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A

j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)
EXPRN AR, BAMER §, Bl 2 NLWRmAEE, KE1THRE Q MiTERZE ¥:
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j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)

Factor Analysis

XN AR, BAMER &, Bl X 20N AE, RKETHME Q FELE ¥:

P Model: X =G0+ V¥
1 S =00T+¥—_ 7
S =—L'H#X
n
> 1Y
e —1/2 (s )
Y =HIXD XX
/ x—» 9 = XX,
X RN \ SX,X, )
H =5 — l1,113
n

> (HITERIN ¥ WETEEERE 0, URIEHAE ¥, 5

/@\Y —_ @_1/2/@\)( ) /T\Y — @_1 /T\X

> FE, W HIEREE %, BB %= 0,00+ ¥,.

> EAFHNBRBRRKIENEFHEER ¢, NOHEHN.
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A jcdﬁﬂﬂl\]{Eﬁ' (Estimation of the Factor Model)
o {l: NFIREHIE, =1TT= (M. T2MEHIRIZERE) BRI EXER:

(1 0975 0613
Z=10975 1 0.620
0.613 0.620 1

> BIFH—TEAF, Blk=1.

2 2

1 ryx Ixyx, g1t ¥ 11 q9192

_ _ A A /\2 Pl
rX1X2 1 rX2X3 =R = 414> q-s + /%)

XX, XX, 1 ) . 9193 4293

/\2 X1X2rX1X3 /\2 X1X2FX2X3 /\2
\ Q1 — ’ QQ — ’ Q3 —
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A j‘ﬁﬂﬁ’\ﬁﬁi‘l‘ (Estimation of the Factor Model)

o f: WFTIREHE, =1TT=E (IME. T2ENREZEFL) FRIATHEKER:

Factor Analysis

(1 0975 0613
Z=10975 1 0.620

0.613 0620 1

> ISR AR

q,=0.982 G, =0.993 G, =0.624
v =0.035 W =0.014 Wi =0.610

> ANFIFRNARFHE (ﬁ%: G2, h?= ag) EET 1, BRATAILISHLEEL,

AT s, AMMESNRZESE, sEfxE—REFRIFHERE.

> XTRAF RIDMREERE R A+ 2 2" B F
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A jcdgﬂﬁl\]{Eﬂ' (Estimation of the Factor Model)
o WMABURIE

> RESMERX~N, (p, 2) I— M EIEER 2 BASTHEUARRE 2 7

n

1
AC I —glog 222 == D (xi—p) =7 (xi—n)
i=1

n n _ no,_ o T
=—510g‘27z2‘ —Etr(Z 109)—5(x—ﬂ)2 l(x—ﬂ)
> ERMRER

f(fl”; N ,Z) = —% [log ‘27:2‘ +tr(2‘1o5°)]

» RAXZ=00"+VYF, ZXTH

2n(@@T+ Yf)‘ + tr

(@ + &”)_lé’] }

> BMEEBEANRTF k= 1) WIEF, BHY 0 f ¥ REXLHETFEYSE 2.
> IATEREREBEE R KRR X Mardia Z A 1979 FERIE(E, 58 263 ).

RN n
f(&";ﬂ,@,&”)=—5{log
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A jcdﬁﬂﬂl\]{Eﬁ' (Estimation of the Factor Model)

o NEFITEBILIALEIREE

7 ERRIOHTE, BT AR EFoimE LR ER
{m;x%ﬁﬁﬁﬂﬁﬁﬁm

Jdiy

>

15
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H: S5 Z BT AAR
> {Bi% @ M ¥ REMT FRAORAMA G

R n
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(@™ + 5”)_15] }
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= S
A FREAY (1T (Estimation of the Factor Model)

o NAFITERIUALENLY

2p+4k+5
6

» BEKT off, MR TFRAIHINRIEBET HHTEE

( \ £ a pu#x
‘@@%%‘ /

log ‘05)‘ >)(i,_k)22_p_k(a)

RIBA o )/
kiR - W

/

> Bartlett (1954) @i n — 1

& n BOAT x° L

n—1

2p+4k+5>

2
N
maximized likelihood under H, ‘ Qa + YJ‘
— —2log — — = nlog
maximized likelihood ‘CS"
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A j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)
o IRFHE

Factor Analysis

> EREFIE (method of principal factors) EERIRETHKRIEF X N HERER S D

> NiEfERl, XEMOTCTNERES 2 A

> BRIRBAIRIERLIN ¥, BBARLENRES), _

Q'Y RNIAEFERE, T o'D'e NXAFERE.

— Q MFIIER

RB=00"+¥Y — 0OQ'=%-V¥

L%, - > %) (T (0 )
q: :
T qT . T
— QQ q=U-9> - > 49) 2 g =@1-9 > - > 9%) qiTqi =<qiqi>qi
T

» OMFIR 00" = % -V HISEEE.
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A jc1‘i H’]{Eﬁ' Estimation of the Factor Model)
o TEFH

Factor Analysis

> EAh, BRIR Q@' = % — VIR kK TMFEERNIE.

> EXMIERT, BATATEEX 06" = % — ¥ #ITgDBFITE 6.

> kAT

> SR, B DI EI— M ERET P
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Factor Analysis

A

UC1E§2E|/‘HE'H' (Estimation of the Factor Model)

FRET R

> FRFHEETFHLRFAZE 12 (=12, ... p) RIFHISEITE 12

x} k
_ _ z: 2 _ 1,2
l =0yy = qu+l//]-]-—hj+l/{]j

» BEWMERNSR: S

/\

o i, EXRX 5 X, (+)) NEEXRENTFS.

)(J‘\ /;W=<X1 ces )(j—l )(J"'l cee Xp)
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A j‘1‘§§25’91§i‘|‘ (Estimation of the Factor Model)
o IEFHH

~—

> Zﬁ/'_f ’l/\ldjj =1-— Z]z, ﬁﬂ\]ﬂl}/{*@@ ﬁlﬁ A6 7&] %45 F#- (reduced correlation matrix), R—-Y.

\ 4
Tk
N\
)

R EIEREA

Z Ae ¥y 7/

> RIRBI kK TMHEE A, Ay, ..., 4, NIE, BELEEERSEERE K.

> )I-I\Uﬁ'ﬂ\]% /q\f — \//1_,,” 7{ R = 1, 2, cees k in matrix form N /@\ — F1A11/2
Flz(}’l,}'2, cee ,'yk) ) A1=dlag(/11,/12, ’Ak)/
> M=%, B

k
l//JJ—l—Zq]f, j=1,2, ...,p
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A UC1E§2E|/‘J1$'H' (Estimation of the Factor Model)
o FRFHE

Factor Analysis

> ER 1ZURER BOECH
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II.IJ

> EREEMRE v KB —REENRL.
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= S
A FREAY (1T (Estimation of the Factor Model)

o fl: ZRIRFEmhENIE.
X, : B4
X,: BRSS
X;: IR1EM
X, 18, BEMEMSFEICH 1
X5 : 11T

> (x = carmean2)
Economy Service Value Price Design Sporty Safety Easy

\N—_—— I A100 3.9 2.8 2.2 42 30 31 2.4 238
X . EE ;:F.l BMW3 4.8 1.6 1.9 50 2.0 2.5 1.6 2.8

6 . L = CiAX 3.0 3.8 3.8 2.7 4.0 4.4 4.0 2.6

Ferr 5.3 29 2.2 59 1.7 1.1 3.3 4.3

3 FilUn 2.1 3.9 4.0 2.6 45 4.4 4.4 22

X . K/\llg FoFi 2.3 3.1 3.4 2.6 3.2 3.3 3.6 2.8

7 . £ Hyun 2.5 3.4 3.2 2.2 33 33 33 24

Jagu 4.6 24 1.6 55 1.3 1.6 2.8 3.6

Lada 3.2 3.9 43 2.0 43 45 4.7 2.9

){ . L RRAKaY Mazd 2.6 3.3 3.7 2.8 3.7 3.0 3.7 3.1

g - b4\ IlE—_I M200 4.1 1.7 1.8 4.6 2.4 3.2 1.4 2.4

Mits 3.2 29 3.2 35 31 31 29 2.6

NiSu 2.6 3.3 39 2.1 3.5 39 3.8 2.4

0OpCo 2.2 24 30 26 32 40 29 2.4

I I OpV 3.1 2.6 2.3 3.6 2.8 2.9 2.4 2.4

# clear variables and close windows opve 31 28 23 30 2828 24 24
. Re19 2.7 3.3 3.4 3.0 3.1 3.4 3.0 2.7
rm(llst = |S(a|| = TRUE)) Rove 3.9 2.8 2.6 40 2.6 3.0 3.2 3.0
ToCo 2.5 29 3.4 30 32 31 32 28

. Trab 3.6 47 55 1.5 41 58 509 3.1
graphlcs-Oﬁ() VWGo 3.8 23 1.9 42 3.1 36 1.6 2.4
VWPa 3.1 2.2 21 3.2 35 35 2.8 1.8

3.7 4.7 55 1.7 4.8 52 55 4.0

options(digits = 3) Wart
# load data N\ EE

load("~/Desktop/2023 Applied Multivariate Statistical Analysis/R Codes with data/MVAexercise/data/carmean2.rda")
(x = carmean2)

|
|
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A j‘1‘§§25’91§i‘|‘ (Estimation of the Factor Model)

o . BRINFEmhEEE.

» B, BAMERELERD D (NPCA).

NPCA.car = princomp(x, cor = TRUE, scores = TRUE, fix_sign = TRUE)
summary(NPCA.car)

# D HINTEE

NPCA.car$sdev

# TP ERZTENTET (INE)

NPCA.car$loadings

# %0

screeplot(NPCA.car, ylim = c¢(0, 6), main = 'Scree Plot of NPCA for Carmeans')

;sumrar‘y(NPEA.car‘) . > # EEEEQE"J*/‘TX}E%
mportance ot components:
Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8 > NPCA'CQFY’SdeV
Standard deviation 2.321 1.358 0.6505 0.3385 0.3255 0.24372 0.18902 0.1649 Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8
Proportion of Variance 0.674 0.231 0.0529 0.0143 0.0132 0.00743 0.00447 0.0034 2.321 1.358 ©0.650 0.339 0.325 0.244 0.189 0.165

Cumulative Proportion 0.674 0.904 0.9571 0.9715 0.9847 0.99213 0.99660 1.0000

Scree Plot of NPCA for Car Marks

Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8

Factor Analysis

> # IRHERTENHET (NE)
> NPCA.car$loadings

Loadings:

Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8
Economy ©.268 ©.469 0.681 0.169 0.460
Service -0.382 0.285 -0.122 0.309 0.385 -0.681 0.217
Value -0.410 0.181 -0.304 -0.137 -0.135 0.207 -0.790
Price 0.409 0.170 0.423 0.129 -0.121 -0.582 -0.496
Design -0.403 -0.112 0.222 0.725 -0.421 0.230 0.140
Sporty -0.382 -0.109 0.628 -0.316 -0.135 -0.546 0.154
Safety -0.371 0.325 -0.129 0.518 0.654 -0.207
Easy 0.712 -0.222 -0.578 -0.208 0.239
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=== \
A jcd‘%ﬂE’Q{Eﬁ' (Estimation of the Factor Model)
o {l: BRINEFEmELIE.
> E% > # WWMEESERDRE
" > NPCA.car$scores

# SMMETEZ /%4 Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8
A100 1.548 ©.0392 0.4672 ©.4334 -0.07896 -0.239560 -0.0103 0.19512

NPCA.car$scores pyw3 3793 9.1371 0.9096 -0.3507 -0.17345 0.143244 0.2383 -0.29832
CiAX -1.896 -0.1097 0.3648 ©0.3392 0.19944 -0.163386 -0.1264 -0.00295
Ferr 3.710 3.6964 -0.5830 0.3574 0.12605 ©.080299 0.0412 -0.07478
FiUn -2.741 -1.0194 -0.1459 0.7902 ©.38551 0.036192 -0.3597 -0.28232
FoFi -0.708 -0.4658 -1.0182 -0.2491 -0.13754 ©.138473 -0.1252 0.08822
Hyun -0.822 -0.9573 -0.7059 -0.0715 0.25657 -0.196482 0.3918 0.31022
Jagu 3.955 1.9157 -0.5320 -0.2123 0.43147 ©.084386 -0.2755 ©.18273
Lada -2.723 0.5623 0.3695 0.1730 0.00205 0.268028 ©.1891 0.09366
Mazd -0.900 ©.2348 -0.9898 ©.2993 -0.49059 0.175053 0.1271 -0.09948
M200 3.007 -0.9967 1.0296 -0.2394 -0.23603 -0.052678 -0.0790 -0.12001
Mits ©0.418 -0.3696 -0.1664 ©.0580 ©0.01808 -0.110856 0.1594 -0.31368
NiSu -1.541 -0.7779 -0.2783 -0.3528 0.20906 0.091617 0.2385 -0.10474
OpCo -0.299 -1.6407 -0.2926 -0.5733 -0.41936 0.264001 -0.4082 ©.11805
OpVe 1.293 -1.0152 -0.2198 0.0606 ©.12199 -0.115153 ©0.0847 ©0.11914
P306 -0.784 -0.3557 -0.1473 -0.2063 0.15024 -0.515628 0.0493 -0.04454
Rel9 -0.329 -0.4166 -0.5459 -0.1361 -0.05269 -0.445360 -0.0131 -0.05380
Rove 1.296 0.6375 0.0893 -0.0913 0.22712 0.114160 -0.0716 0.08228
ToCo -0.196 -0.4646 -0.8704 -0.1244 -0.32180 0.072775 -0.0475 -0.17032
Trab -4.414 1.7019 1.0139 -0.6359 0.60578 -0.000799 -0.0910 -0.05204
VWGo 1.884 -1.0680 1.0710 0.3072 -0.35679 -0.303647 -0.1144 0.16926
VWPa ©0.686 -2.0675 ©.5725 ©.3436 ©0.31948 0.635403 0.1589 0.13269
Wart -4.237 2.7998 ©0.6081 ©0.0813 -0.78563 0.039920 0.0436 0.12562
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A UC1E§2E|/‘HE'H' (Estimation of the Factor Model)

o fl: ZREIREmAREE.

> B, BAMEIRENLS

BERESE—EMDIERRE

T (NPCA).

cor.x_NPC1 = NPCA.car$sdev[1] * NPCA.car$loadings|, 1]
BLEESFE_EMDHIBRRE
cor.x_NPC2 = NPCA.car$sdev[2] * NPCA.car$loadings|, 2]

STRE
#EES

HZBHBIM TR R LB

NPC2.prop = cor.x_NPC142 + cor.x_NPC2/2
cbind(NPC1 = cor.x_NPC1, NPC2 = cor.x_NPC2, Sum_Squares = NPC2.prop)

> cbind(NPC1 =

Economy 0.6218
Service -0.8877

Value
Price
Design
Sporty
Safety
Easy

cor.x_NPC1, NPC2 =

NPC2 Sum_Squares

NPC1

0.637

0.387
-0.9520 0.246
0.9489 0.231
-0.9344 -0.153
-0.8867 -0.148
-0.8620 0.441
0.0703 @.907

Q.
.938
.967
.954
.896
.808
.937
.940

(SIS IS BEGS IGS B S I G

793

q

=\ 1, £=1,2, ..

cor.x_NPC2, Sum_Squares = NPC2.prop)

Factor Analysis

» P
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A j‘1‘§§25’91§i‘|‘ (Estimation of the Factor Model)
o . BRINFEmhEEE.

» B, BAMERELERD D (NPCA).

# LERFEAERM T END LRIBRE

graphics.off()
ucircle = cbind(cos((0:360)/180 * pi), sin((0:360)/180 * pi))
plot(ucircle, type ="I", Ity = "solid", col = "blue", xlab = "First PC", ylab = "Second PC",

main = "Carmeans", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.8, lwd = 2, asp = 1)
abline(h =0, v=0)
# label = c("X1", "X2", "X3", "X4", "X5", "X6", "X7", "X8")
label = row.names(cor.NPC.car.2)
text(-cor.x_NPC1, cor.x_NPC2, label, cex = 1)

Carmeans

1.0

0.5

Second PC
0.0

Siietyg

-0.5

-1.0

First PC

Factor Analysis
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A j‘1‘§§25’91§i‘|‘ (Estimation of the Factor Model)

o . BRINFEmhEEE.

> B, BAMEIRENLS

# WMETERIM T ER D RIBURE
graphics.off()

plot(cbind(NPCA.car$scores|, 1], NPCA.car$scores|, 2]), type = "n", xlab = "PC 1", ylab = "PC 2",
main = "First NPC vs. Second NPC", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.6)

abline(h=0,v =0, Ity = 2)
label = 1:NPCA.car$n.obs

text(NPCA.car$scores[, 1], NPCA.car$scores|, 2], label)

PC2

E Y73 2 (NPCA).

First NPC vs. Second NPC

23

20

22

15 21

Factor Analysis
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A jcd‘EﬂE,‘J{Eﬂ' (Estimation of the Factor Model)
o fl: ZRISEmMEEE.

> M7, BAMERERFEKRERFIE=.

> (r = cor(x))
Economy Service Value Price Design Sporty Safety Easy

L
>|.

# correlation matrix 11248 % 46& Economy 1.000 -0.335 -0.448 0.758 -0.619 -0.476 -0.284 0.583
(F = cor(x)) Service -0.335 1.000 0.928 -0.737 0.758 0.688 0.938 0.297
_ Value -0.448 ©.928 1.000 -0.858 ©.829 ©0.801 ©.917 ©.180
#ARERRFENATRZNT, 1NEREM Price 0.758 -0.737 -0.858 1.000 -0.887 -0.856 -0.714 0.270
m=r Design -0.619 ©0.758 ©0.829 -0.887 1.000 0.883 0.712 -0.217
for (i in 1:ncol(r)) { Sporty -0.476 ©0.688 ©.801 -0.856 0.883 1.000 0.658 -0.251
mli, i] = r{i, i] - 1 Safety -0.284 ©0.938 ©0.917 -0.714 0.712 ©.658 1.000 0.348
) Easy 0.583 0.297 ©0.180 0.270 -0.217 -0.251 ©.348 1.000
m T — e ——
> m

Economy Service Value Price Design Sporty Safety Easy

Economy 0.000 -0.335 -0.448 ©.758 -0.619 -0.476 -0.284 @.583
Service -0.335 0.000 0.928 -0.737 0.758 0.688 0.938 0.297
Value -0.448 ©0.928 ©0.000 -0.858 ©0.829 0.801 0.917 0.180
Price 0.758 -0.737 -0.858 ©.000 -0.887 -0.856 -0.714 0.270
Design -0.619 0.758 ©0.829 -0.887 0.000 0.883 0.712 -0.217
Sporty -0.476 ©0.0688 ©0.801 -0.856 0.883 0.000 0.0658 -0.251
Safety -0.284 0.938 0.917 -0.714 0.712 0.658 0.000 0.348
Easy 0.583 0.297 0.180 0.270 -0.217 -0.251 0.348 0.000
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A j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)

o . BRINFEmhEEE.

» i, BAMERERFERAERFIHE.
k///////////////ff"— Zfﬁzz 1._fZ? ; ‘%% =max |ryy | » J =1,2, ...,p
C#j
HITE ¥
psi = matrix(0, 8, 8)
for (iin 1:8) {

psi[i, i] = 1 - max(abs(m[, i]))
}

psi

> psi

,11 [,21 [[,31 [,41 [,51 L[,e1 [,71 [,&]
[1,] 0.242 0.0000 0.0000 0.000 0.000 ©0.000 0.0000 @.000
[2,] 0.000 0.0624 ©.0000 0.000 0.000 0.000 @.0000 @.000
[3,] 0.000 0.0000 @.0723 0.000 0.000 0.000 0.0000 ©.000
[4,] 0.000 0.0000 @.0000 0.113 0.000 0.000 @.0000 @.000
[5,] 0.000 0.0000 ©.0000 0.000 0.113 0.000 0.0000 @.000
[6,] 0.000 0.0000 @.0000 0.000 0.000 0.117 @.0000 @.000
[7,] 0.000 0.0000 @.0000 0.000 0.000 0.000 0.0624 ©.000
[8,] 0.000 0.0000 @.0000 0.000 0.000 0.000 @.0000 @.417
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A UC1E§2E|"HE'H' (Estimation of the Factor Model)
o fl: ZREIREmAREE.
> HiE, BAMER

Ll
Das

FIERBER I =

# X R — W 1E1E 0 #& spectral decomposition

eig = eigen(r - psi)

ee = eig$values

ee # ¥HIHE: BIMMFIEMENIE, BSHEMBLEEK, FRrAE k =2 7TEFEIF]
ee = eig$values[1:2] # BXEIA T ARB4FEE

ee
> ee
[1] 5.28764 1.57179 0.25108 ©.01535 -0.00595 -0.02901 -0.09125 -0.19792
T ——— L
> ee
[1] 5.29 1.57

P————
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A —_F$§:;:F|EE,\J1E'I_|_ (Estimation of the Factor Model)

> VV
° |- =135 72 O 1tk [,11 [,2] [,3] [,4] [,5] [,6] [,7] [,8]
Bl SIS ARG AR, [1,] ©.2593 -0.485 -0.5962 -0.0223 0.00273 0.0196 -0.3354 0.4785
. [2,] -0.3862 -0.310 0.1711 0.5630 0.37824 -0.4812 0.0394 0.1799
> ITE, BAMEAERE [3,1 -0.4129 -0.188 0.0541 -0.4232 0.45738 0.4685 0.3207 0.2837
[4,] ©.4073 -0.201 -0.1372 0.3278 -0.07928 ©.1322 ©.8020 -0.0224
[5,] -0.4013 0.138 -0.2438 0.5670 -0.22339 0.6011 -0.1579 -0.0545
[6,] -0.3806 ©0.133 -0.7014 -0.1925 0.03131 -0.3468 0.2353 -0.3631
A [7,] -0.3752 -0.355 ©.1822 -0.1877 -0.76378 -0.1424 0.1628 ©.1865
[8,] 0.0263 -0.656 ©.0942 -0.0470 0.08488 0.1709 -0.1817 -0.6986

vv = eig$vectors
vV

v = eig$vectors[, 1:2] # BIF M E@=

v = t(t(vv[, 1:2]) * sign(vv[2, 1:2])) # RIS R=ENFS
q1 = sqrt(ee[1]) * wi, 1] # TEEF—TFE H @ LAVIRFS
q2 = sqrt(ee[2]) * w[, 2] # TEEFE _NF H @ AR
(g =cbind(q1, 92))

—

cbind(ql, q2))
ql q2
[1,] 0.5962 -0.608
[2,] -0.8880 -0.389
[3,]1 -0.9495 -0.236
[4,] ©0.9365 -0.252
[5,]1 -0.9227 0.173
[6,] -0.8751 0.167
[7,] -0.8627 -0.445
[8,] 0.0006 -0.823

I ————

> (q




G) FAEIRS e p s

& S ¢/ CHINA UNIVERSITY OF PETROLEUM - BEING AT KARAMAY

A UC1E§2E|/‘J1$'H' (Estimation of the Factor Model)
o fl: ZREIREmAREE.
> HifE, BINER

e E A RIE=.

4
SF
DH.
N

# plot TEERIRTHEF LIRS E

plot(q, type = "n", xlab = "First Factor", ylab = "Second Factor", main = "Car Marks Data",

xlim = c(-1.2, 1.2), ylim = ¢(-0.4, 0.9), cex.lab = 1.4, cex.axis = 1.4, cex.main = 1.8)
text(q, colnames(x), cex = 1.2, xpd = NA)
abline(v = 0)
abline(h = 0)

Car Marks Data

0.4 0.6 0.8
m
8
3
(=}
3
<

Second Factor
0.2
0
<

0.0

Spdign

-0.2

-0.4

T T T T
-1.0 -0.5 0.0 0.5 1.0
First Factor

Factor Analysis
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TR b RGOk
A j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)

o ITHDHE

Factor Analysis

> FRDE (The Principal Component Method) ME FERTTEEFE @ BI—EME @ FFI4.

> HEARWMBHEER: §=TAT"

> ARREHI K TFERmE R E

S @ =(Van Van. - i)

S=00"+ V¥

\ > USHAZENMIHERER S - @ 0T WNATEAL,

( \

W
;U\ /%)

Y pp |

k
. P . /\2
with 7= sy = 2, @i
=1



B TABERF G prsin Factor Analysis
A j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)
o TR AE

> HEX
S=0Q Q"+ ¥
» SHENATES 0 0T+ ¥ WENBTEES.
> XFE BRI R A a]?
> ZREND KEFRIZEER

> MDITREXRE, BB

AN N /\2
Z(CS’—@@T— ) <A+ A
i, j y

> XERERZEBIFLERER), RESLTLORERR.



Sy
\\\“\ n,/‘/’
S BIE
T
xS}

)RS kg s Factor Analysis
A FREAY (1T (Estimation of the Factor Model)

o ITHDHE

» —MBETEZRRFHENEARINLER, ZRE ) TRFAEFARSHZERA
HIECHI.

k4 A —

2ET

> BZNEE

o WFHHEIENE S WETFDH, —

A
o IFFIHRIEE X WEF O, 7f .



) PR sl X F (e 2 ) mmmspkin
Oy CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

A j‘ﬁﬂﬁ’\ﬁﬁi‘l‘ (Estimation of the Factor Model)

Factor Analysis

o fl: BREFXN—FFTmAY LT RIEHITHED. BERGBIAFRSE, 52 7HXE

b R AF:

Bl (Z=):

3 1 (1.00
wmarRE 2 |0.02
/=% 3 10.96
EAEER 4 042
ecEseE 5 (0.01

x =¢(1.00, 0.02, 0.96, 0.42, 0.01, 0.02, 1.00, 0.13, 0.71, 0.85,

0.96, 0.13, 1.00, 0.50, 0.11, 0.42, 0.71, 0.50, 1.00, 0.79,
0.01, 0.85, 0.11, 0.79, 1.00)

R = matrix(x, nrow = 5, byrow = TRUE)

R

> RFIE, 88 2 (8 3) TRFINRENTFESE

TE 1M 3 FEHEX.

0.02
1.00
0.13
0.71
0.85

0.96
0.13
1.00
0.50
0.11

[ =]

0.42
0.71
0.50
1.00
0.79

Ay

0.01\

0.85
0.11
0.79

1.00,

24585 21

5 F9tER 4.




Factor Analysis

ST
PSS
iy
LS}

FALIRS (e s
A 1‘1‘§§2E|’\J1Ei‘|' (Estimation of the Factor Model)
o fl: BEREFPN—FFT MBI TEBHHITIED. HERBIMFE, 52 THXE

& Z AT
R.eig = eigen(R) # 154 fi# > R.eig$values
R.eig$values # 451H1E [1] 2.8531 1.8063 0.2045 0.1024 0.0337

sum(R.eig$values[1:2]) / 5 # M AHEEAFHRIR B ELH BB ZERILEHS] — —

> FEFFE 2 WEITM TFIHERXE AT 1 B94FIEHE.
A, =2.8531, 1,=1.8063

> sum(R.eig$values[1:2]) / 5
[1] 0.932

T— S—

FR2ITH R fEN) FARBZERN 93.2%.

A+ d 28531 4 1.8063
1 T4 T — 0.932

p 5

D>
\
/
>k

> k=21




T i K ks Factor Analysis

& =%/ CHINA UNIVERSITY OF PETROLEUM -BEDUING AT KARAMAY

A j‘1‘§§25’91§i‘|‘ (Estimation of the Factor Model)
o fl: BREFXN—FFTmAY LT RIEHITHED. BERGBIAFRSE, 52 7HXE
B % ANF:

> EFHEETHER @ =(Vin - var. - Vin)
# ARREFHBE (k=2) /\

load.F = R.eig$vectors %*% diag(sqrt(R.eig$values))
round(load.F[, 1:2], digits = 2)

> round(load.F[, 1:2], digits = 2)
[,11 [,2]

[1,] 0.56 -0.82

[2,] .78 ©0.52

[3,] 0.65 -0.75

[4,] 0.94 0.10

[5,] 0.80 0.54

— W

k
. . B2 = g2
. AR B ENEHEN P L
#NHEEAFHE (k=2)
h = load.FA2 > roundCh, digits = 2)

R - [1] .98 .88 0.98 0.89 0.93

round(h, digits = 2) — ——




) PR sl X F (e 2 ) mmmspkin
nes% CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

A j‘ﬁﬂﬁ’\ﬁﬁi‘l‘ (Estimation of the Factor Model)

o i EXREF—FK

& % AR

> FIRE

# SRR F R E (k=2)
Psi=1-h
round(Psi, digits = 2)

# AE— T EHEEH

round(FA, digits = 2)

B (XE=):
17SE]
B FE
/=%
EEEER
RERERE

=
1==4

SENALET
2

FA = cbind(Load_F1 = load.F[, 1], Load_F2 = load.F[, 2], Communalities = h, S_Variances = Psi)
> round(FA, digits = 2)
Load_F1 Load_F2 Communalities S_Variances

(1, ] 0.50 -0.82 0.98 0.02
(2, 0.78 0.52 0.88 0.12
3, ] 0.65 -0.75 0.98 0.02
(4, ] 0.94 0.10 0.89 0.11
5, 0.80 0.54 0.93 0.07

2.85 1.81

0.571 0.932

pajue

FHZENGITER

Factor Analysis

- mAY LT RIEHITIED . ARG MRS, =2 7EXE

— 72
vij=1-h;

> round(Psi, digits = 2)

O b~ O N -

[1] .02 0.12 0.02 ©0.11 0.07




B TAEERF R s Factor Analysis
A 1‘1‘§§2E|’\J1Ei‘|' (Estimation of the Factor Model)
o fl: BEREFPN—FFT MBI TEBHHITIED. HERBIMFE, 52 THXE

= % a0
» BIRE @6 6T+ V¥ -
(0.56 —0.82) (0.02 )
0.78 0.52 0.12
~ 0.56 0.78 0.65 0.94 0.80
Q06T+ ¥ =1065 -0.75 < >+ 0.02
004 o010 |\ =082 052 075 0.10 0.54 011
10.80 0.54 \ 0.07,
p———— \
FHHETTREE - L F BT 1% ENE 7.
load.F[, 1:2] %*% t(load.F[, 1:2]) + diag(Psi)
(1.00 0.01 0.97 044 0.00) (1.00 0.02 096 042 0.01)
0.01 1.00 0.11 0.78 091 0.02 1.00 0.13 0.71 0.85
=1097 0.11 1.00 053 0.11 Z%=1096 0.13 1.00 0.50 0.11
0.44 0.78 0.53 1.00 0.81 042 0.71 0.50 1.00 0.79
(0.00 0.91 0.11 0.81 1.00) (0.01 0.85 0.11 0.79 1.00)

> HTEFHEEE—E, @iSheis el e U BERENCR.




@) JAZRT g Factor Analysis
A j‘1‘§§25’91§i‘|‘ (Estimation of the Factor Model)
o A FIEdE (Rotation)

> RFML
'Yl RNIAEFERE, T o'D'e NXAEHERE.

L TEHF LA EMmLE LA (LSEIE—FE).

d

> BEMNZERFNERELDEEFENER.

At
D>

— T EAFHEXKEK, AT

> NRTLEERUWDNEABERNES, 815
RERER



Sy
\\\“\ n,/‘/’
S BIE
T
xS}

) T8RS (e s Factor Analysis

A FEREIBI{E1T (Estimation of the Factor Model)

o A FIEdE (Rotation)

» Kaiser (1985 &) 12 X B % £ & X 3% %% 0 (varimax rotation method), r=—14 5 =AY T
TeEL B T RN JE.

> NFHREENER k=2 THEF, LISAREEE € B FINaH

2(0) = ( cos 6 sin9>

—sin@ cosf

> BRI iR A E 0.
> HENRHER RS BEE L FAIUTE

N

Q%= 0 L0



Sy
\\\“\7(.,/./’
iy
xS}

A

A

R % X F (e )ik
CHINA UNIVERSITY OF PETROLEUM -BEUING AT KARAMAY

?rﬁﬁﬁ% (Rotation)

B ESANEENBE: MERE 0, (HEME € * 85I

REERK.
ST, EX

7 £ & KA A M3

EFEFE(E NN FIR

)
pz/”—l

>

J=1

N
;%

I
w>‘ <)
e

(@

j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)

T

2l g5z KAV 0:

) -

|~
I~

F &

qi

Factor Analysis

'Q>

i A EZA



() TR Al K F (R minsiiex
A jc1‘i H’]{Eﬁ' Estimation of the Factor Model)
o fl: BEN—FFT mi/ LT BIEHITIED.

Factor Analysis

> round(FA, digits = 2)

Bl (ZH): Load_F1 Load_F2 Communalities S_Variances
IFSEl (1, 0.50 -0.82 0.98 0.02
175 BB (2, ] 0.78 0.52 0.88 0.12
iR (3, ] .65 -0.75 0.98 0.02
EAEER (4, ] 0.94 0.10 0.89 0.11
b ] 5, ] 0.80 0.54 0.93 0.07
YFEE 2.85 1.81
E2Frte 0.571 0.932

» F—TRFMEZNTREAFNELREFZMELFEE, X(ESEXNIXEREFRIHERE
LIS R ME.
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R % X F (e )ik
CHINA UNIVERSITY OF PETROLEUM -BEUING AT KARAMAY

Ih EZ&ANeszs, S

IPSE|
VB FR{E
=%
EE1EE
RIEAK=

2. 4. 5EXTHF1, Bl&

1TM3EXTHEF 2, Blok

j‘ﬁﬂﬁ’\ﬂﬁi‘l‘ (Estimation of the Factor Model)

5l BE S —RETT M LT R IEHITIE S

A F #ifa
q. q,
0.02 0.99
0.94 —0.01
0.13 0.98
2 0.84 043
BEE 0.97 -0.02
AR F.
A+

Factor Analysis



FR Ak X F (e i Factor Analysis
X157 5 R
® [ F1F 9 (factor scores) @B TINME x, , (=1, 2, ..., n) NI YN FEAL 0=

F, (=1,2, ... k B&HTHE.

e Johnson ] Wichern (1998 &) MR T =MAA, EXEFNAFR, XEFEEDN
ZERIEFE R

o BNNAEANSE EMSSHRESTIM6.
o HEREERE (X-p)5FWHEEHT, REHTEIEDH.

/.J H‘




(%) TRAYRF R s Factor Analysis
78/
Al157 '5 7 H]%

¥/}
@xk//)k_jrﬁﬁ*/ Up FIREF

p
Fkxl /A\\/\k¥

> BREERIR:

/~J H‘

EWF)=0
Var (FF) = jk (Wll )
E(U) =0 , Var(U) A W — L))
COV(Ul—, Uj>=0, L F ] \ Ypp

Cov (F , U) = 0/\
Var (XI:”> = Var (Q FF+ U) = Var <§k> F + (l()]> = Var (§k> F | + Var <l({>

/=<§ (v 0>:(@@T+w?)\ i

T 7, ) Var () (@" 7,) +

(& 5,
= T
QI (p+h)X(p+k)



R R P < SRR .
B TR RGOk q s Factor Analysis

xS

o THEBXEDMNESHMNERIRT,

X-,;) <2 (@) X Hpxi > 0
var (Y 2) = (2 — (XY ~n,. |
F @ I (oo F P\ \ O et Iy

EHE51RX = (Xl) ~N, (1 5), X €R’, X, € RV HFIHSEIEMNSIR

X2
(21 2
*= (zn Ezz)

EX
X0 =X - 250X,
m
X, ~N, (I‘p 211)
X1 ~N,_, (1‘2-1’ 222.1)
HEM, HF

B =t =S Spng = 2n - 555,

EIE 5.3 BT X, = x, I X, WEHHHNRESSTH, HIEREN
P+ Dy (k- ), DHEERR 2y, 8D

> F|XMEHDHASTESHH, B s

E(F

Var (F

—  (F[x=x)~N ("= X -p), 7, - "z"'0)



(@) TREIRF e Factor Analysis
AF1Eo5RE

AR, EIBENAEITERRRIAN €. X M u, MmESEINLUEEEE
FESHEITE:

o
m
N;,]_

Il

N\ S

fi= Q'S (x;,—x)
> BB HERRBFARND L ERER S 1A 2 0E1TE, mMIERF2Ea
MWE Q™+ V.

» HENEAEXNEFHEEERAIEN, BEEERINRENL.

—  (F[x=x)~N ("= X -p), 7, - "z"'0)



SIS &3 . .
D) THEGRS (R ms Factor Analysis

UL

o (£ %2 mik s I, WrLEMRERIFRIRLNI.

=\ = (0 )
> IENEE ////’*\\\\ e
Dy = 2

Z=951/2 (X_”) \ | Opp |
> LERY, EFHRTINE (5] \
fi = /@\T%_l < Ds = -
. e A
0 ETELER % BEINEE I

> AMRAFETIERERE ¢ #1ThesR, BoEFEo N IEN e, Bl

P

f;k= ?Tfi



D) THEGRS (R ms Factor Analysis

o SCHEIN

> ERFONNEFNAES, REMMAEENNTEERE.

> M, BUNAREERTRE, HENEFoTRAERTSEIR

clR
A

> XL T AR

D RIBFUEIMEREMF (3)) $SEENEAE, AE— T ENREFH =,
tban k = 2 8% 3.

@ AT/ EANERGE, EFRERERRE. (ERETERFNEET. 2FF
hZENRAFS7

Q@ MRLERETHEZRE, (RERFESD) NERSFEREE, A3R
R FHE k.




Eapd biE sy XF SRR .
D) THEGRS (R ms Factor Analysis

UL

o SLHEIX
> NFREGESR, ENERARXIUESIA.
O R AREIEIF D NGRS,
O {ERIIZEFAFE I EETTEFRE.
O {ERRFNSEKININEBIREE SFHNEF1S7.

o TNMIEAEF1F0 NS5 (XERKIERESESFENEFSoBEA AL

SIS NERRIERTREFEEMARFLHE.

AR}

> X—




) AERS g s Factor Analysis
o REFHMSEMD DRI
> BAFAMANERD DN RAERNMSE TRGEDR. 8. 5).
> EERRE, MITESBYER, INENNNANHERER, FHtar=4dE
SRR R, FAEANLE |

> XMMBIEDINAIEAZEFEEEES.



& s X F (g mims Factor Analysis

s/ CHINA UNIVERSITY OF PETROLEUM - BEDING AT KA

o RAFDISERTDITHIXILE

> ERD DT pea) FNEF T (Factor Analysis) Z [BlER AR X AR FRELAIE .

o EFHITIRET HEERBIAL (BE) EF ORI ELEN.

O FED DT rea IRIBEEMERBNINFERE p TEF.

alll

BENRAFEEREHEZERKCHATEF.

o EEMDDITH

o

-

o ERFoIH, HKEENREFE (KEdleszfa) e &A1&+
BES B —EMDRIGRIAE.

pall




@) JARERT e p Factor Analysis
- BE¥esswE
o KFDMEENDDITEIIILE
» MIHEEXRE:
O FD Dt peca BETFT—FENIEH. B—FTK_NEE (BDR).
o UE—TREFHIMRE S LRZMAEITRERIE.
» HFDhIENAE—EHTENFEZRME T =R, RmMeTE—RIIAE
HIAESR.

> XMETED TR ZESEF o T EFEE.

S
(WS
H
>.|.
N
&
gl
)
o
i
yas
i

O 153l Z IRENKTE D M3 X IOUE A S Z T 2R B




) B e A Factor Analysis

Boston Housing

o {5l Bl )£ Boston BN RSO UNISEHE R+ o1

X, : AIYIEFER

X, : XIERTFTRA{EERAILEH

X, : IFFER W AtbagLEb 5

X, : E/REmE (S5E4ELBA 1, S 0)

Xs : —aRKRE

X, . BEFEENTIEEE

X; : 1940F Z I EN B X REZE LG

Xg : BRI A R OB DN EE B

X, : FREPIK A B FTIA 52X

X, : B 10000 ETTETHEEFE

X, : 2ESHMAIELH]

X,, : 1000(B — 0.63)* I(B < 0.63) A B 2IFINE =E ARIELH
X5 : AOPBIRH SR AN SEE

X, : BREENPAMNE (AL 1000 3£7T)

b\




@ 8 e X F (9t F e Factor Analysis

Boston Housing
o ll: B E
o XXLETERALLBIEEN—RTIZR.

] Boston BN EGEE R 1RABAN{a] LB R F o 1.

7~ 70000

X, =2 X, = log X
= —, = 10
2= 70 9 g Ag
X3 =1logX;, X =1log X
. .y eO.4><X11
X — X . X —

4 4 11 100

100

X =log Xg, X13:\/X13
— X% —
X X 14 = log Xy




GA8) TR Lk XF SRR :
-4‘./ o «-“: CIN;{J{:ERSITYXOFP}H—FSO?;EI\%BEUING_LAT KARAﬁl\LﬂAY F a Cto r An a |yS I S

Boston Housing

o {5l Bl )£ Boston BN RSO UNISEHE R+ o1

o N IXLEEFE

= SRALERIERE I —RIIZHR.

o [E#F, ZE= X, (Charles EI/REE =) K HFREID.
o SXZEi—, EHANENESE, DWETHEXERHTT.

# NI
rm(list = Is(all = TRUE))
library(MASS)

data = Boston
head(data)

> head(data)
crim zn indus chas nox rm age dis rad tax ptratio black lstat medv

1 0.00032 18 2.31 @ 0.538 6.575 65.2 4.0900 1 296 15.3 396.90 4.98 24.0
2 0.02731 @ 7.07 @ 0.409 6.421 78.9 4.9671 2 242 17.8 396.90 9.14 21.0
30.02729 @ 7.07 @ 0.409 7.185 61.1 4.9671 2 242 17.8 392.83 4.03 34.7
4 0.03237 0 2.18 @ 0.458 6.998 45.8 6.0622 3 222 18.7 394.63 2.94 33.4
50.00905 0 2.18 @ 0.458 7.147 54.2 6.0622 3 222 18.7 396.90 5.33 36.2
6 0.02985 0 2.18 @ 0.458 6.430 58.7 6.0622 3 222 18.7 394.12 5.21 28.7




T i K ks Factor Analysis

2%/ CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

Boston Housing

o {5l Bl )£ Boston BN RSO UNISEHE R+ o1

# transform data T=HIETIR

xt = data

xt[, 1] = log(datal, 1])

xt[, 2] = data[, 2]/10

xt[, 3] = log(datal, 3])

xt[, 5] = log(datal, 5])

xt[, 6] = log(datal, 6])

xt[, 7] = (data[, 7]*(2.5))/10000
xt[, 8] = log(datal, 8])

xt[, 9] = log(datal, 9])

xt[, 10] = log(data[, 10])

xt[, 11] = exp(0.4 * data[, 11])/1000
xt[, 12] = data[, 12]/100

xt[, 13] = sqrt(datal[, 13])

xt[, 14] = log(datal[, 14])

data = xt[, -4] # FI[FTE X _4
round(head(data), digits = 4)

> roundChead(data), digits = 4)

crim zn indus nox rm age dis rad tax ptratio black 1stat medv
-5.0640 1.8 0.8372 -0.6199 1.8833 3.4326 1.4085 0.0000 5.6904 0.4549 3.9690 2.2316 3.1781
-3.6005 0.0 1.9559 -0.7572 1.8596 5.5296 1.6028 0.6931 5.4889 1.2365 3.9690 3.0232 3.0727
-3.6012 0.0 1.9559 -0.7572 1.9720 2.9181 1.6028 @.6931 5.4889 1.2365 3.9283 2.0075 3.5467
-3.4305 0.0 0.7793 -0.7809 1.9456 1.4196 1.8021 1.0986 5.4027 1.7722 3.9463 1.7146 3.5086
-2.6729 0.0 0.7793 -0.7809 1.9667 2.1627 1.8021 1.0986 5.4027 1.7722 3.9690 2.3087 3.5891
-3.5116 0.0 0.7793 -0.7809 1.8610 2.6399 1.8021 1.0986 5.4027 1.7722 3.9412 2.2825 3.3569

VT A WN B

L T— S



T i K ks Factor Analysis

& =/ CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

Boston Housing

o {5l Bl )£ Boston BN RSO UNISEHE R+ o1

# rename variables EFiin BT 2
COlnameS(data) — C("X1", "X2", "X3", "X5", "X6"’ "X7"’ "X8"’ "X9"’ "X10"’ "X11"’ "X12"’ "X13"’ "X14")
round(head(data), digits = 4)

> roundChead(data), digits = 4)
X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14

1 -5.0040 1.8 0.8372 -0.6199 1.8833 3.4326 1.4085 0.0000 5.6904 0.4549 3.9690 2.2316 3.1781
2 -3.6005 0.0 1.9559 -0.7572 1.8596 5.5296 1.0028 @.6931 5.4889 1.2365 3.9690 3.0232 3.0727
3 -3.6012 0.0 1.9559 -0.7572 1.9720 2.9181 1.0028 @.6931 5.4889 1.2365 3.9283 2.0075 3.5467
4 -3.4305 0.0 0.7793 -0.7809 1.9456 1.4196 1.8021 1.0986 5.4027 1.7722 3.9463 1.7146 3.5086
5 -2.6729 0.0 0.7793 -0.7809 1.9067 2.1627 1.8021 1.0986 5.4027 1.7722 3.9690 2.3087 3.5891
6 -3.5116 0.0 0.7793 -0.7809 1.8010 2.6399 1.8021 1.0986 5.4027 1.7722 3.9412 2.2825 3.3569

# standardize variables &4/,

da = scale(data)
round(head(da), digits = 4)

> roundChead(da), digits = 4)

X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
1 -1.9813 0.2845 -1.7027 -0.0490 0.4577 -0.4565 0.4087 -2.1349 -0.6081 -1.2428 0.4406 -1.2015 0.3512
2 -1.3043 -0.4872 -0.2630 -0.7302 0.2467 ©.1314 0.7688 -1.3426 -1.1163 -0.6698 0.4406 -0.3996 0.0934
3 -1.3047 -0.4872 -0.2630 -0.7302 1.2476 -0.6008 0.7688 -1.3426 -1.1163 -0.6698 0.3960 -1.4285 1.2531
4 -1.2257 -0.4872 -1.7772 -0.8480 1.0128 -1.0209 1.1381 -0.8791 -1.3339 -0.2770 @0.4158 -1.7252 1.1597
5 -0.8753 -0.4872 -1.7772 -0.8480 1.2003 -0.8126 1.1381 -0.8791 -1.3339 -0.2770 0.4406 -1.1234 1.3567
6 -1.2632 -0.4872 -1.7772 -0.8480 0.2592 -0.6788 1.1381 -0.8791 -1.3339 -0.2770 0.4102 -1.1499 0.7887

S rRrFPFPFOOS
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# correlation matrix 1+ E 18 x5E[%
dat = cor(da)
round(dat, digits = 4)

> round(dat, digits = 4)

X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
X1 1.0000 -0.5171 ©0.7396 0.8070 -0.3242 0.6968 -0.7439 0.8389 0.8100 0.4539 -0.4788 0.6223 -0.5672
X2 -0.5171 1.0000 -0.6559 -0.5685 0.3094 -0.5263 0.5907 -0.3506 -0.3059 -0.3501 ©0.1755 -0.4522 ©.3633
X3 0.7396 -0.6559 1.0000 0.7505 -0.429 0.6581 -0.7303 0.5805 0.6593 0.4547 -0.3311 0.6214 -0.5539
X5 0.8070 -0.5685 ©0.7505 1.0000 -0.3183 0.7831 -0.8600 0.6129 0.6683 0.3437 -0.3793 0.6094 -0.5153
X6 -0.3242 0.3094 -0.429 -0.3183 1.0000 -0.2767 0.2807 -0.2134 -0.3064 -0.3208 ©0.1297 -0.6394 0.6104
X7 0.6968 -0.5263 ©0.6581 ©0.7831 -0.2767 1.0000 -0.7960 0.4687 0.5409 0.3778 -0.2859 0.6371 -0.4821
X8 -0.7439 0.5907 -0.7303 -0.8600 0.2807 -0.7960 1.0000 -0.5421 -0.5996 -0.3217 ©.3248 -0.5555 0.4057
X9 0.8389 -0.3506 0.5805 0.6129 -0.2134 0.4687 -0.5421 1.0000 0.8205 0.3982 -0.4113 0.4612 -0.4345
X10 0.8100 -0.3059 ©0.6593 0.0683 -0.3064 0.5409 -0.5996 0.8205 1.0000 0.4763 -0.4279 ©.5335 -0.5572
X11 0.4539 -0.3501 0.4547 0.3437 -0.3208 0.3778 -0.3217 0.3982 0.4763 1.0000 -0.2047 ©.4338 -0.5082
X12 -0.4788 0.1755 -0.3311 -0.3793 0.1297 -0.2859 0.3248 -0.4113 -0.4279 -0.2047 1.0000 -0.3610 0.4024
X13 0.6223 -0.4522 0.6214 0.06094 -0.6394 0.6371 -0.5555 0.4612 0.5335 0.4338 -0.3610 1.0000 -0.8250
X14 -0.5672 ©.3633 -0.5539 -0.5153 0.6104 -0.4821 0.4057 -0.4345 -0.5572 -0.5082 0.4024 -0.8250 1.0000
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?factanal

Factor Analysis

Description
Perform maximume-likelihood factor analysis on a covariance matrix or data matrix.
Usage

factanal(x, factors, data = NULL, covmat = NULL, n.obs = NA,
scores = c('none", "regression", "Bartlett"),
rotation = "varimax", ...)

Arguments

X A formula or a numeric matrix or an object that can be coerced to a
numeric matrix.



::_\\\w,u"'/-,/% P ; 22 N .
D) LR LR i Factor Analysis

Boston Housing

o {5l Bl )£ Boston BN RSO UNISEHE R+ o1

# R RIEF D
?factanal
Factor Analysis
Description
Perform maximume-likelihood factor analysis on a covariance matrix or data matrix.
Usage

factanal(x, factors, data = NULL, covmat = NULL, n.obs = NA,
scores = c('none", "regression", "Bartlett"),
rotation = "varimax", ...)

Arguments

factors The number of factors to be fitted.



RN Factor Analysis

4‘, =%/ CHINA UNIVERSITY OF PETROLEUM -BEUING AT KARAMAY

Boston Housing

o {5l Bl )£ Boston BN RSO UNISEHE R+ o1

# R FRBEF o

?factanal

Factor Analysis

Description
Perform maximume-likelihood factor analysis on a covariance matrix or data matrix.
Usage

factanal(x, factors, data = NULL, covmat = NULL, n.obs = NA,
scores = c('none", "regression", "Bartlett"),
rotation = "varimax", ...)

Arguments

data An optional data frame, used only if x is a formula. By default
the variables are taken from environment(formula).
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?factanal

Factor Analysis

Description
Perform maximume-likelihood factor analysis on a covariance matrix or data matrix.
Usage

factanal(x, factors, data = NULL, covmat = NULL, n.obs = NA,
scores = c('none", "regression", "Bartlett"),
rotation = "varimax", ...)

Arguments

covmat A covariance matrix, or a covariance list as returned by cov.wt.
Of course, correlation matrices are covariance matrices.
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Factor Analysis

Description

Perform maximume-likelihood factor analysis on a covariance matrix or data matrix.

Usage

factanal(x, factors, data = NULL, covmat = NULL, n.obs = NA,
scores = c('none", "regression", "Bartlett"),
rotation = "varimax", ...)

Arguments

Factor Analysis

n.obs The number of observations, used if covmat is a covariance matrix.
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Factor Analysis
Description

Factor Analysis

Perform maximume-likelihood factor analysis on a covariance matrix or data matrix.

Usage

factanal (

Arguments

Scores

x, factors, data = NULL, covmat = NULL, n.obs = NA,
scores = c('none", "regression", "Bartlett"),

rotation = "varimax", ...)

Type of scores to produce, if any. The default 1is

none, "regression" gives Thompson's scores,
Bartlett's weighted least-squares scores.

"Bartlett" given
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Description

Perform maximume-likelihood factor analysis on a covariance matrix or data matrix.

Usage

factanal (x, factors,
scores = c("
rotation = "

Arguments

rotation character.
the factors:

the rotated

] Boston BN EGEE R 1RABAN{a] LB R F o 1.

Factor Analysis

Factor Analysis

data = NULL, covmat = NULL, n.obs = NA,

none", "regression', "Bartlett"),

varimax", ...)

none" or the name of a function to be used to rotate

it will be called with first argument the loadings
matrix, and should return a list with component loadings giving

loadings, or just the rotated loadings.
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# Maximum Likelihood Factor Analysis without varimax rotation: factanal f K{IUREEIE F o, RK{E varimax hgkk

mim = factanal(da, 3, rotation = "none", covmat = dat)
str(mim)

> str(mlm)
List of 10
$ converged : logi TRUE
$ loadings : '"loadings' num [1:13, 1:3] 0.929 -0.582 0.819 0.879 -0.445 ...

..- attr(*, "dimnames")=List of 2
..$ : chr [1:13] "X1" "X2" "X3" "X5" ...
..$ : chr [1:3] "Factorl" "Factor2" "Factor3"
$ uniquenesses: Named num [1:13] 0.0964 ©0.5752 0.3091 ©0.1439 0.5188 ..
..- attr(*, "names")= chr [1:13] "X1" "X2" "X3" "X5" ...
$ correlation : num [1:13, 1:13] 1 -0.517 0.74 0.807 -0.324 ...
..- attr(*, "dimnames")=List of 2
..$ : chr [1:13] "X1" "X2" "X3" "X5" ...
..$ : chr [1:13] "X1" "X2" "X3" "X5" ...

$ criteria : Named num [1:3] 0.616 30 30
..— attr(*, "names")= chr [1:3] "objective" "counts.function" "counts.gradient"
$ factors : num 3
$ dof : num 42
$ method : chr "mle"
$ n.obs : logi NA
$ call : language factanal(x = da, factors = 3, covmat = dat, rotation = "none")

- attr(*, "class")= chr "factanal"
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# estimated factor loadings FF & H{HITHE

load = mim$loadings
load

> load

Loadings:
Factorl Factor2 Factor3
X1 0.929 0.165 0.111

X2 -0.582 0.290
X3 0.819 -0.138
X5 0.879 -0.272
X6 -0.445 0.531

X7 0.784 -0.355

X8 -0.829 -0.157 0.411
X9 0.795 0.3006 0.405
X10 ©0.820 ©0.140 0.291
X11 ©0.505 -0.185 0.155
X12 -0.470 -0.163
X13 0.760 -0.500

X14 -0.694 ©0.591 -0.180

Factorl Factor2 Factor3
SS loadings 6.998 1.099 0.818
Proportion Var ©.538 0.085 0.063
Cumulative Var 0.538 0.623 0.686

— .
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# the estimated factor loadings matrix &+ %z 28 [%

|d = cbind(load], 1], load], 2], load], 3])
round(ld, digits = 4)

> round(ld, digits = 4) _
L1 L2 L3 X=QF+U+p

X1 0.9295 0.1653 0.1107
X2 -0.5823 0.0378 ©.2903
X3 0.8192 -0.029 -0.1379
X5 0.8789 0.0988 -0.2719
X6 -0.4447 0.5310 -0.0378
X7 0.7836 -0.0148 -0.3554 -
X8 -0.8294 -0.1571 0.4110
X9 0.7955 0.3002 ©.4053
X10 0.82062 ©.1400 ©.2900
X11 ©0.5051 -0.1851 0.1552
X12 -0.4701 ©.0227 -0.1627
X13 0.7001 -0.5058 -0.0072
X14 -0.6942 ©.5900 -0.1797

— S—
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# communalities are calculated iTE A EEFHE /A
com = diag(ld %*% t(Id))
round(com, digits = 4)

s
>|.

> round(com, digits = 4)
X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
0.9036 0.4248 0.6909 0.8561 0.4812 0.7406 ©0.8815 0.8908 0.7867 ©.3135 0.2480 0.8337 0.8630

# specific variances are calculated T84SR F 5 = KEPREF = ;=0 — h2
psi = diag(dat) - diag(ld %*% t(Id)) Y
round(psi, digits = 4)

> round(psi, digits = 4)
X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
0.0964 0.5752 0.3091 0.1439 0.5188 0.2594 0.1185 0.1092 0.2133 0.6865 0.7520 0.1663 0.1370

T ——— e
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tbl = cbind(L_F1 =load], 1], L_F2 = load], 2], L_F3 = load], 3], com, psi)
round(tbl, digits = 4)

> round(tbl, digits = 4)
L_F1 L_F2 L_F3 com psi

X1 0.9295 0.1653 0.1107 0.90360 0.0964
X2 -0.5823 0.0378 ©.2903 0.4248 ©0.5752
X3 0.8192 -0.029 -0.1379 0.6909 0.3091
X5 0.8789 0.0988 -0.2719 0.85601 0.1439
X6 -0.4447 ©.5310 -0.0378 0.4812 ©0.5188
X7 0.78360 -0.0148 -0.3554 0.7406 0.2594
X8 -0.8294 -0.1571 0.4110 0.8815 0.1185
X9 0.7955 0.3062 0.4053 0.8908 0.1092
X10 0.82062 ©.1400 ©.2900 @.78067 ©.2133
X11 ©0.5051 -0.1851 @.1552 0.3135 0.6865
X12 -0.4701 0.0227 -0.1627 0.2480 0.7520
X13 0.7601 -0.5058 -0.0072 @.8337 0.1663
X14 -0.6942 ©.5900 -0.1797 ©0.8630 0.1370

q /q\z /q\3

Factor Analysis
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# plot first factor against second TEEAF 1 MEF 2 FE LB SE

graphics.off()
plot(load[, 1], load], 2], type = "n", xlab = "x", ylab = "y", main = "Factors21 - theta21",
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1.0, 1.0), ylim = ¢(-0.6, 0.6), asp = 1)
text(load[, 1], load[, 2], colnames(data), cex = 1.1)
abline(h=0,v =0, Ity = 2)

Factors21 - theta21

0.6

X14
X6

0.4

0.2

0.0
x
N
%
N

X1

-0.2

-0.4

X13

-0.6
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# plot first factor against third &7 HF 1 M1AF 3 FE LAKE

graphics.off()
plot(load[, 1], load], 3], type = "n", xlab = "x", ylab = "y", main = "Factors31 - theta31",
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1.0, 1.0), ylim = ¢(-0.6, 0.6), asp = 1)
text(load|[, 1], load], 3], colnames(data), cex = 1.1)
abline(h=0,v =0, Ity = 2)

Factors31 - theta31

©
=
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3 X8 | X9

1

X2 | X10

1
N
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X11
X1
= e D S
X6
X12 X3
~ X14
Q@
X5
X7
<
Q
©
3
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# plot second factor against third TE2ERXF 2 fIFF 3 FE LA RE

graphics.off()

plot(load[, 3], load], 2], type = "n", xlab = "x", ylab = "y", main = "Factors23 - theta23",
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1.0, 1.0),
ylim = c¢(-0.6, 0.6), asp = 1)

text(load], 3], load[, 2], colnames(data), cex = 1.1)

abline(h=0,v =0, Ity = 2)

Factors23 - theta23

0.6

X14
X6 |

0.4

X9

0.2

0.0
%
N

X1

-0.2

-0.4

1
X13

-0.6
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# = SREIMAE—#E
graphics.off()
par(mfcol = ¢(2, 2))
plot(load[, 1], load], 2], type = "n", xlab = "x", ylab ="y", main = "Factors21 - theta21",
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = c¢(-1.0, 1.0), ylim = ¢(-0.6, 0.6), asp = 1)
text(load[, 1], load[, 2], colnames(data), cex = 1.1)
abline(h=0,v =0, Ity =2)

plot(load[, 1], load], 3], type = "n", xlab = "x", ylab = "y", main = "Factors31 - theta31",
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1.0, 1.0), ylim = ¢(-0.6, 0.6), asp = 1)
text(load[, 1], load[, 3], colnames(data), cex = 1.1)
abline(h=0,v =0, Ity = 2)
plot(load[, 3], load], 2], type = "n", xlab = "x", ylab = "y", main = "Factors23 - theta23",
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1.0, 1.0),
ylim = ¢(-0.6, 0.6), asp = 1) N | : ‘
text(load], 3], load[, 2], colnames(data), cex = 1.1) Y S 9 ,,,,,,,, . ,,,,,,,,,,,,,,,,,,,
abline(h =0, v=0, Ity = 2) ]

aaaaaaaaaaaaaaaa
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Factors21 - theta21 rOCTOTSZT— o Ta T
= X14 | = X14
X6 : X6:
° i X9 ] i X9
° ] | x1@ ° ] & X1 x10
S X2x12 . R ERRREEE S — S S — X7__x§(%__§_ _____ X2
S i X S - Coxt X8
I i X13 I X1:3
-1|.0 -OI.5 OTO 0!5 1!0 -1I.O -0|.5 OTO 0!5 170
Factors31 - theta31 > round(tbl, digits = 4)
| L_F1 L_F2 L_F3 com DS1
S 7 | x1 (0.9295) 0.1653 ©0.1107 0.9036(0.0964
< | | o X2 -0.5823 ©.0378 ©.2903 0.4248 0.5752
© i 10 X3 0.8192 -0.0296 -0.1379 0.6909 0.3091
S - i » X5 0.8789 0.0988 -0.2719 0.8561 0.1439
_ ; @ X6 -0.4447 0.5310 -0.0378 0.4812 0.5188
e S T e X7 0.7836 -0.0148 -0.3554 0.7406 0.2594
| xi4  X12 | * X8 (0.8294)-0.1571 0.4110 0.8815(0.1185
: L X9 0.7955 ©0.3062 0.4053 0.8908 0.1092
G | X10 0.8262 ©0.1400 ©.2906 0.7867 ©.2133
o | 5 X11 0.5051 -0.1851 ©.1552 0.3135 0.6865
' | . i . . X12 -0.4701 ©0.0227 -0.1627 0.2480 0.7520
o 00 o0 o° "0 X13 ©0.7601 -0.5058 -0.0072 0.8337 0.1663
" X14 -0.6942 ©0.5906 -0.1797 0.8630 0.1370

T —— :—_—*
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Factors21 - theta21 Factors23 - theta23
Q - X14 i Q - X14
< i X9 ° i X9
i ; X195 i X
= X2 bmmmmmmeo oo CRRRREEEEE = R
e X8 i X11 N oxir X8
-1I.0 -0|.5 O!O 0!5 1!0 -1I.O -0|.5 OTO 0!5 1!0
Factors31 - theta31 > round(tbl, digits = 4)
| L_F1 L_F2 L_F3 com psi
S 7 : X1 ©0.9295 0.1653 0.1107 0.9036 0.0964
< X8 | %9 X2 -0.5823 ©0.0378 0.2903 0.4248 0.5752
N %o | X10 X3 0.8192 -0.0296 -0.1379 0.6909 0.3091
S 1 | 1 X5 0.8789 0.0988 -0.2719 0.8561 0.1439
i} : X X6 -0.4447 (0.5310)-0.0378 0.4812 0.5188
=T E Fmmmmmm e X13----------
X6 : X7 0.7836 -0.0148 -0.3554 0.7406 0.2594
| xi4  X12 | * X8 -0.8294 -0.1571 0.4110 0.8815 0.1185
. | L X9 ©0.7955 0.3062 0.4053 0.8908 0.1092
G | X10 0.8262 ©0.1400 ©.2906 0.7867 ©.2133
© | X11 ©0.5051 -0.1851 0.1552 0.3135 0.6865
' . . . . . X12 -0.4701 0.0227 -0.1627 0.2480 0.7520
o 00 o0 o° "0 X13 0.7601 €0.5058)-0.0072 0.8337 0.1663
X X14 -0.6942 ©.5906 -0.1797 0.8630 0.1370
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# R FRHYE etz

?varimax

Rotation Methods for Factor Analysis

Description
The function ‘rotate’ loading matrices in factor analysis.

Usage

varimax(x, normalize = TRUE, eps = le-5

Arguments

X A loadings matrix, with p rows and k< p columns

normalize logical. Should Kaiser normalization be performed? If so the
rows of x are re-scaled to unit length before rotation, and
scaled back afterwards.

eps The tolerance for stopping: the relative change in the sum of

singular values.
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# rotates the factor loadings matrix &% {a1 2B & AU es%

var = varimax(ld)
str(var)

> str(var)
List of 2
$ loadings: 'loadings' num [1:13, 1:3] 0.7247 -0.1587 0.4105 0.4141 -0.0799 ...
..— attr(*, "dimnames")=List of 2
..$ ¢ chr [1:13] "X1" "X2" "X3" "X5" ...

..$ : NULL

$ rotmat : num [1:3, 1:3] 0.627 0.421 0.656 -0.43 ©0.889 ...
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# estimated factor loadings after varimax Fg4& 5H9E F i &

load = var$loadings
round(load, digits = 4)

> round(load, digits = 4)

Loadings:
11 [,21 [,3]
# Tie%E fa R E F Zh e 2B s X1 0.725 -0.270 -0.552
vl = cbind(load], 1], load], 2], load], 3]) X2 -0.159 0.238 0.586
round(vl, digits = 4) ii g.:ig —g.gz; —g.sgg
> round(vl, digits = 4) X6 0 669 0. 164

# liedz ek 11 L2l [,3]
X1 0.7247 -0.2705 -0.5525

X2 -0.1587 0.2377 ©.5858
X3 0.4105 -0.3566 -0.6287
X5 0.4141 -0.24068 -0.7898

X7 0.252 -0.293 -0.769
X8 -0.316 0.152 0.871
X9 0.893 -0.135 -0.274
X10 0.767 -0.277 -0.348
X1l 0.340 -0.406 -0.1380

rm = var$rotmat
round(rm, digits = 4)

> round(rm, digits = 4) X6 -0.0799 0.0691 0.1644
(11 [2]1  [L3] X7 ©.2518 -0.2934 -0.7688 ii; g°;2; _g'iig _g'ig;
[1,] 0.6267 -0.4300 -0.6498 X8 -0.3164 0.1515 0.8709 14 -0 304 0852 @ 211
[2,] 0.4210 ©.8886 -0.1820 X9 0.8932 -0.1347 -0.2736 ) . .
[3,] 0.6557 -0.1595 @.7379 X10 0.70673 -0.2772 -0.3480 (1] [.2]1 [.3]
X11 0.3405 -0.4065 -0.1800 , ’ ’ ’
J— — SS loadings 2.876 2.523 3.516

X12 -0.3917 ©0.2483 ©0.1813
X13 0.2587 -0.7752 -0.4072
X14 -0.3043 ©.8520 0.2111

—— T

Proportion Var 0.221 0.194 0.270
Cumulative Var 0.221 0.415 0.686

—— I
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# communalities are calculated ITEAEXEFHZE
com = diag(vl %*% t(vl))
round(com, digits = 4)

> round(com, digits = 4)
X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
0.9036 0.4248 0.6909 0.8561 0.4812 ©0.7406 0.8815 0.8908 0.7867 0.3135 0.2480 0.8337 0.8630

# specific variances are calculated 1T E457KEFHE
psi = diag(dat) - diag(vl %*% t(vl))
round(psi, digits = 4)

> round(psi, digits = 4)

X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
0.0964 0.5752 0.3091 0.1439 0.5188 0.2594 0.1185 0.1092 0.2133 0.6865 0.7520 0.1663 0.1370
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# e ENRAEF . AHEFAHE. F®REFHENERE

tbl = cbind(RL_F1 = load[, 1], RL_F2 = load[, 2], RL_F3 = load], 3], com, psi)

round(tbl, digits = 4)

> round(tbl, digits

RL_F1 RL_F2
X1 0.7247 -0.2705
X2 -0.1587 0.2377
X3 0.4105 -0.3566
X5 0.4141 -0.2468
X6 -0.0799 0.6691
X7 0.2518 -0.2934
X8 -0.3164 0.1515
X9 0.8932 -0.1347
X190 0.7673 -0.2772
X11 0.3405 -0.4065
X12 -0.3917 0.2483
X13 0.2587 -0.7752
X14 -0.3043 0.8520

= 4)
RL_F3
-0.5525
0.5858
-0.6287
-0.7898
0.1644
-0.7688
0.8709
-0.2736
-0.3480
-0.1800
0.1813
-0.4072
0.2111

com
.9036
.4248
.6909
.8501
.4812
. 7406
. 8815
.8908
. 7867
.3135
.2480
.8337
.8630

(SS IO CS IR CS TGS IO G IS IO IR GS IS BSOS

T —

(NS IO CS B O T CS II O IR GCS I S BSOS BGOSR RO

.

psi
.0964
.5752
.3091
.1439
.5188
.2594
.1185
.1092
.2133
.6865
. 7520
.1663
.1370

|

Factor Analysis
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graphics.off()

par(mfcol = ¢(2, 2))

# plot first factor against second et e = EE— HEFRIHRE

plot(load[, 1], load], 2], type = "n", xlab = "x", ylab = "y" main = "Factors21 - theta21",

font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1, 1), ylim =c(-1, 1), asp = 1)
text(load[, 1], load[, 2], colnames(data), cex = 1.1)
abline(h =0, v =0)

# plot first factor against third et ELE2EFE—. F= N HEFIELRE

aaaaaaaaaaaaaaaa

plot(load], 1], load], 3], type = "n", xlab = "x", ylab ="y", main = "Factors31 - theta31",

font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim =c(-1, 1), yim =c¢(-1, 1), asp=1) |
text(load[, 1], load[, 3], colnames(data), cex = 1.1) : w
abline(h =0, v=0)

aaaaaaaaaaaaaaa

# plot second factor against third Emft?)’—' %7‘%:\ B NHEFIHRE

plot(load[, 3], load], 2], type = "n", xlab = "x", ylab = "y", main = "Factors23 - theta23",
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim=c(-1, 1), ylim=c(-1, 1), asp = 1)

text(load], 3], load[, 2], colnames(data), cex = 1.1)
abline(h =0, v =0) - —

xxxxxx
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Factors21 - theta21

Factors23 - theta23

Qe e
X14 X14
X6 X6
g 21
X12 X2 X12 X2
X8 X8
> g 8
X9 X9
X5
X7 X0 X% X1 X10
o X743 o X3 X11
X13 X13
‘T. | | | | ‘T | | | |
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X
Factors31 - theta31
> round(tbl, digits = 4)
2 RL_LF1 RL_F2 RL_F3 com psi
X8 X1 0.7247 -0.2705 -0.5525 0.9036 0.0964
X2 -0.1587 0.2377 0.5858 0.4248 0.5752
= * X3  0.4105 -0.3566 -0.6287 0.6909 0.3091
X5 0.4141 -0.2468 -0.7898 0.8561 0.1439
x4 xg X6 -0.0799 0.6691 0.1644 0.4812 0.5188
=~ 2 X7 0.2518 -0.2934 -0.7688 0.7406 0.2594
11 X8 -0.3164 ©0.1515 0.8709 0.8815 0.1185
xu%g X9 0.8932 -0.1347 -0.2736 0.8908 0.1092
0 X13 X190 0.7673 -0.2772 -0.3480 0.7867 0.2133
? xz X11 ©.3405 -0.4065 -0.1800 0.3135 0.6865
X7 x5 X12 -0.3917 0.2483 0.1813 0.2480 0.7520
o X13 0.2587 -0.7752 -0.4072 0.8337 0.1663
o | | | | X14 -0.3043 ©0.8520 0.2111 0.8630 0.1370
-1.0 -0.5 0.0 0.5 1.0



FEARALISAE (MLM) 275 2 2 A ittty | YSIS
A, SETL=FTHHENXS.

(BNANBET 3 BENLET, EAE
1TMERBIES X, 7 X, AR

Factors21 - theta21 Factors23 - theta23

o | .
X14 X14
X6 X6
S S
X12 X2 X12 X2
X8
s < o
X9 X9
x7 X5 xt0 x1 X10
o x4 o 3 X11
X13 X13
‘T. i | | | | ‘T | | | | |
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
Factors31 - theta31
> round(tbl, digits = 4)
2 RL_LF1 RL_F2 RL_F3 com psi
X1 0.7247 -0.2705 -0.5525 0.9036 0.0964
X2 -0.1587 0.2377 ©.5858 0.4248 0.5752
o * X3  0.4105 -0.3566 -0.6287 0.6909 0.3091
X5 0.4141 -0.2468(2Q,7898)0.8561 0.1439
X%14 we X6 -0.0799 0.6691 0.1644 0.4812 0.5188
-~ 9 X7 ©.2518 -0.2934 -0.7688 0.7406 0.2594
i X8 -0.3164 0.1515 (0.8709)0.8815 0.1185
13 X9 0.8932 -0.1347 -0.2736 0.8908 0.1092
o X13 X10 0.7673 -0.2772 -0.3480 0.7867 0.2133
? X1 X11 ©.3405 -0.4065 -0.1800 ©.3135 0.6865
x@ X12 -0.3917 ©.2483 ©.1813 0.2480 0.7520
o X13 ©.2587 -0.7752 -0.4072 0.8337 0.1663
N N | | | X14 -0.3043 0.8520 ©.2111 0.8630 0.1370
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# R IEFFRIE D fF

e = eigen(dat)

# 451IEE

eigval.all = e$values # = EMIFIEE
round(eigval.all, digits = 4)

eigval = e$values[1:3] # 51 =" H A4FILE
round(eigval, digits = 4)

> round(eigval.all, digits = 4)
[1] 7.2852 1.3517 1.1266 0.7802 0.6359 0.5290 0.3397 0.2628 0.1936 0.1547 ©0.1405 0.1100 @.0900

> round(eigval, digits = 4)
[1] 7.2852 1.3517 1.1266

R — S—
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+/ =
# 5@ =
> round(eigvec.all, digits = 4)

. e / =
eigvec.all = e$vectors # ZE[4F1IL[A) = 1 L2l L3 4 sl el 71 [L8] [,9] [,1e] [11] [,12]  [,13]
,] ©0.3363 0.1933 0.1373 0.0459 0.1084 -0.0882 -0.0861 0.2047 ©0.0154 -0.2098 ©0.3262 ©.2388 0.7430
,] -0.2371 -0.0251 0.4765 -0.0981 0.4405 0.5190 0.3205 -0.1946 0.0851 -0.2847 ©0.0774 0.0877 -0.0244
0.3179 0.0352 -0.1738 0.0753 -0.0406 -0.2477 ©0.1635 -0.7175 0.4110 -0.2527 ©.1132 0.0063 -0.0824
0.3237 0.2057 -0.1677 -0.135060 0.1037 0.1222 0.1289 -0.0560 -0.5291 -0.1539 0.3923 -0.5251 -0.1069
-0.
Q.
-0.
[7,)

round(eigvec.all, digits = 4)

eigvec = e$vectors[, 1:3] # B =" MFLE=

1891 0.6052 0.0819 0.0961 -0.2884 0.3207 -0.5312 -0.2899 -0.0475 -0.1109 -0.1150 -0.0290 0.0350
2964 0.1338 -0.2778 -0.1141 0.0235 0.5206 -0.0298 0.2278 0.5005 0.3668 0.2521 0.0748 -0.1599
3060 -0.2498 0.2810 0.1206 -0.0558 -0.1563 -0.2993 -0.0452 0.2982 0.1296 0.5670 -0.4502 0.0376
7700 & 2457 0 3WRA Q2227 0.2489 -0.2888 -0.2165 0.3307 0.1270 -0.2297 -0.0102 0.0967 -0.5511
) .. 0.1959 0.2685 -0.0474 0.0666 -0.2473 -0.0411 0.6317 -0.3017 -0.2612 0.1778
> round(eigvec, digits = 4) 0.6836 -0.4683 0.3196 0.2405 0.1023 -0.0565 -0.1361 -0.0158 -0.0646 -0.0073
[,1] [,2] [,3] 0.5618 0.5757 0.0831 -0.2277 -0.0606 -0.0827 -0.0349 0.0168 0.0374 0.0495

-0.2109 0.0963 0.1796 -0.3610 0.0659 0.2089 -0.3542 -0.4397 -0.4157 0.1481

[1,] ©0.3363 0.1933 0.1373  4.1096 0.0181 -0.1465 ©0.4272 0.2746 ©.3613 -0.1633 -0.1939 -0.4360 ©.1573

[2,] -0.2371 -0.0251 0.4765 o —_—
[3,] ©.3179 0.0352 -0.1738
[4,] ©.3237 0.2057 -0.1677
[5,] -0.1891 0.6052 ©.0819
[6,] ©0.2964 0.1338 -0.2778
[7,] -0.3060 -0.2498 0.2810
[8,] 0.2790 0.2457 0.3584
[9,] ©0.3006 0.1415 @.3459
[10,] ©0.2102 -0.2294 0.1411
[11,] -0.1818 -0.0895 -0.4870
[12,] ©.2963 -0.3658 -0.0236
[13,] -0.2729 0.4438 -0.1646

— T

round(eigvec, digits = 4)

’
’

[1
[2
[3,]
[4,]
[5,]
[6,]
[7,]
rg 1
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# the estimated factor loadings matrix 1T & &+ & a7 B fER &I E
Q = eigvec %*% sqrt(diag(eigval))

round(Q, digits = 4) Q = <\//1_1}'1 ) \//1_272 s eee s ﬁ?’k)

> round(Q, digits = 4)
[,1] [,2] [,3]

[1,] ©.9076 0.2247 0.1457
[2,] -0.6399 -0.0292 0.5058
[3,] ©0.8580 0.0409 -0.1845
[4,] ©.8737 0.2391 -0.1780
[5,] -0.5104 0.7037 ©.0869
[6,] ©.7999 0.1556 -0.2949
[7,] -0.8259 -0.2904 ©.2982
[8,] ©.7531 0.2857 0.3804

[9,] 0.8114 0.1645 0.3672
[10,] ©.5674 -0.2667 0.1498
[11,] -0.4906 -0.1041 -0.5170
[12,] ©0.7996 -0.4253 -0.0251
[13,] -0.7366 ©.5160 -0.1747

— e
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# rotates the factor loadings matrix & #{a 2B & AU hEes%

pem = varimax(Q) > round(ld, digits = 4)

[,1] [,2] [,3]

load = pcm$loadings # estimated factor loadings after varimax hg&% f5 A9 &+ & 13 [1,] ©0.6034 -0.2456 ©.6864
Id = cbind(load], 1], load], 2], load], 3]) # fiek% /5 A+ &5 FE % [2,] -0.7722 0.20631 ©.0247
round(ld, digits = 4) [3,] 0.7183 -0.3701 0.3449
[4,] 0.7936 -0.2043 0.4250

_ [5,] -0.1601 ©0.8585 0.0218
rm = pcm$rotmat # HEiE R[4 [6.] 0.7895 -0.2375 ©.2670
round(rm, digits =4) [7,] -0.8562 0.1318 -0.3240
[8,] ©0.3681 -0.1268 ©0.8012

> round(rm, digits = 4) [9,] 0.3744 -0.2604 ©.7825

(11 L2131 [10,] ©.1982 -0.5124 0.3372

[1,] ©.6823 -0.4813 0.5503 [11,] -0.0382 0.1647 -0.7002

[2,] ©.3469 0.8757 0.3358 [12,] ©0.4141 -0.7564 0.2781

[3,] -0.6435 -0.0382 0.7645 [13,] -0.2111 0.8131 -0.3657

- — ——

T — T—
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# communalities are calculated ITEAEEFHE

k
com = diag(ld %*% t(Id)) ’};2 _ Z ~2
names(com) = row.names(dat) /
round(com, digits = 4)

> round(com, digits = 4)

X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
@.8955 0.6661 @0.7719 @0.8521 @.7632 ©.7510 ©0.8554 0.7935 0.8203 0.4155 0.5188 0.8209 0.8394

# specific variances are calculated 1T E457% & FHE

psi = diag(dat) - diag(ld %*% t(Id)) llfjj 2 qu
round(psi, digits = 4)

> round(psi, digits = 4)

X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
0.1045 0.3339 0.2281 0.1479 0.2368 0.2490 0.1446 0.2065 0.1797 0.5845 0.4812 ©0.1791 0.1606
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# e ENRF . 2HEAFHE. SRR F B ZENER
tbl = cbind(LF1 = load[, 1], LF2 = load], 2], LF3 = load[, 3], com, psi) S= 0 @O T + ¥
round(tbl, digits = 4)
> round(tbl, digits = 4)
LF1 LF2 LF3 com psi

X1 0.6034 -0.2456 0.6864 0.8955 0.1045
X2 -0.7722 0.2631 0.0247 0.6661 0.3339
X3 0.7183 -0.3701 0.3449 0.7719 0.2281
X5 0.7936 -0.2043 0.4250 0.8521 0.1479
X6 -0.1601 0.8585 0.0218 0.7632 0.2368
X7 0.7895 -0.2375 0.2670 0.7510 0.2490
X8 -0.8562 0.1318 -0.3240 0.8554 0.1446
X9 0.3681 -0.1268 ©0.8012 0.7935 0.2065
X10 0.3744 -0.2604 ©0.7825 0.8203 0.1797
X11 0.1982 -0.5124 ©.3372 0.4155 0.5845
X12 -0.0382 0.1647 -0.7002 0.5188 0.4812
X13 0.4141 -0.7564 ©.2781 0.8209 0.1791
X14 -0.2111 ©0.8131 -0.3657 0.8394 0.1606
T T T T T
q q> qs h% W i
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graphics.off()
par(mfcol = ¢c(2, 2))
# plot first factor against second feft e L EEE—. F_ A HAFIEAE
plot(load[, 1], load], 2], type = "n", xlab = "x", ylab ="y", main = "Factors21 - theta21", xlim = c(-1, 1),
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, ylim = c(-1, 1), asp = 1)
text(load|, 1], load], 2], colnames(data), cex = 1.1) e e e
abline(h = 0, v = 0) I T
# plot first factor against third fEftELEEEEFE—. F="HEFHIHRE e o
plot(load[, 1], load], 3], type = "n", xlab = "x", ylab ="y", main = "Factors31 - theta31", xlim =c(-1, 1), |

font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, ylim =c(-1, 1), asp=1)
text(load[, 1], load], 3], colnames(data), cex = 1.1)
abline(h =0, v =0)
# plot second factor against third i eLTE2EE_. E= HEAFHHSE

plot(load[, 3], load], 2], type = "n", xlab = "x", ylab ="y", main = "Factors23 - theta23", xlim = c(-1, 1),
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, ylim =c(-1, 1), asp = 1)

text(load[, 3], load[, 2], colnames(data), cex = 1.1)

abline(h =0, v=0)
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Boston Housing Xs, X3, X; ERBEEEX, 5 X, X; 2MEX,
Factors21 - theta21 Factors23 - theta23
i xfP ) X14 X6

X2
X1p X12 X8
> g

> 3 3
X9 X9
X10 @ X7 X5 xx10
X3
3 X11 S X11
X13 X13
o | o |
v | | | | o | | | |
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
Factors31 - theta31
° > round(tbl, digits = 4)
= LF1 LF2 LF3 com  psi
X0 X1 ©0.6034 -0.2456 0.6864 0.8955 0.1045
X1 X2 -0.7722 ©0.2631 0.0247 0.6661 0.3339
o - X3 0.7183 -0.3701 ©.3449 0.7719 0.2281
X1y X5 0.7936 -0.2043 0.4250 0.8521 0.1479
X6 -0.1601 0.8585 0.0218 0.7632 0.2368
- 9 - o) X6 X7 ©.7895 -0.2375 0.2670 0.7510 0.2490
X8 -0.8562 0.1318 -0.3240 0.8554 0.1446
it X9 ©0.3681 -0.1268 0.8012 0.7935 0.2065
o X10 ©.3744 -0.2604 0.7825 0.8203 0.1797
' X11 ©.1982 -0.5124 0.3372 0.4155 0.5845
X1g X12 -0.0382 0.1647 -0.7002 0.5188 0.4812
o X13 ©0.4141 -0.7564 0.2781 0.8209 0.1791
i . | , X14 -0.2111 ©.8131 -0.3657 0.8394 0.1606

-1.0 -0.5 0.0 0.5 1.0

— —
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Factor Analysis

Factors21 - theta21 Factors23 - theta23

() =
v v |
o o
X2 X2
X8 X1p X12  xg
= o
o o
X9 X9
X10 X1 %5 X7 X5 XK10
X3 X3
0 0
°‘ Q y
=] S
T | | | | " | | | |
-1.0 -0.5 0.0 0.5 1.0 1.0 -0.5 0.0 0.5 1.0
X
= . = AR
% 2 1)3?\\ZE“/%){£ E] %”, b,—i X6’ X14 ~F X
= 3 —
EEJ—_E*E;&, ,—3 Xll’ X13 Eﬁ*ﬁ?& > round(tbl, digits = 4)
= LF1 LF2 LF3 com psi
X X1 0.6034 -0.2456 ©.6864 0.8955 0.1045
X1 X2 -0.7722 0.2631 0.0247 0.6661 @.3339
S 5 X3 0.7183 -0.3701 0.3449 0.7719 0.2281
X1 ys X3, X5 0.7936 -0.2043 ©.4250 0.8521 0.1479
X6 -0.1601 0.8585 0.0218 0.7632 0.2368
= X2 X6 X7 ©0.7895 -0.2375 ©.2670 0.7510 0.2490
X8 -0.8562 0.1318 -0.3240 0.8554 0.1446
8 it X9 0.3681 -0.1268 ©.8012 0.7935 0.2065
9 X10 0.3744 -0.2604 ©.7825 0.8203 0.1797
' X11 0.1982 -0.5124 ©.3372 0.4155 0.5845
X1p X12 -0.0382 0.1647 -0.7002 0.5188 0.4812
o X13 0.4141 -0.7564 ©0.2781 0.8209 0.1791
< | . | , X14 -0.2111 0.8131 -0.3657 0.8394 0.1606
-1.0 -0.5 0.0 0.5 1.0 — —
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&+ 3 ER’E% %, BEANPTERIEEERE.

ES51E

£§1
0 |
o
X2
X8 X1p
> 3
X9
X10 X1 Xp
X3
w0
S X11
X13
S _
v | | | |
-1.0 -0.5 0.0 0.5 1.0
X
Factors31 - theta31
o |
0 |
- X3
X11 %13 37
- 8 X2 X6
X8 X14
0
" @
e
K [ | [ [
-1.0 -0.5 0.0 0.5 1.0

1.0

0.5

0.0

-0.5

-1.0

Factors23 - theta23

K2

x7 X5
X3
. X11
X13
| | |
-1.0 0.5 0.0 0.5 1.0
X
> round(tbl, digits = 4)
LF1 LF2 LF3 com psi
X1 0.6034 -0.2456 ©0.6864 0.8955 0.1045
X2 -0.7722 0.2631 ©0.0247 0.6661 0.3339
X3 0.7183 -0.3701 ©0.3449 0.7719 0.2281
X5 0.7936 -0.2043 ©.4250 0.8521 0.1479
X6 -0.1601 ©0.8585 ©0.0218 0.7632 0.2368
X7 0.7895 -0.2375 0.2670 0.7510 0.2490
X8 -0.8562 0.1318 -0.3240 0.8554 0.1446
X9 0.3681 -0.1268 ©0.8012 0.7935 0.2065
X10 0.3744 -0.20604 ©.7825 0.8203 0.1797
X1l 0.1982 -0.5124 ©.3372 0.4155 0.5845
X12 -0.0382 0.1647 -0.7002 0.5188 0.4812
X13 0.4141 -0.7564 ©0.2781 0.8209 0.1791
X14 -0.2111 ©.8131 -0.3657 0.8394 0.1606
| — ——

Factor Analysis
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o KHEmANIILREETHREFENERFIE.

##H## Principal Factor Method after varimax rotation inverse of the correlation matrix
#iH TR F RIENRF oW, hekkia, MIBXREFERERER LA

f = solve(dat) # 1B *E AP XEFF

# preliminary estimate of psi - (psi f9) #)1818

psiini = diag(1/f[row(f) == col(f)])

psi = psiini

round(psi, digits = 4)

> round(psi, digits = 4)
,11 ,21 [[,31 [[,4 [[,51 ¢[,e1 [L[,71 [,8 [,91 [,1e] [,11]1 [,12] [,13]

[1,] 0.1254 0.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000
[2,] 0.0000 0.4623 0.0000 0.0000 0.0000 0.0000 0.0000 ©.0000 0.0000 @.0000 0.0000 ©.0000 0.0000
[3,] 0.0000 0.0000 0.2704 ©.0000 0.0000 ©.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 @.0000
[4,] 0.0000 0.0000 0.0000 @.1751 0.0000 ©.0000 0.0000 0.0000 0.0000 0.0000 ©.0000 0.0000 @.0000
[5,] 0.0000 0.0000 0.0000 0.0000 0.5061 ©.0000 0.0000 ©.0000 0.0000 @.0000 0.0000 ©.0000 0.0000
[6,] 0.0000 0.0000 0.0000 0.0000 0.0000 0.2649 0.0000 0.0000 0.0000 @.0000 0.0000 ©.0000 0.0000
[7,] 0.0000 0.0000 0.0000 0.0000 0.0000 ©.0000 0.1929 0.0000 0.0000 @.0000 0.0000 ©.0000 0.0000
[8,] 0.0000 0.0000 0.0000 0.0000 0.0000 ©.0000 0.0000 @.2029 0.0000 @.0000 0.0000 ©.0000 0.0000
[9,] 0.0000 0.0000 0.0000 0.0000 0.0000 ©.0000 0.0000 0.0000 0.2103 ©.0000 0.0000 ©.0000 0.0000
[10,] 0.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000 @.0000 0.0000 ©.0000 0.6305 0.0000 0.0000 0.0000
[11,] ©0.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000 @.0000 0.0000 ©.0000 0.0000 0.7084 0.0000 0.0000
[12,] 0.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000 @.0000 0.0000 ©.0000 0.0000 0.0000 0.2053 0.0000
[13,] 0.0000 0.0000 ©.0000 0.0000 ©.0000 0.0000 @.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2393
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# XK AR R F 2 e 2B FE
for (iin 1:10) {

> round(QQ, digits = 4)

_— [,1] [,2] [,3]
ee = eigen(dat - psi) # X — ¥ HIIE DR [1,] 0.9128

0.2159 -0.1767

eigval = ee$values[1:3] # EVE] = MHEHE [2,] -0.6028 -0.0259 -0.3185
eigvec = ee$vectors|, 1:3] # BV = MFHFa = Ei:% 8233; ggigi gigig
EE = matrix(eigval, nrow(dat), ncol = 3, byrow =T) [5,] -0.4824 0.5088 -0.0590
QQ = sqrt(EE) * eigvec # 1T E & a7 5B % [6,] ©0.7816 0.1191 0.2824
psiold = psi [7,] -0.8262 -0.2849 -0.3272
psi = diag(as.vector(1 - t(colSums(t(QQ * QQ))))) # FFHEEE[E1TE psi FIEITE Eg:% g;g;z giigé :ggg;g
=0 [10,] ©.5221 -0.1601 -0.1038
Z = psi - psiold [11,] -0.4484 -0.0230 0.2043
convergence = z[row(z) == col(z)] [12,] ©0.7940 -0.4457 0.0638
} [13,] -0.7336 ©.5522 0.1366

round(QQ, digits = 4) # RIEFERIE FEifar2EFE — —
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# rotates the factor loadings matrix & #{a 2B & AU hEes%

pfm = varimax(QQ)

# estimated factor loadings after varimax hg¥% f5 IR F #1257 28 f&
load = pfm$loadings

Id = cbind(load[, 1], load[, 2], load[, 3])

round(ld, digits = 4)

> round(ld, digits = 4)
[,1] [,2] [,3]
[1,] 0.5477 -0.2558 -0.7387
[2,] -0.6148 0.20668 0.1281
[3,] ©0.6523 -0.3761 -0.3996
[4,] 0.7723 -0.229 -0.4412
[5,] -0.1732 0.6783 ©0.0699
[6,] ©.7390 -0.2723 -0.2909
[7,] -0.8565 ©.1485 @.3395
[8,] ©.2855 -0.1359 -0.8460
[9,] ©0.3062 -0.2656 -0.8174
[10,] ©0.2116 -0.3943 -0.3297
[11,] -0.1604 0.1994 0.4217
[12,] ©0.4005 -0.7743 -0.2706
[13,] -0.1885 ©0.8400 0.3473

— T
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o KHEmANIILREETHREFENERFIE.

# communalities are calculated ITTEAHERFFAHE
com = diag(ld %*% t(Id))
round(com, digits = 4)

> round(com, digits = 4)
[1] 0.9111 0.4655 0.7266 0.8438 0.4950 0.7048 0.8709 0.8157 0.8324 0.3089 0.2433 0.8331 0.8617

# specific variances are calculated TTE 457k EF 5 2%
psi = diag(dat) - diag(ld %*% t(Id))
round(psi, digits = 4)

> round(psi, digits = 4)
X1 X2 X3 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14
0.0889 0.5345 0.2734 0.1562 0.5050 0.2952 ©0.1291 0.1843 0.1676 0.6911 0.7567 0.1669 0.1383
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# e faREFHE . AHEFRZE. 15REF B ZERIERE
tbl = cbind(L_P1 =load[, 1], L P2 =load|, 2], L P3 = load], 3], com, psi)
round(tbl, digits = 4)

> round(tbl, digits = 4)
L_P1 L_P2 L_P3 com psi

X1 0.5477 -0.2558 -0.7387 0.9111 0.0889
X2 -0.0148 0.2008 ©.1281 0.4655 @.5345
X3 0.6523 -0.3761 -0.3996 0.7206 0.2734
X5 0.7723 -0.229 -0.4412 0.8438 0.1562
X6 -0.1732 0.6783 ©.0699 0.4950 0.5050
X7 0.7390 -0.2723 -0.2909 0.7048 @.2952
X8 -0.8565 0.1485 ©0.3395 0.8709 0.1291
X9 0.2855 -0.1359 -0.8460 0.8157 0.1843
X10 0.3062 -0.20656 -0.8174 0.8324 0.1676
X11 0.2116 -0.3943 -0.3297 0.3089 0.6911
X12 -0.1604 0.1994 0.4217 0.2433 0.7567
X13 0.4005 -0.7743 -0.2706 0.8331 0.1669
X14 -0.1885 0.8400 0.3473 0.8617 0.1383

R R S R M

N A2 P
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graphics.off()

par(mfcol = ¢c(2, 2))

# plot first factor against second feft e L EEE—. F_ A HAFIEAE

plot(load[, 1], load], 2], type = "n", xlab = "x", ylab = "y", main = "Factors21 - theta21",

font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1, 1), ylim = c(-1, 1), asp = 1)
text(load[, 1], load[, 2], colnames(data), cex = 1.1)
abline(h=0,v=0, Ity =2)

# plot first factor against third fEf2 T =EE—. = HEFHELAE

plot(load], 1], load], 3], type = "n", xlab = "x" yIab = "y", main = "Factors31 - theta31", e I s
font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1, 1), ylim = ¢(-1, 1), asp = 1) ] g :

text(load[, 1], load], 3], colnames(data), cex = 1.1)
abline(h = 0, v = 0, Ity = 2)
# plot second factor against third i eLTE2EE_. E= HEAFHHSE

plot(load[, 3], load], 2], type = "n", xlab = "x", ylab ="y", main = "Factors23 - theta24",

font.main = 1, cex.lab = 1.1, cex.axis = 1.1, cex.main = 1.4, xlim = ¢(-1, 1), ylim = c(-1, 1), asp = 1)
text(load[, 3], load[, 2], colnames(data), cex = 1.1)
abline(h=0,v =0, Ity = 2)
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Factors21 - theta21 Factors23 - theta24
S | o | |
-— | -~ |
X14 | i X14
X6 ! X6
To} ! To) !
S 7 ! S !
| |
X2 ! ' X2
X8 X12 : : 12
= Qe b = Qe b
L X9 X9 |
Lox10 X1 XP x|l Xox7
© LX11 X3 © X311 !
qi 1 | <? 1 |
I |
I X13 X13 |
Q : =} i
v | | i | | K | | i | |
1.0 0.5 0.0 0.5 1.0 1.0 0.5 0.0 0.5 1.0
X X
Factors31 - theta31
> round(tbl, digits = 4)
2 ! L_P1 L_P2 L_P3 com psi
| X1 0.5477 -0.2558 -0.7387 0.9111 0.0889
| X2 -0.6148 0.2608 0.1281 0.4655 0.5345
o | | X3  0.6523 -0.3761 -0.3996 0.7266 0.2734
© X12 i X5 0.7723 -0.2296 -0.4412 0.8438 0.1562
X8 X X6 -0.1732 0.6783 0.0699 0.4950 0.5050
X2 X6 | X7 0.7390 -0.2723 -0.2909 0.7048 @.2952
=T T i X8 -0.8565 0.1485 0.3395 0.8709 0.1291
: X9 0.2855 -0.1359 -0.8400 0.8157 ©0.1843
L oxqq X138 X7 X10 ©.3062 -0.2656 -0.8174 0.8324 0.1676
9 | X3xs5 X11 0.2116 -0.3943 -0.3297 0.3089 0.6911
' ! X12 -0.1604 ©0.1994 0.4217 0.2433 0.75607
! 0 X1 X13 0.4005 -0.7743 -0.2706 0.8331 0.1669
i . X14 -0.1885 ©.8400 0.3473 0.8617 0.1383
v | | i | | — T

-1.0 -0.5 0.0 0.5 1.0
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e /15 & 73
o {l: XJ 112 N7 7 /3Iulhd, XEBLE TITESHIM A EERE.

o EiEi: {EF Cattell S /APUIRMIES BRI —ARE NS

o = E: BH+EMh
o iRk AEE
== 2=} >
© 17}—:'2' JLkE,, 563 > ability.cov
. . $cov
O |Eﬂ1;:'k |FE|1§:EIE%Z?: general picture blocks maze reading vocab
general 24.641 5.991 33.520 6.023 20.755 29.701
o a3 15N = picture 5.991 6.700 18.137 1.782 4.936 7.204
1—'|/|: 1_'|/|:E blocks 33.520 18.137 149.831 19.424 31.430 50.753
_ . maze 6.023 1.782 19.424 12.711 4.757 9.075
LRI e Tl reading 20.755 4.936 31.430 4.757 52.604 66.762
rm(list = Is(all = TRUE)) vocab  29.701 7.204 50.753 9.075 66.762 135.292
graphics.off()
options(digits = 2) $center
?ability.cov [1] 000000
ability.cov
$n.obs
[1] 112
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o {3 112 AT T AT, XEBRE TITESHAIN S ZEERR.

# K PR 2N cov2cor 1T EHE X 5ERE
x = ability.cov$cov # L5 EFEFEEIE
cor_x = cov2cor(x) # F|Bih A E R EITEHEXER

cor_x

> cor_x

general picture blocks maze reading vocab
general 1.00 0.47 0.55 0.34 0.58 0.51
picture Q.47 1.00 0.57 0.19 0.20 0.24
blocks 0.55 0.57 1.00 0.45 0.35 0.36

maze 0.34 0.19 0.45 1.00 0.18 0.22
reading 0.58 0.20 0.35 0.18 1.00 0.79
vocab 0.51 0.24 0.36 0.22 0.79 1.00

——— —
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O MEFZRMNNLEFIEZE.

library(psych)
?fa.parallel # fa.parallel BOZEE BN 4 HUWESAE X< EFERITER

fa.parallel(cor_x, n.obs = 112, fa = "both", n.iter = 100, main = "Scree plots with parallel analysis")

RNAEAFTE k

|
D

fa.parallel {psych} R Documentation
Scree plots with parallel analysis

Scree plots of data or correlation matrix compared to random “parallel”
matrices S

—*— PC Actual Data
PC Simulated Data

—A—  FA Actual Data

....... FA Simulated Data

Description

One way to determine the number of factors or components in a data matrix or a correlation matrix is to examine the “scree" plot of the
successive eigenvalues. Sharp breaks in the plot suggest the appropriate number of components or factors to extract. “Parallel" analyis is
an alternative technique that compares the scree of factors of the observed data with that of a random data matrix of the same size as the
original. This may be done for i ) is, or poly data using Pearson, tetrachoric or polychoric correlations.

25

Usage

2.0

fa.parallel(x,n.obs=NULL, fm="minres", fa="both",nfactors=1,

main="Parallel Analysis Scree Plots",

n.iter=20,error.bars=FALSE, se.bars=FALSE, SMC=FALSE, ylabel=NULL, show.legend=TRUE,

sim=TRUE, quant=.95,cor="cor",use="pairwise",plot=TRUE, correct=.5)

fa.parallel.poly(x ,n.iter=10,SMC=TRUE, fm = "minres",correct=TRUE, sim=FALSE,
fa="both",global=TRUE) #deprecated

## S3 method for class 'poly.parallel’

plot(x,show.legend=TRUE, fa="both",...)

15

1.0

Arguments

eigenvalues of principal components and factor analysis

x A data.frame or data matrix of scores. If the matrix is square, it is assumed to be a correlation matrix. Otherwise,
correlations (with pairwise deletion) will be found

n.obs n.obs=0 implies a data matrix/data.frame. Otherwise, how many cases were used to find the correlations.

fm What factor method to use. (minres, ml, uls, wls, gls, pa) See £a for details. g i

fa show the eigen values for a principal components (fa="pc") or a principal axis factor analysis (fa="fa") or both principal
components and principal factors (fa="both")

nfactors The number of factors to extract when estimating the eigen values. Defaults to 1, which was the prior value used.
main a title for the analysis

Factor/Component Number
n.iter Number of simulated analvses to perform

B —————— e —————
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fa {psych} R Documentation

Exploratory Factor analysis using MinRes (minimum residual)
as well as EFA by Principal Axis, Weighted Least Squares or
Maximum Likelihood

Description

Among the many ways to do latent variable exploratory factor analysis (EFA), one of the better is to use
Ordinary Least Squares (OLS) to find the minimum residual (minres) solution. This produces solutions very
similar to maximum likelihood even for badly behaved matrices. A variation on minres is to do weighted least
squares (WLS). Perhaps the most conventional technique is principal axes (PAF). An eigen value decomposition
of a correlation matrix is done and then the communalities for each variable are estimated by the first n factors.
These communalities are entered onto the diagonal and the procedure is repeated until the sum(diag(r)) does
not vary. Yet another estimate procedure is maximum likelihood. For well behaved matrices, maximum
likelihood factor analysis (either in the fa or in the factanal function) is probably preferred. Bootstrapped
confidence intervals of the loadings and interfactor correlations are found by fa with n.iter > 1.

Usage

fa(r,nfactors=1,n.obs = NA,n.iter=1, rotate="oblimin", scores="regression"
residuals=FALSE, SMC=TRUE, covar=FALSE,missing=FALSE, impute="median"

min.err = 0.001 max.iter = 50,symmetric=TRUE, warnings=TRUE, fm="minres"
alpha=.1,p=.05,0blique.scores=FALSE,np.obs=NULL,use="pairwise",cor="cor"

correct=.5,weight=NULL,n.rotations=1,hyper=.15,...

Factor Analysis
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A
7

o X 112 AT 7 AIUINK, KB 7TitESLEINSG Z%ER.

FRBCE F6 7% "minres" #./)

o {£H fa() MEIEM L AT 52Ty ik, "WIS" AR =k T
IAFEIEY B F 4K %, gls" ;T sl A o =R T

IEI_X -

AR % B M 2R R 46 BEFE R

ML B &9 AN 2L

713569+ E 7 % "regression”
"Thurstone”, "Anderson" and "Bartlett".

% 7% "none", "varimax", "quartimax”, "bentlerT",

"equamax”, "varimin", "geominT" and "bifactor" £ it

X%, "Promax”, "promax”,

oblimin", "simplimax",
"bentlerQ, "geominQ" and "biquartimin" and "cluster”

A A AR




o > fa_x
( *)fLﬂ/; Factor Analysis using method pa ]a|ySiS
> */ CHINA UNLV| " n " . "

= Call: fa(r = cor_x, nfactors = 2, n.obs = 112, rotate = "none", scores = "regression",

Abj .Fm —_ llpa")
F;ti {Standardized loadings (pattern matrix) based upon correlation matrix

PA1 PA2) h2 uz2 com
general 0.75 0.07)0.57 0.432 1.0
picture 0.52 0.3210.38 0.623 1.7
blocks ©0.75 ©0.52)0.83 0.166 1.8
maze 0.39 0.2210.20 0.798 1.6
reading 0.81 -0.5110.91 0.089 1.7
Nocab _0.73 -0.39)0.69 0.313 1.5 (R HFHIE N TIFMERE, ERETF !

e 4G PAL PA2

SS loadings 2.75 0.83
Proportion Var 0.46 0.14
Cumulative Var 0.46 0.60) - NETFREFE T 60% HIHE.
Proportion Explained 0.77 0.23
Cumulative Proportion 0.77 1.00

Mean item complexity = 1.5
Test of the hypothesis that 2 factors are sufficient.

The degrees of freedom for the null model are 15 and the objective function was 2.5 with Chi Square of 268
The degrees of freedom for the model are 4 and the objective function was .07

The root mean square of the residuals (RMSR) is 0.03
The df corrected root mean square of the residuals is 0.06

The harmonic number of observations is 112 with the empirical chi square 3.5 with prob < 0.48
The total number of observations was 112 with Likelihood Chi Square 7.2 with prob < 0.13

Tucker Lewis Index of factoring reliability = 0.95

RMSEA index = ©0.083 and the 90 % confidence intervals are 0 0.18
BIC = -12

Fit based upon off diagonal values = 0.99

Measures of factor score adequacy

PA1 PA2
Correlation of (regression) scores with factors 0.96 0.92
Multiple R square of scores with factors 0.93 0.84

Minimum correlation of possible factor scores 0.80 0.68
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fa_x.varimax = fa(cor_x, nfactors = 2, n.obs = 112, rotate = "varimax", fm = "pa", scores = "regression" )
fa_x.varimax

> ta_x.varimax
Factor Analysis using method pa
Call: fa(r = cor_x, nfactors = 2, n.obs = 112, rotate = "varimax",
scores = "regression", fm = "pa")
Standardized loadings (pattern matrix) based upon correlation matrix
PA1 PA2 h2 u2 com

general 0.49 0.57 0.57 0.432 2.0
picture .16 0.59 0.38 0.623 1.1
blocks ©.18 0.89 0.83 0.166 1.1
maze 0.13 0.43 0.20 0.798 1.2
reading ©0.93 0.20 0.91 0.089 1.1
vocab  0.80 0.23 0.69 0.313 1.2
PA1 PA2
SS loadings 1.83 1.75
Proportion Var 0.30 0.29
Cumulative Var 0.30 0.60

Proportion Explained ©.51 0.49
Cumulative Proportion 0.51 1.00

Mean item complexity = 1.3
Test of the hypothesis that 2 factors are sufficient.

The degrees of freedom for the null model are 15 and the objective function was 2.5 with Chi Square of 268
The degrees of freedom for the model are 4 and the objective function was 0.07

The root mean square of the residuals (RMSR) is .03
The df corrected root mean square of the residuals is .06

The harmonic number of observations is 112 with the empirical chi square 3.5 with prob < 0.48
The total number of observations was 112 with Likelihood Chi Square = 7.2 with prob < .13

Tucker Lewis Index of factoring reliability = ©.95

RMSEA index = ©.083 and the 9@ % confidence intervals are 0 0.18
BIC = -12

Fit based upon off diagonal values = 0.99

Measures of factor score adequacy

PA1 PA2
Correlation of (regression) scores with factors 0.96 0.92
Multiple R square of scores with factors 0.91 0.85
Minimum correlation of possible factor scores 0.82 0.71
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> fa_x.varimax
Factor Analysis using method = pa

Call: fa(r = cor_x, nfactors = 2, n.obs =

scores = "regression", fm = "pa")
Standardized loadings (pattern matrix) based upon correlation matrix
PA1 PA2 h2 uz2 com

general 0.49(0.57Y0.57 0.432
picture 0.16] 0.59 |0.38 0.623
blocks ©0.18\0.89/0.83 0.166
maze 0.13 0.43 0.20 0.798

readingf0.9310.20 1 0.089
vocab \0.80/0.23

9

69 0.313
SS loadings
Proportion Var 0.30 0.29

112, rotate = "varimax",

PR R R RPN
NEFRENRRPRS

Q.
Q.

PA1 PAZ
1.83 1.75

Cumulative Var 0.30 0.60)

Proportion Explained .51 0.49
Cumulative Proportion 0.51 1.00

Mean item complexity = 1.3
Test of the hypothesis that 2 factors are sufficient.

The degrees of freedom for the null model are 15 and the objective function was
The degrees of freedom for the model are 4 and the objective function was .07
The root mean square of the residuals (RMSR) is 0.03

The df corrected root mean square of the residuals is 0.06

The
The

harmonic number of observations is

total number of observations was 112 with Likelihood Chi Square

Tucker Lewis Index of factoring reliability = 0.95

RMSEA index = 0.083 and the 90 % confidence intervals are 0 0.18
BIC = -12

Fit based upon off diagonal values = 0.99

Measures of factor score adequacy

PA1 PA2
Correlation of (regression) scores with factors ©0.96 0.92
Multiple R square of scores with factors 0.91 0.85
Minimum correlation of possible factor scores 0.82 0.71

2.5 with Chi Square of 268

112 with the empirical chi square 3.5 with prob < 0.48
7.2 with prob < 0.13
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# 1ERNEfE 3R E
graphics.off()

par(mfrow = c(1, 2))
factor.plot(fa_x.varimax, labels = rownames(fa_x.varimax$loadings))

fa.diagram(fa_x.varimax, simple = TRUE)
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