233

903506
708933
628704
5606112

-48.
-49
-54.
-50.
-34
-49.
-51
-60.
-56.

703806
722671

.025523

300516
508755

.662829

664995

.989992

258268
241089

-25.

~47

-43.

~74

-43.
-55.
-66.
-65.
-56.

-33.

841304
.980075
779587
.662220
775517
214308
722365
289401
008249
457005

200, 1] > 0) # PREFIANRYNEAE

-65.955031
-28.663817
-10.650147
-70.537194
-30.914318
-69.209578

(4.155856)-45
-52.
-71
-49.
-45

0667869 -45

-29.788129 -40.
.426977
565619 -36.
.401563 -58.
.404204
.042427 -55.

T —

853659 -48.
48.
46.
-36.
-35.

502399
334437
0609234
186296
697966
604853 -55.090543

-56.
-46.
-34.

016698
269609
700132
-54.756531
-48.425918
-55.949801

-43.
-72.
-75.
-43.
-72.
-48.

275692
173352
140859
515534
754745
636440

267509
247229

-45.092418 -72.

511700 ( 10.

732758 )-26.583418 -53.919974 -49.833020

-40.673238
-50.696256
-51.750761

-61
-49.
-64.

.098232 -53.
751972 -45.
002946 -43.

043224 -63.679008
933719 -42.665436
629024 -47.619390

-76.796515
-59.995713
-72.712332

-52.187866
-28.385729
-58.493073




) JAAERT ep Discriminant Analysis

] = FRAYF A1 N

3 ML M.

Discrimination Rules in Practice |z

* NRBMANTHSSEIISH, NIE

> BRBIERASTESSEN, (1, 5) . j=12 ../ H/=3H

-

_ 1
hlz(X) — (fl —fz)TC\S);l x_E (xl +x2>
_ _\T 4 1
S 3 (x) = (xl—x3) S, x—E(x1+x3)
_ _\T 4 1 _
h23(x):(x2_X3> CS)u x_5<x2+x3>

"

> ML FIBEN: § 7

¥|_x}§171,

xl’Enza

_x}EH:;a

= hi,(x) >0 F

B h13 x)=>0

H h,(x) <03

'E_h%(X)ZO

= hy(x) <0 F

FB 7,y (x) <0



D) A KT (R i Discriminant Analysis

R 91 1 e U

Lk

Discrimination Rules in Practice

o IRFUBELEIT

> Bﬁ*ﬂ’ﬂ:*”%u;ﬁmu (randomized discriminant rule):

J
¢j(x)=P<x€Rj> , j=1,2, ..., J, where quj(x)z 1.
j=1

¢j(x) = max {qbi(x)} — Flx = H]

1<i<J

> H p; "nKB B 11 BITE x BAIZG 2K 17, RFOBEER -

pij = J¢i(x) Jxdx, 1, =12, ..., J.

I, : N,(p .2

m: N, (4. %) BATTE T ML ENBNRAIBER Y .

> X ESER {



S
S
D

D) A KT (R i Discriminant Analysis

R 91 1 e U

Lk

Discrimination Rules in Practice

o IRFIBEBMET
> BHAPNS AT BRI BRI R

Ppo=0n=®| 70

2 \\)
52 = (%, - fz)T S7 (%) - %)

—_ \ Hl : Np (ﬂl ’ Z) N JaS | A \ N=R0 N
> P IESEAR m: N (g, %) BATTE T ML ENRNRRAIRS:
2 p \I*2 »
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Discrimination Rules in Practice W FE

Lk

RHE R
i%ﬂ*ﬂ%%ﬁﬂ L\/(Eﬂ = ¥U755£ (re-substitution method) ’fE'I,‘l‘

>

-

AR 1

Discriminant Analysis

o WankkHyEx, ,i=1,2, ..., n FAHI NI LI, I, ..., 1I,.

n; o BT ILAZRFL I K E

)
5= =1,2
— pl]__a l, ] =1, &, 9]
7

O ﬁtéé ]I$ (f?\lj) 75 /ltab /;F(f #E Fi (confusion matrix).



E:_\\““m“'"f% 5 ;\ 2 ‘ ST RAS X . . . .
B TAEIRS (G ms Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

o Example: WEMIEERHEEN A ML #51EN.

> SREREERN: YINNET
B, Y,
11 98 2
o] El| 45 .
#J,D% H2 2 98

> ES{EH E%ﬁi%% (apparent error rate, or APER) ﬁili%ﬂiﬂfﬂﬂﬁﬁﬁ IJ—'_IE"J |Z|31§|J (Eﬁtt)

4
APER =—x100% =2 %
200



@\ 8 e X F (9t F e Discriminant Analysis

HR Y A1 N

Lk

Discrimination Rules in Practice |z

® Fisher 2|47 75! ERZK
> B (FIRE a ' x MAIRIFAYD 2 RHRE HIBEM.

(X{; Xip xlp\ (xlT\
s 17t - e I L
Sy, \x;;F/
> IxsesfERIEIE:
(X117 X X)) (ap) (ayx)) + ayXxpp + -+ + a,xy,) (aTxl\ ()
Y = La = Xa1 Xpp o vt Xy azz _ | @ T apxpn et ax, f Jalx, | | 2
Tl X2 X )\ Y | @1 + Clzxnz. +o \aT.xn) \Vn




E:_v\w“w,.,% b 5 2 ‘ ST RRR . . . .
B TART Gk q s Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

® Fisher z& %% bR £X

o — s 1
> EREREE ¥ NEFER: H=97—-—117
n

n

Y- =YY =d" T H L a=d"Ta
=1
\\9 — T

> BREREJANRED, L, . IR X, . T,

» Fisher #|5l: S HHEHS aTx, {F152H 18] 5 F petween-group-sum of squares) 5
éﬂwzzjj_*[l (within-group-sum of squares) Zttﬁ:EtUEaij(




(@) bR T G s Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

® Fisher z& %% bR £X

» BEEHIE ¥ METSH: =g i1
n

n

Y (-3 =Y XY =" X" H X a=a"Ta
=1
\\n@' — T

> BIRERE AR, I, .., I BV 2, . 2, L D

» HAFEFF: W Xa
?1=3"1a, ?2:%2a, cee o ?J=&"]a

BHARIFE S F: ?T%I?I ) %%%, e }%J?J

J J J
Z ?g%k?k — ZaT%E%k&"ka = aT<Z %Z%k&"k>a —a'Wa
k=1 k=1 k=1



g_vm\uw,.,/% P 5 2 ST RRR . . . .
B TART Gk q s Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

nlxl + nyX, + - + ;X

e Fisher Z%H# 5l K%Y EBRNYIE: %, %, ... . X,; =BE: ¥
ny + %) + - + ny
e = - , 1
> wEERSE ¥ NEFER: H=75-—11"
n

n

Y (-3 =Y XY =" X" H X a=a"Ta
=1
\\n@' — T

» BIRERE IS, L, . I EES 2,2, .. X

> SRS b® . 2.0
?1=3"1a, ?2=%2a, oo ?J:%‘]a

MYy tmy,t e+ n y
SAIE: 5,.5,, ... .5,; SiE y= 1" 137
ny + n> + - 4+ n;

n, (yk—y)2 = ZJ:nk [aT (J?k—f)r =aqa' { Z [nk (%, — X) (fk—f)T] }a = a'%Ba

k=1 k=1

Pl
1 M\
p—



) JAAERT ep Discriminant Analysis

R 91 1 e U

Lk

Discrimination Rules in Practice

® Fisher 2|47 75! ERZK

> REEHIR ¥ METAH: % =7 llnlg )

" X
Y 3i-3) =Y HY =" L H X a=d"T 2

=1 .
\\) 2,

> BREEXRBJNEMNI L, ... I BWNERE 2, . 2, ...,

» RIS A/E%: . La A
?1=3"1a ’ ?2=%2a 9 oo

%
]

Y= ,a Y,
\ M?z .
Y'HY =a'Ta =a"Wa +a"Ba 71,

DA = HRFHH + HlEF A




E:_v\w“w,.,% b 5 2 ‘ ST RRR . . . .
B TART Gk q s Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

® Fisher 2|47 75! ERZK

e U 1
> wEERSE ¥ NEFER: H=75-—11"
n

Y (-3 =Y XY =" X" H X a=a"Ta
=1
\\9 — T

> 1EX Xﬁ7€§‘, /l_,\{zlsnl ,Hz, ,HJE/‘JSUJIL:HH.U%EBE SZ.I ,%2, ,SX_]-

» Fisher ¥U%U %‘*ﬁéﬁ’l‘iéﬂ a x 1§ QH|ET_|——TU_$D (between-group-sum of squares) '—3
ZﬂV\]zzTiﬂl (within-group-sum of squares) Zttﬁ;EtUEgij(

T
A
Theorem 2.5 If o/ and B are symmetric and B > 0, then the maximum of xT% * is
xT% x

given by the largest eigenvalues of B~'o. More generally,

T max dex—/l >4 > > A =min S
%a x xIBx 15T =T XI@x

X 1§ k KlJ == ﬁ where Ay, Ay, ..., ﬂp denote the eigenvalues of B~ 9. The vector
a j: HR . . o xldx . =il
T which maximizes (minimizes) = is the eigenvector of B~ A
a'Wa e
which corresponds to the largest (smallest) eigenvalue of B~'d. If

x"B x =1, we get
max x"of x =2 > 1> >, =min x"o x
X X




ST
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Discrimination Rules in Practice W FE

R % X F (e )ik
CHINA UNIVERSITY OF PETROLEUM -BEUING AT KARAMAY

Fisher &% 7|71 R £X

Lk

Discriminant Analysis

R 91 1 e U

a
EIR 14.4 1543

T

al

AE19) = .

a

VRSB R Ba RAETE W LB B kAR 4G 2%

> Fisher FIBEN: 4§ x FILAIREE a ' x RIZLI—A.

4R k = arg min

1<i<J

a' (x - X;)

LIS x B4 TT,



(@) bR T G s Discriminant Analysis

HR Y A1 N

Lk

Discrimination Rules in Practice

® Fisher 2|47 75! ERZK

_ X+ X,
: (n; X p) X =
> é ] 2 H—-I- ny + n-
{ nz Xp) /
J
B = Z X, — X T] =n, (¥, — X) (fl—f)T+n2(f2—f) (fz—f)T
k=1
<_ nx, + n2372> <_ nx, + n,%, >T <_ nx, + n2f2> (_ nx, + n,%, )T
=n | X; — X — +n, | X, — X, —
n1+n2 I’l1+7’l2 I’l1+l’l2 l’l1+l’l2
n n2 n I’l2
=12 (%,-%) (},-%) +—— (¥, - %) (x, - %)
(”1 + ”2) (”1 + nz)
nn,

- (¥ - %) (7, - %) =—2dd"



D) ARG GkR m Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

® Fisher z% 7! 5l BRI £X
I, : X, (nIXp)
» HJ =20,
{sz VA (

n, XP)

e—— 4 A A\ _ M o1
> BJIAIEBR: %R 7B RE—MSEE (W' B) =——d' W 'd.

n

> MRAHIAENa =W \d.
> TERZAYF B AN ST -

| _
MR a' x—E(f1+fz) >0, MW x — I,

o _
MR a' x—z(f1+f2) <0, WA x — II,
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Discrimination Rules in Practice Nz 2= g5# 51 N

o Example: NIEENEVEZEIEERT Fisher #7l.

Discriminant Analysis

rm(list = Is(all = TRUE))
graphics.off()
library(mclust)
data(banknote)

xg = as.matrix(banknote[1:100, 2:7]) # BV EIE

xf = as.matrix(banknote[101:200, 2:7]) # {h#0£03E

mean.xg = as.matrix(apply(xg, 2, mean)) # EEEEIVIYE
mean.xf = as.matrix(apply(xf, 2, mean)) # {h ¥V EIERYIS(E

> mean.Xxg ‘(/// > mean.xf

[,1] [,1]

Length  214.969 Length  214.823

. Left 129.943 . Left 130.300
xg = Right 129.720 xf — Right 130.193
Bottom 8.305 Bottom 10.530

Top 10.168 Top 11.133

Diagonal 141.517 Diagonal 139.450

> Fisher #I3I: SHAMASE a'x, FEARFHTSHR"

C R HIZEE

a'Ba KB A
AEHF K.
a'Wa i
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Discrimination Rules in Practice Nz 2= g5# 51 N

EEER] Fisher #|3l.

e Example: TTIeENIVEE
{ ia'(x—x)> 00, #|x EEY

> Fisher #| 3l : LaTx—-x)<0Bt, # x 259

— —1 (= = ) _
— a=W (xg—xf>—

(J’f)_ = a' X004
1

(0.000 )

L 0.054 |

(yg>, =a'x, 100
3 : i=1,2, ...,100. = Z [(yg>i_
i=1

1)

0.029
—0.029
—0.039
—0.041

2 100

i=1

1

Discriminant Analysis

+ ) [<yf>i —yfr =a"Wa

100 [(yg —y>2 + (yf—y>2] - 4" Ba \ = y=- (ig+if)

> Fisher #I31: SHEMAS a'x, FEAES

LIS EEDAE

a'%Ba

alWa

REIRK.

C R HIZEE




E:_vm\uw,.,% P 5 2 TIRIR X . . . .
B TART Gk q s Discriminant Analysis

Discrimination Rules in Practice Nz 2= g5# 51 N

o Example: NIEENEVEZEIEERT Fisher #7l.

> round(a, digits = 3)

m = (mean.xg + mean.xf)/2 # > S ERYF S [,1]
Length 0.000

w =100 * (cov(xg) + cov(xf)) # ZH A5 M3 N Y 28 4 Left 0.029
d = mean.xg - mean.xf # 3B ZE a = Right -0.029
_ o/ %0 R A (40E » Bottom -0.039
a = solve(w) %*% d # IHEZLMHAHE (1557) HARE Top _0.041
round(a, digits = 3) Diagonal 0.054

yg = as.matrix(xg - matrix(m, nrow = 100, ncol = 6, byrow = T)) %*% a # T E 2 RN E
yf = as.matrix(xf - matrix(m, nrow = 100, ncol = 6, byrow = T)) %*% a # 1T E{h ¥ EUENIEEE

xgtest = yg
sg = sum(xgtest < 0) # BV |)ANEIRIEI=Z= > sg
[1] 1
Sg
e
xftest = yf
sf = sum(xftest > 0) # (AEVFIITEHINZE ~ > sf
[1] 0
sf
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Discrimination Rules in Practice Nz 2= g5# 51 N

o Example: NIEENEVEZEIEERT Fisher #7l.

# mHl D BRI EZEE AT

plot(ff, lIwd = 3, col = "red", xlab = "", ylab = "Densities of Projections", main = "Densities of Projections of Swiss bank notes",
axes = FALSE, xlim = ¢(-0.2, 0.2), cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.8)

lines(fg, Iwd = 3, col = "blue", Ity = 2)

text(mean(yf), 3.72, "Forged", col = "red")

text(mean(yqg), 2.72, "Genuine", col = "blue")

axis(1, pos = 0)

axis(2, pos = -0.2)

Densities of Projections of Swiss bank notes

Densities of Projections




f‘-;,m.u’%% P :\ o — i . . .
B TR RGOk q s Discriminant Analysis

® Qﬂj |$j:|JjDJ|J \*ﬁ (Linear Discriminant Analysis)

5B [ 2RI AE 4\ /) § R TIGAA AT ® =

lda(x, prior, subset, method, ...)

"nn "n n_n

SIS E ) Bl BT ECE 5w 0 tbAg) AE 4+ 77 i "moment", "mle", "mve", "t" .

PAF| X G 89 R AE F R A ) 69 = 8] 25K

ict(object, newdata, prior = object$prior, dimen,

method = c("plug-in", "predictive”, "debiased"), ...)

plot(abject, ...)

pairs(object, ...) EHBEFRGI RS £ 0

HAf % > 5
|dahist(data, g, nbins = 25, h,brﬂs, ...)
S~ S I ER#SE

24 — 7 Fisher &2 4] 7] 69 2 75 B X% BB

=



“74 >z 5 o IR . . . .
) TALARS G s S

iris RS AVFB o

library(MASS)
=mqmq#ﬁA@ﬁ
=gl(n=3,k=50)# £MB =K. 8K 50 THRNDERAF

X = cbind(x, Type = g) # J& 9 KEF g NIMNEIEIES
attach(x)
x.Ida = Ida(Type ~ Petal.Length + Petal.Width + Sepal.Length + Sepal.Width) # 75 Z18% T Bayes 5

x.Ida# B RER

detach(x)

plot(x.Ida, dimen = 1) # Z&H—P 2 4+ 5l bR XA B2

colors = rep(1:3, times = c(50 50, 50))

plot(x.Ida, cex = 1.5, dimen = 2, col = colors) # 4& |72 |5 21| 51 B2 £ 9 B 72

x.pred = predict(x.lda) # [2]#I]

x.pred$class # B REIFIFNER

x.pred$posterior # 5L

x.pred$x # L5 4 F5I R EN (1%52) BOEVE

x.alloc = cbind(Type = g, x.pred$x, Allocations = x.pred$class) # ELZEAY  HFIZERIITEE (S H5BIER D)

x.alloc

x.confu = table(g, x.pred$class) # jE /&[5

x.confu

X.prob = prop.table(x.confu) # ;& & B FEXT N A9 E& HI LR
X.prob

sum(diag(x.prob)) # #I|3 #
1 - sum(diag(x.prob)) # £57I/3
x.alloc = as.data.frame(x.alloc)

Idahist(x.alloc$LD1, g, type = "b") # FE—&L 4 BRI (IR ENE L BES%ZEE
Idahist(x.alloc$LD2, g, type = "b") # 3B _ A M HIFIRE(ER)ENEHFBRSZEE
pairs(x.lda, cex = 1.5, col = colors) # 2|4 |51 89 — 457 = &

S

S

m
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® :}T@ﬂ] %IJ ﬁ*ﬁ (Quadratic Discriminant Analysis)

5B % AR AE 4—\ /’ A TINGEERGISIFEZ

gda(x, prior, subset, method, ...)

SRR B TSR R AT bhq';;;](/ 1& 7 & "moment", "mle", "mve", "t" .
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iris RS AVFB o

Discriminant Analysis

rm(list = Is(all = TRUE))
graphics.off()
options(digits = 3)

library(MASS)
X = iris[, 1:4] # IENEUE

g=gl(n=3,k=50)#E£MBE=E. £ 50 MNRUDEHEF
x = cbind(x, Type = g) # ¥ EKEF g ANINEIEHEF

attach(x)
x.qda = qda(Type ~ Petal.Length + Petal.Width + Sepal.Length + Sepal.Width) # /5 Z 254~ )% Bayes #3|

x.qda # R RER
detach(x)

x.gpred = predict(x.qda) # [E#|
x.gpred$class # [@]F1|45
round(x.gpred$posterior, digits = 2) # [5]F|AY R 5618 R

x.qalloc = cbind(Type = g, Allocations = x.qpred$class) # E5LERY H 52 AU EE
x.gconfu = table(g, x.qpred$class) # ;& /& [+

x.gconfu
x.qprob = prop.table(x.qconfu) # & & %8 fE Xt N 58 #I18E
X.gprob

sum(diag(x.qprob)) # FI|3 3
1 - sum(diag(x.qprob)) # ¥




;\wuw,.,% b 5 2 TR . . . .
B TAEIRS (G ms Discriminant Analysis

ZERRARS LMEZZRIFRI o

rm(list = Is(all = TRUE))

graphics.off()

library(MASS)

library(readr)

setwd("~/Desktop/2023_Applied Multivariate Statistical Analysis/R Codes with data/Data")

x = read_csv("myocardial.csv") # 1\ £

x = as.data.frame(x[, 2:5]) S x
x$Type = as.factor(x$Type) X1 X2 X3 Type
X [1,] 437 49.6 2.32 1
[2,] 291 30.0 2.46 1
[3,] 353 36.2 2.36 1
[4,] 341 38.4 2.44 1\\\\\\\->
[5,] 333 41.9 2.28 1 _
[6,] 320 31.4 2.49 1 fi o N B
[7,] 510 67.6 1.73 2
[8,] 510 62.7 1.58 2
[9,] 470 54.4 1.68 2
[10,] 364 46.3 2.09 z\\\\\\\§~)
[11,] 416 45.4 1.90 2
[12,] 516 84.6 1.75 2 NN

|
|

(420.50
» FEF=InfEfnx =] 32.42 | W—ABTE
. 1.98

AR B MERE.

M
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Discriminant Analysis

attach(x)

x.lda = Ida(Type ~ X1 + X2 + X3) # HEHEEHETH Bayes #5!
x.|da # BB

plot(x.Ida, dimen = 1, type = "b") # 25|25 |4 FI| 5| LR ZL A E 2

x.pred = predict(x.lda) # [E1¥#

x.pred$class # B REIFIHER
round(x.pred$posterior, digits = 2) # 501
x.pred$x # Z |4 F5R N (Fex2) RUBVE

x.alloc = cbind(x, x.pred$x, Allocations = x.pred$class) # ESLZER)  HFZERITEE (S HIFH

x.alloc

x.confu = table(x$Type, x.pred$class) # j& /& 1 [&
x.confu

X.prob = prop.table(x.confu) # ;& & B FEXT N A9 E HIHEE R
X.prob

sum(diag(x.prob)) # ¥ 3%
1 - sum(diag(x.prob)) # & #I|5

x.new = data.frame(X1 = ¢(420.50), X2 = ¢(32.42), X3 = ¢(1.98)) # FHOVLIIEE
X.new
x.new.pred = predict(x.lda, newdata = x.new) # Fl| FH A5 5 & B A9 770

x.new.pred # EEER

x.new.pred$posterior # EEFIHME: BTFH2EXMNMZEK 0.78, FLLANIMERE
detach(x)

)




