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E%- 11 E Ef}ﬁﬁ@\*ﬁ (Principal Components Analysis, PCA)

MnEZL 2 S (Standardized Linear Combination)

ggﬂ%'::' H’\JEEE‘Z@\ (Principal Components in Practice)

F R HIRERR (Interpretation of the PCs)

=
EE}ﬂZﬁJ\H’\]/Eﬁ \L;:_F_’E}D‘i (Asymptotic Properties of the PCs)

UH_’HSEEBZﬁﬁj\*ﬁ (Normalized Principal Components Analysis)

1’|5j\j A ?Fﬁ*ﬁjj_;fﬂg: ﬁ‘j,ﬁj\ (Principal Components as a Factorial Method)

5&::@&%5?&*& (Boston Housing)

EE/T)EIEEE (U.S. Companies Data)
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6"X =) 5X =5X +8X,+ - +5,X,, suchthat ) 57=1

j=l J=1

o EFEMT 2RI SLC wime)?
max Var(6'X) = max 6'Var(X)6
{5 |5]=1} {5 |8]=1}
o BIMALERZFIEDE, ALAE 6 FIIBETER “FHmE".
Theorem 2.5 If o/ and 5B are symmetric and B > 0, then the maximum of sy

o 5 MSMHEER T = Var(X) BB ANSIHE ), TMASERR 7, 44t

given by the largest eigenvalues of . More generally,

xTof x o xTo x
max =M 24224, =min
xr XTAB x x XTAH x

where A, 4y, ..., A, denote the eigenvalues of B~1d. The vector

Tot x

xTAE x

which maximizes (minimizes) is the eigenvector of B~ '

which corresponds to the largest (smallest) eigenvalue of B~'d. If
xT%&B x =1, weget
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par(mfrow=c(3, 1)) Divection in Data
set.seed(1963) :
X <- rnorm(50)

y =0.8 * x + rnorm(50, 0, 1/2)

a<-0.5

plot(x, y, xlim = c(-4, 4), ylim = c(-5, 5), axes = FALSE, xlab =", ylab =", cex = 2)
axis(1, at = -4:4) : o oom anoamm e @ o cmw® o o
axis(2, at = -5:5)

abline(0, a, col = 2, lwd = 2)
y.Im <- Im(y ~ x)

b <- coef(y.Im)[2]
abline(0, b, col = 3, Ity = 2) Exlained Percenage: 0.27
title(main = 'Direction in Data', cex.main = 2)

Explained Variance: 0.3119

proj x<-(x+a*y)/(1+a’2)

plot(proj_x, rep(0, 50), xlim = c(-4, 4), ylim = c(-1, 1), axes = FALSE, xlab =", ylab =", cex = 2)
axis(1, at = -4:4)

axis(2, at=-1:1)

title(main = 'Projection’, cex.main = 2)

plot(proj_x, rep(0, 50), xlim = c(-4, 4), ylim = c(-1, 1), axes = FALSE, xlab =", ylab =", type ='n")
text(-2, 0.5, adj = 0, 'Explained Variance: 0.3119', cex = 2)

text(-2, 0, adj = 0, 'Total Variance: 1.1256', cex = 2)

text(-2, -0.5, adj = 0, 'Explained Percentage: 0.2771', cex = 2)
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par(mfrow=c(3, 1))
set.seed(1963)

X <- rnorm(50)

y = 0.8 * x + rnorm(50, 0, 1/2) I I
plot(x, y, xlim = c(-4, 4), ylim = c(-5, 5), axes = FALSE, xlab =", ylab =", cex = 2) Projection
axis(1, at = -4:4) f
axis(2, at = -5:5)

y.Im <- Im(y ~ x)
abline(y.Im, col=2, lwd=2)
title(main = 'Direction in Data', cex.main = 2) Expiaine Varance: 08669

Total Variance: 1.1256

O 0 0@ @OOOMOWO WO @ c@a» O OO

Explained Percentage: 0.7898

a <- coef(y.Im)[2]

proj x<-(x+a*y)/(1+a’2)
plot(proj_x, rep(0, 50), xlim = c(-4, 4), ylim = c(-1, 1), axes = FALSE, xlab =", ylab =", cex = 2— -
axis(1, at = -4:4)

axis(2, at=-1:1)

title(main = 'Projection’, cex.main = 2)

plot(proj_x, rep(0, 50), xlim = c(-4, 4), ylim = c(-1, 1), axes = FALSE, xlab =", ylab =", type ='n")
text(-2, 0.5, adj = 0, 'Explained Variance: 0.8889', cex = 2)

text(-2, 0, adj = 0, '"Total Variance: 1.1256', cex = 2)

text(-2, -0.5, adj = 0, 'Explained Percentage: 0.7898', cex = 2)
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> AXMANHTHBEEERSRR, NTHERN EX) = p DB EERKERA
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> 9%_::}3263\79 Y2 — T (Xl — X2)
/2
Var (Y;) = Var % (X +X,) | = %Var (X; +X5)
1

== [Var (Xl) + Var (Xz) + 2Cov (Xp Xz)]

1
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BZ E/J}_L 7 (Principal Components in Practice)
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EBZ%E/‘J}\_‘L 7 (Principal Components in Practice)
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— str(banknote)
» T HEREN head(banknote)
T X <- banknote[, 2:7]
= (214.9, 130.1 , 130.0, 9.4 , 10.7 , 140.5) bar_X <- apply(X, 2, mean)
round(bar_X, digits = 1)
> FARMBEEREEN n <- dim(X)[1]
S <-n *var(X)/(n-1)
(0.143  0.032  0.023 —0.104 —0.019 0.085 ) | round(s, digits = 3)

0.032 0.131 0.109 0217 0.106 —0.210
0.023 0.109 0.164 0286 0.131 —0.242
—0.104 0217 0286 2.097 0.165 —1.042
—0.019 0.106 0.131 0.165 0.648 —0.552
L 0.085 —0210 —0242 —1.042 —0.552 1.334
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7 (Principal Components in Practice)

eigen_S <- eigen(S)
eigen_values <- eigen_S$values
round(eigen_values, digits = 3)

3015 0.940 , 0.245 , 0.196 , 0.086 , 0036)

> RTFE’JfF/?%E/ gf/ /

l l l

(—0.044 0.011 -0.326
0.112 0.071 —0.259
0.139  0.066 —0.345
0.768 —0.563 —0.218
0202 0.659 —0.557

(—0.579 —0.489 —0.592

/

l

0.562

0.455

0.415
—0.186
—0.451
—0.258

)

eigen_vectors <- eigen_S$vectors
round(eigen_vectors, digits = 3)

85 86
l l
0.753  0.098
~0.347 —0.767
—~0.535 0.632
0.100 —0.022
0.102 —0.035
—0.084 —0.046)
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o {l: RITHELIRE. RFITEERITAEN,

counte elt

Y <- X %*% eigen_vectors
par(mfrow=c(2, 2))
plot(Y[1:100, 1], Y[1:100, 2], xlim = c(-52, -45), ylim = c(-50, -43), xlab = 'PC1', ylab = 'PC2', col = 'red’, cex = 1.5)
points(Y[101:200, 1], Y[101:200, 2], col = 'blue’, cex= 1.5, pch = 3)

title(main = 'First vs. Second PC')

plot(Y[1:100, 2], Y[1:100, 3], xlim = ¢(-50, -43), ylim = c(-242, -238), xlab = 'PC2', ylab = 'PC3', col = 'red’, cex = 1.5)
points(Y[101:200, 2], Y[101:200, 3], col = 'blue’, cex = 1.5, pch = 3)
title(main = 'Second vs. Third PC')

plot(Y[1:100, 1], Y[1:100, 3], xlim = ¢(-52, -45), ylim = c(-242, -238), xlab = 'PC1', ylab = 'PC3', col = 'red’, cex = 1.5)
points(Y[101:200, 1], Y[101:200, 3], col = 'blue’, cex = 1.5, pch = 3)
title(main = 'First vs. Third PC")

plot(1:6, eigen_values, xlab = 'Index’, ylab = 'Lambda’, main = 'Eigenvalues of S', cex = 1.5, pch = 16)
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o NTHMEMPNTEZ=EREZMNERREE, RIKERITEERE, X, . X, ;1

X_new <- X
\Y AR = ~H /I = \] =222 = —
X, AEKAMNBEMHITMNE, M X, F X TIAZAR N B X_new[, 1:3] <- X[, 1:3] / 10
6 4 5 _
X _newl, 6] <- X[, 6]/ 10
> AEIREMIZUES 2 head(X)
head(X_new)
> head(X) > head(X_new)
Length Left Right Bottom Top Diagonal Length Left Right Bottom Top Diagonal
[1,] 214.8 131.0 131.1 9.0 9.7 141.0 [1,] 21.48 13.10 13.11 9.0 9.7 14.10
[2,] 214.6 129.7 129.7 8.1 9.5 141.7 [2,] 21.46 12.97 12.97 8.1 9.5 14.17
[3,] 214.8 129.7 129.7 8.7 9.6 142.2 [3,] 21.48 12.97 12.97 8.7 9.6 14.22
[4,] 214.8 129.7 129.6 7.5 10.4 142.0 [4,] 21.48 12.97 12.96 7.5 10.4 14.20
[5,] 215.0 129.6 129.7 10.4 7.7 141.8 [5,] 21.50 12.96 12.97 10.4 7.7 14.18
[6,] 215.7 130.8 130.5 9.0 10.1 141.4 [6,] 21.57 13.08 13.05 9.0 10.1 14.14

—— T T — S
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>

%ﬁé&}%ﬁ% H’gi’g@ﬁﬂ%ﬁ round(bar_X_ new, digits = 1)
= (21.5,13.0,13.0, 94, 107 , 14.0)"
S _new <-n * var(X_new)/ (n-1)
MERSERITN B ZERER round(S_new, digits = 3)

(0.001 0.000 0.000 —0.010 —0.002 0.001
0.000 0.001 0.001 0.022 0.011 -0.002

¢ = 0.000 0.001 0.002 0.029 0.013 -0.002
—0.010 0.022 0.029 2.097 0.165 -0.104
—0.002 0.011 0.013 0.165 0.648 —0.055

. 0.001 -0.002 -0.002 -0.104 -0.055 0.013 )

E D NEERER

F R BIN R

'f‘t H’J i& *EEJ

Principal Components Analysis

(Principal Components in Practice)

g, RIFEHRITHUEER, X, . X, , X3

T=E, X, # X AR B

bar_ X new <- apply(X_new, 2, mean)
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° NTMEMPTNLEREZMNERZEE, RKERITERSRE, X, X, , 34

X, LAEKANBEAHFTIE, T X, X DIAZK . | coen-Sew=egen®.new)

eigen_values_new <-
eigen_S_new$values

> %ﬁﬂ’\]‘l")]‘ﬁ%%ﬁ B$ S E/‘]’:Ff‘ftﬁE'ijj roundzeigen_values_new, digits = 4)

= (2 1224 , 0.6326 , 0.0047 , 0.0021 , 00009 00004

y = eigen\vectors _new\<- as.matrix(eigen_S_new$vectors)
\ —
> iﬁﬂﬁ@#&tﬁg% ( \ round}{egen vect(\)br; digits = 4)
Y y N v

81 82 83 84
! ! l ! i i

(—0.0050 —0.0011 —0.0542 0.6325 0.7662 —0.0999)
0.0108 0.0128 0.1004  0.5352 —-0.3343 0.7690
0.0141  0.0155 0.0629  0.5569 —0.5373 —-0.6299
0.9920 -0.1172 -0.0453 -0.0063 0.0085  0.0020
0.1134  0.9905 -0.0762 —-0.0118 0.0068  0.0030
\—0.0520 —-0.0687 —0.9875 0.0564 —0.1112 0.0432 ,
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%)

o NTHMIEMPNTERETZMHNEREE, RRERTHEEE, X, . X, X3
Xs AR AN BRADHITNE, X, F X5 TR EAL

counterfelt

EI’] 7 (Principal Components in Practice)

Y _new <- X_new %*% eigen_vectors_new

par(mfrow=c(2, 2))

plot(Y_new[1:100, 1], Y_new[1:100, 2], xlim = c(7, 14)1im = c(5, 11), xlab = 'PC1", ylab = 'PC2', col = 'red’, cex = 1.5)
points(Y_new[101:200, 1], Y_new[101:200, 2], col = 'blue’, cex = 1.5, pch = 3)

title(main = 'First vs. Second PC')

plot(Y_new[1:100, 2], Y_new[1:100, 3], xlim = ¢(5, 11), ylim = c(-14.3, -13.8), xlab = 'PC2', ylab = 'PC3', col = 'red’, cex = 1.5)
points(Y_new[101:200, 2], Y _new[101:200, 3], col = 'blue’, cex = 1.5, pch = 3)
title(main = 'Second vs. Third PC')

plot(Y_new[1:100, 1], Y_new[1:100, 3], xlim = c(7, 14), ylim = c(-14.3, -13.8), xlab = 'PC1’, ylab = 'PC3', col = 'red’, cex = 1.5)
points(Y_new[101:200, 1], Y_new[101:200, 3], col = 'blue’, cex = 1.5, pch = 3)
title(main = 'First vs. Third PC")

plot(1:6, eigen_values_new, xlab = 'Index’, ylab = 'Lambda’, main = 'Eigenvalues of S', cex = 1.5, pch = 16)

genuine




B TAZERS R mmen Principal Components Analysis

EEBZﬁJ\E/\]}_Lj 7 (Principal Components in Practice)

o NTHMEMPNTEZ=EREZMNERREE, RIKERITEERE, X, . X, ;1
Xs AEARARHITE, T X, F X AR LA
> BXEERSMT O RIRIMSIEITIER, \SRMEARNEIE

s’

> E—EWMDEEH X, (FiniE) £5.
> BIEMDH Xs (L) EF L

v
(—0.0050 —0.0011 —0.0542 0.6325 0.7662 —0.0999)
0.0108 0.0128 0.1004 0.5352 —0.3343 0.7690
0.0141 0.0155 0.0629 0.5569 —0.5373 —0.6299
0.9920 1 —0.1172 —0.0453 —0.0063 0.0085  0.0020
0.1134 1 0.9905) —0.0762 —0.0118 0.0068  0.0030
|—0.0520 —0.0687 —0.9875 0.0564 —0.1112 0.0432 |

Kb it es oAl A,

0.139 0.066 -0.345 0.415 -0.535 0.632
0.768 —-0.563 -0.218 —-0.186 0.100 —-0.022
0.202 0.659 -0.557 -0451 0.102 -0.035
\—0.579 -0.489 -0.592 -0.258 -0.084 —0.046)

> FEERITTIEEEER)

Mt
Rl
« I
(=i




() FRAGXTF e R Principal Components Analysis
— Z\ rav4
0T E‘Z JJ EI/‘J ﬁfF

£

o FHPTMIZOLBEEKEEBELEZERAN. REERSENRT.

AN

x; = length
o RZEEFEEREE S (SLC) HE—"THEm=4R 1. x, = left height
B x5 = right height
> yjééﬂEJ/U'H:QIE;EI"]"EE?_J';&*E X, ?\Z'ﬂ]ﬁ x, = bottom frame
y; = — 0.044x, + 0.112x, + 0.139x; x5 = top frame
x, = diagonal
+O.768X4 + 0202)65 - 0579x6 Centered_X <- scale(X, center = TRUE, scale = FALSE)
4 S _centered <- n * var(Centered_X) / (n-1)
EE‘Z \E%fiﬂ%r 1‘[ (x4) '55(1%232 (x6> Z eigen_S_centered <- eigen(S_centered)
. lambda <- eigen_S_centered$values
BIEE. round(lambda, digits = 3)
G_centered <- eigen_S_centered$vectors
round(G_centered, digits = 3)

vy, = 0.011x; + 0.071x, + 0.066x;

> round(lambda, digits = 3)

—0.563%, + 0.659x; — 0.489x, [1] 3.015 0.940 0.245 0.196 0.086 0.036
)
H‘-_IE‘Z Eg_ﬂf/{ L]-D':'\*E <X5) EFEE*E (X4) *Dyj% > round(G_centered, digits = 3)
. e .11 [,21 [,31 [,41 [,51 [,6]
2% (xo) ZMBOE(ERIEIA. [1,] -0.044 ©0.011 -0.326 0.562 0.753 0.098

[2,] ©0.112 ©0.071 -0.259 0.455 -0.347 -0.767
[3,] 0.139 0.066 -0.345 0.415 -0.535 0.632
[4,] ©0.768 -0.563 -0.218 -0.186 0.100 -0.022
[5,] 0.202 0.659 -0.557 -0.451 0.102 -0.035
[6,] -0.579 -0.489 -0.592 -0.258 -0.084 -0.046

— S
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=+ R 77 BURERE

o REBRE = (SLC) % —
> WSO IERYIRTTEUE x, BA1AE
y; = —0.044x, + 0.112x, + 0.139x;
+0.768x, + 0.202x5 — 0.579x,
ERDRINESFEA], ELARIBEIRRTE

LTS E £, BERSIRISRIERID ERER.

vy, = 0.011x; + 0.071x, + 0.066x;
—0.563x, + 0.659x5 — 0.489x;

ER I EIREB(E T EHR AR,
TS5,

Principal Components Analysis

JL E’
XFE7.

x; = length
x, = left height
x5 = right height

BER

=N

x, = bottom frame
= top frame
x, = diagonal

Centered_X <- scale(X, center = TRUE, scale = FALSE)
S_centered <- n * var(Centered_X) / (n-1)
eigen_S_centered <- eigen(S_centered)

lambda <- eigen_S_centered$values

round(lambda, digits = 3)

G_centered <- eigen_S_centered$vectors
round(G_centered, digits = 3)

> round(lambda, digits = 3)
[1] 3.015 0.940 0.245 0.196 0.086 0.036

T —

=

> round(G_centered, digits = 3)

11 [,21 [,31 [,4]
-0.044 0.011 -0.326 0.562
0.112 ©0.071 -0.259 0.455
0.139 0.066 -0.345 0.415
0.768 -0.563 -0.218 -0.186
0.202 ©.659 -0.557 -0.451 0.102 -0.035
-0.579 -0.489 -0.592 -0.258 -0.084 -0.046

— =

[,5]
0.753
-0.347
-0.535
0.100 -0.022

[,6]
0.098
-0.767
0.632
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=+ R 77 BURERE

o TITHHTHRIZOLEBZRIXIERERAEZAMCN. REEEIENIT.
x; = length
e =AERS 5 (SLC) HE—THHIEm=Z=LS . x, = left height
o o x5 = right height
> NET RO AIERIIRITEGE x, (1A x, = bottom frame
y; = — 0.044x; + 0.112x, + 0.139x; x5 = top frame

x, = diagonal

+0.768x, + 0.202x5 — 0.579x,

Centered_X <- scale(X, center = TRUE, scale = FALSE)
S_centered <- n * var(Centered_X) / (n-1)

Bl ¢ T ER DN T ENEERIZEE ] CARMBEXN L eigen_S_centered <- eigen(S_centered)
_ lambda <- eigen_S_centered$values
Bl = round(lambda, digits = 3)
G_centered <- eigen_S_centered$vectors
q q round(G_centered, digits = 3)
>4 Y Var(v)
j=1 j=1 > round(lambda, digits = 3)
l//q — D — D [1] 3.015 0.940 0.245 0.196 0.086 0.036
>4 ¥ var(v) — —
J=1 J=1

> round(G_centered, digits = 3)

11  [,21 [,31 [,4 [,51 [,6e]
[1,] -0.044 0.011 -0.326 0.562 0.753 0.098
[2,] ©0.112 0.071 -0.259 0.455 -0.347 -0.767
[3,] 0.139 0.066 -0.345 0.415 -0.535 0.632
[4,] 0.768 -0.563 -0.218 -0.186 0.100 -0.022
[5,] 0.202 0.659 -0.557 -0.451 0.102 -0.035
[6,] -0.579 -0.489 -0.592 -0.258 -0.084 -0.046

T ——— T
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¥ Rk o AR R
o IHHTIMZLBERIKIERESEREALN. REEESBNEE.
» RS ERN (2F) il

round(lambda, digits = 3)

> round(lambda, digits = 3)
round(cumsum(lambda) / sum(lambda), digits = 3) # cumulative propt 17 3,915 0.940 0.245 0.196 0.086 0.036

> round(cumsum(lambda) / sum(lambda), digits = 3)
[1] 0.668 0.876 ©.930 0.973 ©0.992 1.000

L —— T

» E—FHD (=1 BR7T 66.8% NTRE.

> BIRTERD (9 =2) BT 87.6% HNELE.

> BI=TERD (9 =3) BE7T 93.0% NWTH.

» SIE ERSFRAARLERT M, flde, AMMELEES LG ER>EGANF L4
2 d e Xt d RE ML E.
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TS

o FRPDTHMANXOBEEIREEBELEZEZAMLN. KEEESENRT.
> BTG E R IRF AR A VR R E D R IER FAI8ET].

m <- dim(X)[2]
plot(1:m, lambda, xlab = 'Index’, ylab = 'Lambda’, main = 'The scree plot', cex = 2, pch = 16)

The scree plot

Lambda
0.5 1.0 15 2.0 2.5 3.0
[ ]

0.0
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2> g
xS

o TRPDTMAZLENEZXIEBREHRZEEATHN. REEEES=1KRE.
» BEEAERMEREFNER AR RER D BREIESFHEES.
»  EAEt e LB (EREX L HIRHEITIREE

mp <- lambda / sum(lambda)
plot(1:m, mp, xlab ="Index’, ylab = 'Variance Explained’, main = 'Swiss Bank Notes', cex = 2, pch = 16, ylim = c(0, 0.8))

]]II

Swiss Bank Notes

0.8

0.6

Explained
0.4

Variance

0.2

0.0
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 ITRZMEY SYaRE X NN AEEERITEUT:

TENMNANABENX ~ (u, %), BY=T"(X-p) RERDZTHE. N

Cov (X, Y)=E<XYT> E(X)-E (Y )

(o)

EQX |17 (x - p)]T}

XXTT — XﬂTF>

Gt o, HTREA

E( xx! _ﬂﬂT> I d:FAFT=§/1jyjij
/
= Z(F A = diag (/11, A, ...,Ap)
= (FAFT F l"=(71,72, ---,YP)

A B o GHIEQ A~ LRI,

= E (XXT) I'—E (X)ﬂTF o I 2.1 (Jordan HfR)
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F R o AR TR
o FROM=Y S¥IEME=E X NI AHEEERITEWNT: CovX, Y) =
- B, TR X5 ERS ¥, BEERS oy,

Cov <Xl’ Y]) yl] A A

oxx Ory " B
\/ Var (Xz> - Var <Y]) \/ i YJY] \/GXiXi . /1J'
> {FHXMREIE, XEHARIKRE

Px.

l

Y

rXin = gij
SX'X E 2.1 (Jordan &)

4&——:«&%4@# Ay ATHTA
)4
Ad=TATT= leyjij
Jj=1
He
A = diag (,11, Ay ey ,11,)
a

= (71, Y25 -ees 7p>

RAd o GRIEQEMAMG— LRI,
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ERSITY OF PETROLEU

F R RVRRRE
o FTHoM=EY SYURM= X WA EREREITEUT: CovX,Y) =
» BEXMAIRFHMEERS Y, (=12, ....p) SRBTEX, (i=1,2, ..., p)

Z [BJIIK 2.
spectral decomposition (s S;5 o Slp\ (Lﬂl \ (ng\
S S cee S f T
\os) = cggch — ?1 ?2 . ?p = <g1, 8y, -..s gp) 2 ] g2
Cpt Sp2 *pp \ 29 \ng)
( ) (
‘181 (811 81 &p1) £1811 C1812 flglp\
£o8) 812 82 & || 281 €28 v 02&
<g1’ 82 - 9gp> 2. 1=1. : ].9 : : : g
T
8 \S1p 52 S, 81 L8y £ pSpp,
p p p
2 _ 2 _ _ 2
11T Z gl] 2 £j 8 - > Spp = 2 Cj 8 = Si=Sxx = Z £8
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UL

o ITRIZM=EY SH¥RHE X NMAEREMTENN: CovlX, Y) =
» HEXMABFIEERD Y, (j=1.2, ....p) SRETEX, (i=1,2, ...,p)
ZBIIR A

2 (4 4)

1 SXiXi

j J= _ _
s = - -2
SX.X, SX.X, X X;

> BB, 12, AILAEIER X, BT ERTINE ¥, BRRRAOLLA.
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A
7

o TR EMSMAIEE, HIWERBLE, B r, %TF r, OHBSE.

1

/

library(mclust)

data(banknote)

X = banknote][, 2:7]

n = nrow(x)

e = eigen((n - 1) * cov(x)/n) # calculates eigenvalues and eigenvectors and sorts them by size
e1 = e$values/sum(e$values)

m = apply(as.matrix(x), 2, mean)

temp = as.matrix(x - matrix(m, n, ncol(x), byrow = T))

r =temp %*% e$vectors

r = cor(cbind(r, x)) # correlation between PCs and variables

r1 =r[7:12,1:2] # correlation of the two most important PCs and variables

# plot for the correlation of the original variables with the PCs
ucircle = cbind(cos((0:360)/180 * pi), sin((0:360)/180 * pi))
plot(ucircle, type ="I", Ity = "solid", col = "blue", xlab = "First PC", ylab = "Second PC",
main = "Swiss Bank Notes", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.8, lwd = 2, asp = 1)
abline(h =0, v=0)
label = c("X1", "X2", "X3", "X4", "X5", "X6")
text(r1, label, cex = 1.2)
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R =

v
R

i)

SRR, BAWERRIBLER), B ny, T ry,, OBLREL

Swiss Bank Notes &k r?%in i r?%in <1, a2
O_ — A . \N V4 AY O S
- NMNTHEREHN 1 WEBEMERA.
X5
v |
o
X
O %3
'8 o X1
8 o
&
0 6
S A
e
' T T T T
-1.0 -0.5 0.0 0.5 1.0
First PC
— -

R T LRI =5

ERD Y, MY, BOME R R,
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ER S B
R MBAOESIE, B TERIELLS), BD ry, 37

P73 BE

X, X5 F X X3 N A9HE R %

Principal Components Analysis

7 I~

= 1y, BOBLES

Swiss Bank Notes /
/

E_EMD A AR X5 5
X, M Xy 2 MBE{EHRFER.

IR ERA%, 1HBEBBIRTE Y,
RiFithRREe1]. X5
O X%3
: s o ///
i / )%
E—ERHARLE X, 5 ///////
X, ZBJINZE1E. 05 0.0 05 10
First PC
HFRER T MERIGTE5 £/ Y, # Y, BIEX M &E.
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TS

o TR EMSMAIEE, HIWERBLE, B r, %TF r, OHBSE.

1

/

> WIREE X, SRIMTERDRIERRAZE

srs <- array(0, dim = 6)
for (i in 1:6) srs[i] = r1[i, 1]"2 + r1[i, 2]*2
round(cbind(r1, ss = srs), digits = 3)

2 2

vy, Txv, Txy, ¥ Txy,

l

Length -0.201 0.028(0.041
Left 0.538 0.191]0.326
Right 0.597 0.159\0.381

Bottom 0.921 -0.377 0.991
Top 0.435 0.794 0.820
Diagonal -0.870 -0.410 0.925 uﬁ/\iﬁﬁ, R X (AR X5, X5)

T T B E IR,
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E }ﬁ E’J /Eﬁ |‘_¢|_ ﬁ (Asymptotic Properties of the PCs)

¢ Y:E;BZT‘}\_‘\LI - E],

E D A AREEKE. P EE ST T RN EN TR D .

EHE 11418 2 >0 BEATENIHLEE, BIRS ~n~'W,(, n—1), BREDRE
S=TAI'5 & = ez’ N

T
@ Vi—1(£-2) 5N, (0,24%), B £= (£, 6y ... 7,) 5

T
A= (42 0 2y) B L5 AMIHBTER

6) Vi—1(g-7) =N, (0.7,), BR7; =4 2

k#j < — ﬂ])

(c) ¢HRITTES R @ RRYTTRANITINAL
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Ef}ﬂzﬁﬂ/\] ﬁﬁ ;\L&'l‘_ﬁuﬁ (Asymptotic Properties of the PCs)

o flURX, X, ... X, @KEN, (n, 2) WER, BFnS ~W,(Z, n-1), RETE
I 4.11 &1

Vi=T(¢-2) SN (0.222) . j=12 ...p

1 1
— . t=fj,ﬂ=ﬂj,f=10gt,@=I
/1] J

> iﬁf(fj) = log (4), Il %f =
j

T
FI 411 &V —p) 5 N0, D), f=(fi foo ;) 1R > RINEZERY, B

£ pu € RP 7], MA@ AMARMERIERN f(p). hHEEKERN DTZD
HIESD %, Al
Val[f® -fw] =N, (0, 2'£2), n— oo

(%
@‘(a—a)“)

EMBERSER (p x q) .

He

t=u
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E BZ E’] /Eﬁ |‘_¢_;ﬁ (Asymptotic Properties of the PCs)

o R X, X, ... X, BRKEN, (u, 2) WER, BFnS~W,(E, n-1), RIEE

I8 4.11 A
< o) .
Vi=T(¢-2) SN (0.222) . j=12 ...p
d 1 R 4118 V- p) 5 N0, D), = (f fo ..%)T:RpﬂRqﬁs"‘Eﬁ@ﬁ, B
> iﬁf(f j> = log < Lﬂj>’ il @ f — 7 . Zf;iﬂu 0 ) SRERMIERREN fn). SRR 9730
J =1 J Vo [fo -fw] 5 N,(0,2'52), n— o
JoJ Heh
9;
— . (2
n—1 (log fj — log /11. ) — N 0, 2) SRS (o x g) . N
— "_1(1 £ -1 ﬂ) 2, N, (0, 1)
oclt.—log i. | — :
g / g / : >Z0025—196
— 1
— P| —z,p < > (logf log/Ij) <zplrl-a

[ 2 2
== P<logfj—1.96 n_ISIOgﬂjglogfj+1.96 n_1>x0.95
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E BZ E’] /Eﬁ |‘_¢_;ﬁ (Asymptotic Properties of the PCs)

o R X, X, ... X, BRKEN, (u, 2) WER, BFnS~W,(E, n-1), RIEE
I 4.11 &1

\/n—l(fj—}tJ) Lon(0.227) L j=12 p
> ERTHREENGIFH, Bel)E ¢ =2.98, AilA

2 2
P | log(2.98) — 1.96 < log 4, <10g(2.98) + 1.96 ~ 0.95
(og( ) \/200_1—0g1—0g( ) \/200_1>

— P, € (2448 ,3.62)| ~ 095

2 2
== P<logfj—1.96 n_ISIOgﬂjglogfj+1.96 n_1>x0.95
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Ef}ﬂzﬁﬂ/\] ﬁﬁ ;\L&'l‘_ﬁuﬁ (Asymptotic Properties of the PCs)

® Hig "ERTDTHENAE

> HI g TERDFTEERE ZRILEHIH F4a

ﬂl+)“2+.“+/1q

A dot A
IR 411 R \/n(t - ) = N0, 3), f= (fl, 5 ...ng)T:RP—» RY JSCEEMK, B
> ?:E;EBB_‘ }\_‘L == =} EE _F:—EE{E-H— FEp e R ETR, T £ AERMIERER fn). 15BN 229
MIESS 7, B
Vo [ -fw)] 5 N, (0, 2"22), n— oo
P fl‘l‘fz‘l"“‘l'lxﬂq Heh
W = a=(Z)e
f1+l,ﬂ2++l/ﬂp _a_t"()t=,,
EE 1.4 2 > 0 BETENHEE, BIRS ~n"'W,(, n-1), BREDRE
TE o e EMERSER (p x q) ¥EBE.
S=TAI"5 § = .

(@) Vn—1(2-1) 5 N, (0,242), Hepe= (fl, o o fp)T'—i

b= (i k) BZSAMNBEE

®) Va—1(g-1) >N, (0.7,), K T

2 Tl -
oy (Ak—,lj)

(c) ¢HMTRSHER ¢ FRTRFIILIAIL.

\ 7))
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 Hlg TNERDHEENAE

EE 1.5 Vn—1(7 —w) =5 N, (0, »?)
ISR
0 =DV D = [t ;)]2 1 —y?) (/112+---+/1q2> +y? <A§+1+---+/1§)
I
2tr(X?
= 2 (2 opytp)

|tr(2)]

AR
A+ 4+ A
p

SRR+ A2
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E }sz \E/] /Eﬁ |‘_¢L;ﬁ (Asymptotic Properties of the PCs)

o Gl HTBLBTARMIEE, DME—EMDLERE 67% HER.

» MIOH,: w=075 < H,: w #0.75.

. £7 - 2.9857
L2434+ 62 29852+ 0.9312 4 0.2422 + 0.1942 4 0.0852 + 0.0352
tr(S§) = 4.472

= 0.902

P
tr(S$2) = 2 £? =9.883
j=1
tr (é’z)

[tr(cS’ )] ?

2% 9.883
= (0.668% — 2 x 0.902 x 0.668 + 0.902)
4.4722

= 0.142

2=

(72-28% +5)
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Bl N FIEETIHRITHEHBIEE,

B2 %) V) ipti s

Principal Components Analysis

ﬁ (Asymptotic Properties of the PCs)

EME—FEN D EERERE 67% NTRH.

» MIOH,: w=075 < H,: w #0.75.

» w1 -a=095&E

X 8] 9

0.

4

1
0.668 — 1.96\/
200

T 115

Vn-1(v -v) i»Nl (0, w?)
sk
2

0= DVP = _
[tr(2)]

 mapE

= 2-2py+p
[tr(2)] . (v g

MK
A4+ 22
A+ A2

2
, 0.668 + 1.96\/
1 200

> 510 BRI Hy . w =0.75.

0.142

) = (0.615 , 0.720)

[(1 ) (Bt e+ 22) 402 (22 4 +/1§>]
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. Z\/\
I3—1 T o
o HFHUIERT, RIATEEAHEHHEVNEERTEER.

» ST¥SEEARRE WF. 2. ExF5) LHTIEN, XMELTAREE.

> EXMIEA T, FEREMYBURM2(EENER, 1Z8EAN TRERILE
NEBRENLE.

> XAPUEE N T SHITINENIRSEH

Lo=HLD '
N> P =diag (sxxl SX, Xy +- s SXPXP>

— x05>=0, S&/‘ =(%

TN > I HHERErE
> FBfE X o IEMD TREFRAVT—1LER D (NPCs).
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UL

o i % HIBAEN

— T
R=F, Ly G |
\_/73% = diag <z,”i%, fi%, s fﬁ)

G OER: (72 00> > 0]
MR TR (27, &, . 8)) = o

P
= Y P =u(R)=p

=1
o F—1tEp, Bl Z, AT MMMRE—FMRML, HUATANRLH
T=25 9= (02 - 7)
— z=0
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JA—1CER T D
JA—1CER D (\Pes) T-H T S EMT (Pos) RIUURIMLA, BRI TARNEX]
UEMS, NPC GB8 T ZEW FHEENNE (MEXTHD DT, FE
AT ERFHANE).

o THTE X M Z ZIEMNMHAHESHEXEREER:

> RIBTE X, 53— ERD Z ZIERIEXREN

\/7gR ij

> HUIREINET—ERD, B Z, FIMMRISZEENEEHITER, AEAMU
THEETERDEBREEE X, N RS EPTEZRIER.




Principal Components Analysis

S
S
@
D
TS

FAEERS G s
EEE‘Z%{’E?{]-*EP A —_Ffj_;f (Principal Components as a Factorial Method)

o ELIER, ZRIMH (FRTA—N) ERTBLHELNRBERSBHET

—

miSEIEF (5510F).
> B PEIEER, ERDFENRET F O IENEIEREMF1TR =R .

> B EUERR, A—ER D R RRINECEIEREFITRIE T
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EEE‘Z%{’E?{]-*EP A —_Ffj_;f (Principal Components as a Factorial Method)

* HRIRBANEAEBRRERENZHFSRNNE BN & 1917) ME= (B X 197) BIKRR.

>

AT R RENMEZ BFRERARNGITEN, RITELRRERFBEIEHER

F

I\ X

s
<T
iml
1L

IMEREERERE X = XX B— 1.

X5 DTl F

IZEMBEZERNIETAZT; B, 5 10 EREANAEARNHETER 2.
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E E\Z \'f/Ejj *EP N —_Fjj_;f (Principal Components as a Factorial Method)
* RixBANEEERAEEN=EPFRINE BI 2 8917) FE= (B 2 1951) BIRT.

> EERER XX ED RS ER Sy B0 REX, Sy HIE S R
XL = HO ' HXL = XHHX =nSy = n?Sf?T—/

» EFTBRLENE 2,825 ¢ e

Y = (Sl"— lnfT) g
?zgcyszh, ""yp)\—/

5 SRR DA
1
(2T -x1,)1

1 T
— [(5{-1,;?) y] 1 =¢T =
n

n n
n

I

1 1
=g! (—SXTln — —f131n> =¢lx-x) =

n n

T 1 1 T o~T T
— gy__y HY =— (sz"cfg) HALEG=—C' X HXL-E=5C
n

0/> HLc=L
1 T
~20c) 9

1
=T <—frg%frc> ¢ —gTS. ¢ -"g 2" ¢ = Z = diag (fl, lrr ... fp)
> ), <
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—fjj_if (Principal Components as a Factorial Method)

LS BIANAE (BN & #97T) 128 (BD & K9%1) R,

AR R

ERD IR ER ¢)) LEETESE
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EEE‘Zﬁj\'f"Ej{]—ﬂ] A —_Ffj_}f (Principal Components as a Factorial Method)

* TEMRTMAINEITXNEXARFE.

TIE 104 (HMBXRR)IRT WOHA r.XFk<r, X5 T2 FE K MISEE 4, 18E,
SIRIAYAFERE (D 3EH u, 5 v) ZEINXRIT

— T —
uk—_.%‘ vk, vk——fl‘uk.

VA VA
T BIBITE XX HEEEE v, FRIIRESR

1 1 4
X e=——L X 8= (”5X)gk= - S'x8k = s g = \/NC; &
\/nfk \/nfk \/I’ka \/nz,”k

> AL, TEEH] p TH LRI AR

LYV =\/neZL'"”
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E E\Z \'f/Ejj *EP N —_Ffj_;f (Principal Components as a Factorial Method)
* T X MIIZBFEA, FE—MRETNGITE/MHER.

1 T T ('xll coe xl] coe xlk coe xlp\
Sxx = XcjXaw = FaXew = Mxx, Yo gyt gt Ay

‘%‘C — . .

) : . : . : :
= [ X || 7= mxx Knt Ky Xup

Xcpj1 < \“%m
> . %/__]_\ﬁ | "=z #R_ xC[]] '3 xc[k] E/];G% )I_“J
T
9. — Ycpjiter _
COS ik = = r)(ij
| Xeuwn || - | *ew |

> M 2.7 ENBRER, TEMNEXNUE P URIEENZ BIRITE X4
KR, ZBERR T RInBIRESENEREMN.
> B, AIHMERXERN, NMiZZRFMERFHETERN A ZEB D LL.
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p) Tl e R 5 (e i Principal Components Analysis
F o E—F[EF 55 (Principal Components as a Factorial Method)
o F—fLERD (NPC) Al MHA— T EANEF A,
> WESHTMECME, EFE8TEE=rIERNT. FZEN—, MMSE=EN
E=20\TTX.
> N X NEFDMRFEIE—HERT.
> 4ERE XT X BB RRS BN R HITE RRAEE.
L= X" H LD =nR=n%y Ly EL

> A—ERSD Z, THAN T TERE ¢, LHEY.

TG, = (zl, Zor . zp)
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FoHiE
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A

F FIEEEL

Principal Components Analysis

EEE‘Z%{’E?{]-*EP A —_Ffj_;f (Principal Components as a Factorial Method)

ERD (NPC) o a] #7240 9 —F B -

FhHE.

_ 12
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E‘Z \'ﬂzjj *EP A —fjj_if (Principal Components as a Factorial Method)
o XEIXE, BURNERESGHABET=NER, AJUXNMMMERRIEHATTEIRARIEIE

III‘

1 (x o 00 x o [ 3 N ] x [ 3 N ] x \
— T T 11 1j 1k 1p
) 2 = —Xor 1 X —> XX = nr
X.X S[717*S[k] S S[k] X;X,
Xe = SL [/] Ok o X1 X, Xk X2p
2 ST+ i i
SLJ] \xn1 Xnj Xk Xnp )

./ \...

XS] XS[k]

> FHUb, EEITZEF, FIANENES (2 /95) #EEE R Y KR A,
IZERA AR S, 28 Vi (BFRHRE).

> IR 0 R TER xg ;) 5 xg9 ZERIHEA, M cos Oy = ryx.

> ALt SMEREEAETE (B0, sIMTEF) FREIRTE, HIEMZZIE
KANAE, 7TRRRESE X, ZERIEXSH.

> HA, XEFFEFXRTHIRSEUWINTUSE, F—TRXNUGATER
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E }sz \'f/Ejj *EP N j‘ﬁfﬁ (Principal Components as a Factorial Method)
o XRTHIFR=

> RLFRERSAEEENH NG

f1+lxﬂ2+°"+lxﬂq

> TERPRNAEH, g FEE1. 28 3.
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E‘Z \'ﬂzjj *EP A —fjj_if (Principal Components as a Factorial Method)

III‘

o XTHIm=

>

BB MR SEIET TR B RIS MARE .
S, ERYEEERATNNENEEREE R — S EEEEAZE RP &
MIEFIZE—, XTTAEA SHN BRI EIRHIL

BETUE, 18 MR i NRRS % L TE/D (PC) 83— =ER (NPC) 52 [B]HY

Jefg 9, 2EENM. (
yiTek Yik % ek Zik
cos ., = = : =

k k
“ il el eyl "zl el flesgal

MEMNMKR i 55 k DERDHXTNAVKBR), BIXF
k=1,2, ...,p, cos? 8, ¥ 1, IBAMDIK I EESE kT e,=| 1
F Ao _E 1S EI R

Principal Components Analysis
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E E\Z \'f/Ejj *EP N —_Ffj_;f (Principal Components as a Factorial Method)
o XRTHIFR=

> AANET A

T T T
i s Yi ¥ Xcr 99 Xy
cos” ) = = =1
k=1

T
J Xcri Xcril X Xcti

> cos? 9, HOEAIRIRANE « BN E | DB TEOHEN 8.

> BlEn, @R cos’ 9, + cos* 9, BIERK (3EHE 1), BBAE i DWNEERHRDTE
EMFTM R EO T E LEEBRIRFMNEN, XERNESZFEINX N EANRZ
Bz 1

> BAIERAE, TERTHNREFTETERD (PC) X X, FZENBERADLE
Fih, =Bt AlE r)%in g, ’32(1-2,- 28
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EEE‘Zﬁj\'f"Ej{]—ﬂ] A —_Ffj_}f (Principal Components as a Factorial Method)

o i AZEEMIEUEE.

family bread veget fruit meat poult milk wine
<chr> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl>

rm(list = Is(all = TRUE)) # clear all variables MA2 332 428 354 1437 526 247 427
hi p EM2 293 559 388 1527 567 239 258
graphics.off() CA2 372 767 562 1948 927 235 433
"o : e pe - i ta/Data" MA3 406 563 341 1507 544 324 407
setwd("~/Desktop/2023_Applied Multivariate Statistical Analysis/R Codes with data/Data") s 86 608 396 1501 w98 319 363
library(readr) CA3 438 843 689 2345 1148 243 341
. | MA4 534 660 367 1620 638 414 407
X = read_csv(‘food.csv") EM4 460 699 484 1856 762 400 416
. CA4 385 789 621 2366 1149 304 282
MAS 655 776 423 1848 759 495 486
EMS 584 995 548 2056 893 518 319
CAS 515 1097 887 2630 1167 561 284
T — e
p = ncol(x)

n = nrow(x) > round(x, digits = 3)
bread veget fruit meat poult milk wine
x =X|[, 2:p] [1,] -1.118 -1.678 -0.955 -1.187 -1.160 -0.992 ©.850
_ [2,] -1.498 -0.955 -0.740 -0.949 -0.988 -1.063 -1.609
x1 =sqrt((n - 1) * apply(x, 2, var)/n) [3,] -0.728 ©.193 0.361 0.162 0.518 -1.099 0.937
— : - _ — _ [4,] -0.396 -0.933 -1.038 -1.002 -1.085 -0.305 ©.559
x2 = x - matrix(apply(as.matrix(x), 2, mean), nrow = n, ncol = p - 1, byrow = T) # centered da [5.] -0.591 -0.685 -0.690 -1.018 -1.026 -0.350 -0 081
X = as.matrix(x2/matrix(x1, nrow = n, ncol = p - 1, byrow =T)) # standardizes the data matri [6,] -0.084 @.613 1.1e4 1.209 1.443 -1.028 -0.401
7,1 ©0.851 -0.398 -0.873 -0.704 -0.691 0.497 0.559
round(x, digits = 3) [8,] ©0.130 -0.182 -0.133 -0.081 -0.172 0.372 0.690
[9,] -0.601 ©.315 0.734 1.265 1.447 -0.484 -1.260

2.031 0.243 -0.519 -0.102 -0.185 1.219 1.708
[11,] 1.339 1.452 0.272 0.447 ©0.376 1.425 -0.721
0.666 2.015 2.417 1.962 1.523 1.808 -1.231

| — T
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EE}JjZﬁj\'f"Ej{]—ﬂ] A —_Ffj_}f (Principal Components as a Factorial Method)

o fl:ZERMm LEIESR.

R =t(x) %*%X/nW \> round(R, digits = 3)

round(R, digits = 3) bread veget fruit meat poult milk wine

bread 1.000 ©0.593 0.196 0.321 0.248 0.856 0.304
e = eigen(R) # eigenvalues and eigenvectors of correlation matrix. veget ©0.593 1.000 0.856 0.881 0.827 0.663 -0.356
el = e$values fruit 0.196 0.856 1.000 ©.959 0.926 0.332 -0.486
round(e1, digits = 3) # eigenvalues meat 0.321 ©.881 0.959 1.000 0.982 0.375 -0.437
tions of each NPC poult 0.248 0.827 0.9206 ©0.982 1.000 0.233 -0.400
milk ©0.856 ©0.663 ©0.332 0.375 0.233 1.000 0.007
wine 0.304 -0.356 -0.486 -0.437 -0.400 0.007 1.000

round(e1 / sum(e1), digits = 4)
round(cumsum(e1) / sum(e1), digits = 4) Acumulative proportions ¢

e2 = e$vectors
round(e2, digits = 3) # eigenvecto > round(el, digits = 3) # eigenvalues
[1] 4.333 1.830 0.631 0.128 0.058 0.019 0.001
> round(el / sum(el), digits = 4) # proportions of each NPC
[1] 0.6190 0.2615 0.0901 0.0183 0.0082 @.0027 0.0001
> round(cumsum(el) / sum(el), digits = 4) # cumulative proportions of each NPCs
[1] 0.6190 0.8805 0.9706 ©.9890 ©0.9972 @.9999 1.0000

> round(e2, digits = 3) # eigenvectors
11 [,21 [,31 [,41 [,51 [,el [,7]
[1,] -0.240 0.622 ©0.011 -0.544 -0.036 0.508 -0.024
[2,] -0.466 0.098 0.062 -0.023 0.809 -0.301 0.156
€ = [3,] -0.446 -0.205 -0.145 0.548 0.067 0.625 -0.205
R [4,] -0.462 -0.141 -0.207 -0.053 -0.411 -0.093 0.737
[5,] -0.438 -0.197 -0.356 -0.324 -0.224 -0.350 -0.605
[6,] -0.281 0.523 0.444 0.450 -0.341 -0.332 -0.151
[7,] ©0.206 0.479 -0.780 ©.306 0.069 -0.138 0.045

L —— R
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F 5 EN—FEFF5 75 (Principal Components as a Factorial Method)

o (I AERMZEHIESE.
> BEBERIETE X, SERD ZEREXYE, NERDHNBIEZSRDE.
> HFRIFRDTERDBERET 88.1% MWAHZE, ELENIAXEFAEITERSD.

rXiZj o f] gR ij
# correlations between original variables and NPCs
a =eZ, 1:2]
w = a * sgrt(matrix(e1[1:2], nrow(a), ncol(a), byrow = TRUE))
round(w, digits = 3)
# sum of squared correlations between original variables and first two NPCs
round(as.matrix(apply(w”2, 1, sum)), digits = 3)
> round(w, digits = 3) > round(as.matrixCapply(wA2, 1, sum)), digits = 3)
[,11 [,2] [,1]
[1,] -0.499 0.842 [1,] 0.957
[2,] -0.970 0.133 [2,] 0.958
[3,] -0.929 -0.278 [3,] 0.941
[4,] -0.962 -0.191 [4,] 0.962
[5,]1 -0.911 -0.266 [5,] 0.901
[6,] -0.584 0.707 [6,] 0.841
[7,] ©0.428 0.648 [7,] 0.603

D —— T — L
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EEE‘Zﬁj\'f"Ej{]—ﬂ] A —_Ffj_}f (Principal Components as a Factorial Method)

o fl:ZERMm LEIESR.

» TN ZHEFRT.

g = eigen(t(x) %*% x/n)

g1 = g$values

g2 = g$vectors

b =g2[, 1:2]

z =b * sqgrt(matrix(g1[1:2], nrow(b), ncol(b), byrow = TRUE))

French Food data

graphics.off()
ucircle = cbind(cos((0:360)/180 * pi), sin((0:360)/180 * pi))
plot(ucircle, type ="I", Ity = "solid", col = "blue", xlim = ¢(-1.05, 1.05), ylim = c(-1.05, 1.05),

xlab = "First Factor - Goods", ylab = "Second Factor - Goods", main = "French Food data",
cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.8, lwd =2, asp = 1)

abline(h =0, v =0)

label = c("bread", "vegetables", "fruits", "meat", "poultry”, "milk", "wine")

text(z, label)

» BFEET=E_4%8 R? ApyigEs.
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EEBZ%{’E?{]-*EP A j‘ﬁfﬁ (Principal Components as a Factorial Method)

o fl:ZERMm LEIESR.

> %
French Food data
S - N EE (AR T X)) Kk,
E XM RTIFREHRLE.
(-? vegegtables \
% eat
&b Y
-1I.5 -1I.0 -OI.5 0.0 O!S 1{0 115

First Factor - Goods
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& S ¢/ CHINA UNIVERSITY OF PETROLEUM - BEING AT KARAMAY

E }sz \'f/Ejj *EP N —_Ffj_;f (Principal Components as a Factorial Method)
o I ZERmMXHEIES.

French Food data

ENZEREN A EHES L
7 HIRIaEXERIIE)

P

vegegtables

Second Factor - Goods
0.0

-0.5

-1.0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

First Factor - Goods
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Second Factor - Goods
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}sz \'ﬂzjj *EP A —fjj_if (Principal Components as a Factorial Method)
Em HEUESE.

Principal Components Analysis

French Food data

3

P

vegegtables =~

wine

0.0

-0.5

-1.0

- BRE, EHXHTER
bz BlSEEHEX @ =~ 0).

-1.5 -1.0 -0.5 0.0

First Factor - Goods
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Principal Components Analysis

jCTj_if (Principal Components as a Factorial Method)

ETZIERIEN B RS

T HRIREX!

Second Factor - Goods
0.0

-0.5

-1.0

—

HBMENEIENEKX @ ~0).
ISR, wine
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First Factor - Goods
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& S ¢/ CHINA UNIVERSITY OF PETROLEUM - BEING AT KARAMAY

EEEZ%{’E?{]-*EP A —_Ffj_;f (Principal Components as a Factorial Method)

o fl:ZERMm LEIESR.

French Food data

ENZEREN A EHES L
T HIRIa X ERYIFR.

o

wine

veggtables

|
EEMFPHERE. KREKR

BRAVEXRMERES (0 = 90°).

Second Factor - Goods
0.0

-0.5

-1.0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

First Factor - Goods




&) TRAERT e s Principal Components Analysis
EEE‘Zﬁj\'f"Ej{]—ﬂ] A —_Ffj_}f (Principal Components as a Factorial Method)

o fl:ZERMm LEIESR.
> MMERIRIRAE.

e = eigen(x %*% t(x)/n)

e1 = e$values

e2 = e$vectors

a =eZ[, 1:2]

w = -a * sqrt(matrix(e1[1:2], nrow(a), ncol(a), byrow = TRUE))

7 = : —
B NEE %
plot(w, type = "n", xlab = "First Factor - Families", ylab = "Second Factor - Families",

main = "French Food data", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.8, Iwd = 2) §|\E—J Rz ':F' El‘]j:ﬁlgz
teXt(W’ C("MA2"’ IIEM2II’ IICA2II’ IIMA3|I’ IIEM3II’ llCA3II’ llMA4ll’ IIEM4|I, IICA4II’ llMA5ll, IIEMSII’
"CA5"), cex = 1.2)
abline(h =0, v=0)

segments(w[1, 1], w[1, 2], w[2, 1], w[2, 2], Ity = 3, lwd = 2) French Food data

segments(w[2, 1], w[2, 2], w[3, 1], w[3, 2], Ity = 3, lwd = 2) o | s

segments(w[1, 1], w[1, 2], w[4, 1], w[4, 2], Ity = 3, lwd = 2, col = "red") '

segments(w[2, 1], w[2, 2], w[5, 1], w[5, 2], Ity = 3, lwd = 2, col = 'green3’) © -

segments(w[4, 1], w4, 2], w[5, 1], w[5, 2], Ity = 3, lwd = 2)

segments(w[5, 1], w[5, 2], w[6, 1], w[6, 2], Ity = 3, Iwd = 2) s S vy MA“
segments(w[3, 1], w[3, 2], w[6, 1], w[6, 2], Ity = 3, lwd = 2, col = 'orange’) g L )

segments(w[6, 1], w[6, 2], w[9, 1], w[9, 2], Ity = 3, Iwd = 2, col = 'orange’) §°] e
segments(w[8, 1], w[8, 2], w[9, 1], w[9, 2], Ity = 3, Iwd = 2) .l , o
segments(w[5, 1], W[5, 2], w[8, 1], w[8, 2], Ity = 3, Iwd = 2, col = 'green3') g | s S
segments(w[7, 1], w[7, 2], w[8, 1], w[8, 2], Ity = 3, lwd = 2) 3 | L
segments(w[4, 1], w[4, 2], w[7, 1], w[7, 2], Ity = 3, lwd = 2, col = 'red')
segments(w[7, 1], w[7, 2], w[10, 1], w[10, 2], Ity = 3, lwd = 2, col = 'red') S cas
segments(w[8, 1], w[8, 2], w[11, 1], w[11, 2], Ity = 3, lwd = 2, col = 'green3d") CA’;{ EW
segments(w[9, 1], w[9, 2], w[12, 1], w[12, 2], Ity = 3, Iwd = 2, col = 'orange') B i o o
segments(w[10, 1], w[10, 2], w[11, 1], w[11, 2], Ity = 3, lwd = 2) First Factor - Families

segments(w[11, 1], w[11, 2], w[12, 1], w[12, 2], Ity = 3, lwd = 2)
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R HER—F
f5l: EE R L EES.

French Food data

Principal Components Analysis

—fjj_if (Principal Components as a Factorial Method)

Lol 2 ARG HRB R R ZR BE A
Rl S B AH[E] Y SR RE E F T .

o _ MAS
o . .
© |
o
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i | s
L DA
g8 ° ] cas N3
N .
@ | SAQ
3 cas”
A iy
I I I
= -1.0 -0.5 0.0 0.5
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EEE‘Z%{’E?{]-*EP A —_Ffj_;f (Principal Components as a Factorial Method)
o flEEEmMLHEIES.

] BUBME R — 1M1 (L XKE

French Food data

FHEETH), ZMBERTEHR o
B (FZFHERZS) NRETLM. T
© |
o
< . MiAd
” o R ',' \‘
= e
g T T Ry
- e, \
g A3
© S S
5 2 - . :
% o CAE EM3
. '. MA2
S CAZ” ’
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CA iy
= /_-Fy)'-l] E@ -1I.0 -0|.5 0.0 O.I5
ZZ A= N N First Factor - Families e N
BEHEF. | — A ——

7K R B RBVEF.
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EE}JjZﬁj\'f"Ej{]—ﬂ] A —_Ffj_}f (Principal Components as a Factorial Method)

o fl:ZERMm LEIESR.

French Food data French Food data
= S SN
©
o
©
o '\‘
< . MA4
w ©
3 2 EME. o
3 = i .
o) g .......
. s I st
5 o L o EM4
& o 3 2 .
w B MA3
©
e . .
O o - K .. K
3 3 CAS B3
] : MA2
0 ~
i < oAz’
<
S CA3 -
o e
A\ CA4 EMZ
T T T T T T T T T
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.0 -0.5 0.0 0.5
First Factor - Goods First Factor - Families
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Boston Housing

T U {E B EIEEERY NPCA.

X, : ABPILFER
X, : MERTFRKF{FERHAILEA

Principal Components Analysis

HT X, 2—1TBHArI0 -1
TE, BIEESIER.

X, : IEBER A FHEAI L) ’
X, : E/RHE (5EtE<E 1, SR 0) \/

Xs: —fMtRRE

X, . BEFEENTIEEE

X; : 1940F Z I EN B X REZE LG
Xg : BRI A R OB DN EE B
X, : BREVIA R B IR SR Y

X, : B 10000 ETTETHEEFE
X, : 2ESHMAIELH]

b\

X, : 1000(B — 0.63)*> I(B < 0.63) it B Z2IENE

X3 - AOFBEL S HUAH AR SEE
X, : BEEENFPAMMME (BAZ: 1000 3=5T)

S<E ARLEH
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Boston Housing

o SRITUN{ERBEEIEEERY NPCA.

library(MASS)
data = Boston
head(data)

> head(data)

crim  zn indus nox rm age dis rad tax ptratio black lstat medv
-5.064036 1.8 0.8372475 -0.6198967 1.883275 3.432567 1.408545 0.0000000 5.690359 0.4548647 3.9690 2.231591 3.178054
-3.600502 0.0 1.9558605 -0.7571525 1.859574 5.529585 1.602836 0.6931472 5.488938 1.2364504 3.9690 3.023243 3.072693
-3.601235 0.0 1.9558605 -0.7571525 1.971996 2.918119 1.602836 0.6931472 5.488938 1.2364504 3.9283 2.007486 3.546740
-3.430523 0.0 0.7793249 -0.7808861 1.945624 1.419592 1.802073 1.0986123 5.402677 1.7722408 3.9463 1.714643 3.508556
-2.672924 0.0 0.7793249 -0.7808861 1.966693 2.162710 1.802073 1.0986123 5.402677 1.7722408 3.9690 2.308679 3.589059
-3.511570 0.0 0.7793249 -0.7808861 1.860975 2.639947 1.802073 1.0986123 5.402677 1.7722408 3.9412 2.282542 3.356897

Sl WN B
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o SRTW{EFEEIEEERY NPCA.

> HTASHZSSEWEANTIRE, FUEC#HITARER:
Yl = log X, Ys = log X,
Y2=§, 79=10gX9
10
Y_% = log X;, YIO = log Xy
.y .y e0.4><X11
Xy=Xy, X1 = 100
Ys = log X5, le = iz
100
X =log X;, X153 =+/X;
. X2

= ; X, =logX
7= 70000 14 g A4
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D ¢/ CHINA UNIVERSITY OF PETROLEUM - BELING AT KARAMAY

# transform data

xt = data

xt[, 1] = log(datal, 1])

xt[, 2] = data][, 2]/10

xt[, 3] = log(datal, 3])

xt[, 5] = log(datal, 5])

xt[, 6] = log(datal, 6])

xt[, 7] = (data[, 7]*(2.5))/10000
xt[, 8] = log(datal, 8])

xt[, 9] = log(datal, 9])

xt[, 10] = log(datal[, 10])

xt[, 11] = exp(0.4 * data[, 11])/1000
xt[, 12] = data[, 12]/100

xt[, 13] = sqrt(datal[, 13])

xt[, 14] = log(data[, 14])

data = xt[, -4]

head(data)

> head(data)

crim zn indus
-5.064036 1.8 0.8372475
-3.600502 0.0 1.9558605
-3.601235 0.0 1.9558605
-3.430523 0.0 0.7793249
-2.672924 0.0 0.7793249
-3.511570 0.0 0.7793249

S VT A WN B

Nnox

-0.6198967
-0.7571525
-0.7571525
-0.7808861
-0.7808861
-0.7808861

R T{E B EGEER NPCA.

rm
1.883275
1.859574
1.971996
1.945624
1.966693
1.860975

Boston Housing

age
3.432567
5.529585
2.918119
1.419592
2.162710
2.639947

dis
1.408545
1.602836
1.602836
1.802073
1.802073
1.802073

rad
0.0000000
0.6931472
0.6931472
1.0986123
1.0986123
1.0986123

Principal Components Analysis

tax
5.690359
5.488938
5.488938
5.402677
5.402677
5.402677

R R R R RO

ptratio

.45486047
.2364504
.2364504
.7722408
.7722408
.7722408

black
3.9690
3.9690
3.9283
3.9463
3.9690
3.9412

lstat
2.231591
3.023243
2.007486
1.714643
2.308679
2.282542

medv
3.178054
3.072693
3.546740
3.508556
3.589059
3.356897



() FRAGXTF e R Principal Components Analysis

Boston Housing

o RITUEREEIEEHNI NPCA.

n1 = nrow(data)

n2 = ncol(data)

# standardizes the data

x = (data - matrix(apply(data, 2, mean), n1, n2, byrow = T)) / matrix(sqrt((n1 - 1) * apply(data, 2, var)/n1), n1, n2, byrow = T)
round(head(x), digits = 4)

> roundChead(x), digits = 4)

crim zn  1indus nox rm age dis rad tax ptratio black 1stat medv
.9832 0.2848 -1.7043 -0.0490 0.4581 -0.4570 0.4091 -2.1370 -0.6087 -1.2440 0.4411 -1.2027 @.3515
.3056 -0.4877 -0.2632 -0.7309 0.2469 0.1316 0.7696 -1.3439 -1.1174 -0.6705 0.4411 -0.4000 0.0935
.3060 -0.4877 -0.2632 -0.7309 1.2488 -0.6014 0.7696 -1.3439 -1.1174 -0.6705 0.3964 -1.4299 1.2544
.2269 -0.4877 -1.7790 -0.8489 1.0138 -1.0219 1.1392 -0.8800 -1.3353 -0.2773 0.4162 -1.7269 1.1609
.8762 -0.4877 -1.7790 -0.8489 1.2015 -0.8134 1.1392 -0.8800 -1.3353 -0.2773 0.4411 -1.1245 1.3580
.2645 -0.4877 -1.7790 -0.8489 0.2594 -0.6794 1.1392 -0.8800 -1.3353 -0.2773 0.4106 -1.1510 0.7895
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D) TAEIRT e d i Principal Components Analysis

Boston Housing

o RITUEREEIEEHNI NPCA.

# spectral decomposition

eig = eigen((n1 - 1) * cov(x)/n1)

e = eig$values # eigenvalues

perc = e/sum(e) # explained variance

cum = cumsum(e)/sum(e) # cumulative explained percentages

evpc = data.frame(eigenvalues = e, percent = perc, cumpercent = cum)
round(evpc, digits = 4)

> round(evpc, digits = 4)
eigenvalues percent cumpercent

1 7.2852 0.5604 0.5604 | BE—ENDERE T S HZERI56%.

2 1.3517 0.1040 0.6644

3 1.1266 ©0.0867 0.7510 | FI=ERDINEEREEREFFET 75% A ZE.
4 0.7802 ©0.0600 0.8111

5 0.6359 0.0489 0.8600

6 0.5290 0.0407 0.9007 @ XEEFRZKIE, R 2 1, TMERDHETS T .
7 0.3397 0.0261 0.9268

8 0.2628 0.0202 0.9470

9 0.1936 0.0149 0.9619

10 0.1547 0.0119 0.9738

11 0.1405 0.0108 0.9846

12 0.1100 ©0.0085 0.9931

13 0.0900 0.0069 1.0000

!
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() FRAGXTF e R Principal Components Analysis

Boston Housing

o RITUEREEIEEHNI NPCA.
v = eig$vectors
round(v, digits = 4) # eigenvectors

> round(v, digits = 4) # eigenvectors

[,1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,91 [,1e1 [,11]1 [,12] [,13]

[1,] ©.3363 0.1933 0.1373 0.0459 0.1084 -0.0882 ©0.0861 0.2047 0.0154 -0.2098 0.3262 -0.2388 0.7430
[2,] -0.2371 -0.0251 ©0.4765 -0.0981 0.4405 0.5190 -0.3205 -0.1946 0.0851 -0.2847 0.0774 -0.0877 -0.0244
[3,] ©.3179 0.0352 -0.1738 0.0753 -0.0466 -0.2477 -0.1635 -0.7175 0.4110 -0.2527 ©0.1132 -0.0663 -0.0824
[4,] 0.3237 0.2057 -0.1677 -0.1356 0.1037 0.1222 -0.1289 -0.0560 -0.5291 -0.1539 0.3923 0.5251 -0.1669
[5,] -0.1891 0.6052 ©0.0819 0.0961 -0.2884 0.3207 ©.5312 -0.2899 -0.0475 -0.1109 -0.1150 0.0290 0.0350
[6,] ©0.2964 0.1338 -0.2778 -0.1141 0.0235 0.5206 ©.0298 0.2278 0.5005 0.3668 0.2521 -0.0748 -0.1599
[7,] -0.3060 -0.2498 0.2810 ©0.1206 -0.0558 -0.1563 ©.2993 -0.0452 0.2982 0.1296 0.5670 0.4502 0.0376
[8,] ©.2790 0.2457 0.3584 0.2227 ©0.2489 -0.2888 0.2165 0.3307 0.1270 -0.2297 -0.0102 -0.0967 -0.5511
[9,] 0.3006 0.1415 ©.3459 0.1959 0.2685 -0.0474 -0.0666 -0.2473 -0.0411 0.6317 -0.3017 0.2012 @.1778
[10,] 0.2102 -0.2294 0.1411 0.6836 -0.4683 ©0.3196 -0.2405 0.1023 -0.0565 -0.1361 -0.0158 ©0.0646 -0.0073
[11,] -0.1818 -0.0895 -0.4870 ©.5618 0.5757 0.0831 0.2277 -0.0606 -0.0827 -0.0349 0.0168 -0.0374 ©0.0495
[12,] ©0.2963 -0.3658 -0.0236 -0.2109 0.0963 ©0.1796 0.3610 0.0659 0.2089 -0.3542 -0.4397 0.4157 0.1481
[13,] -0.2729 0.4438 -0.1646 ©0.109 0.0181 -0.1465 -0.4272 ©.2746 0.3613 -0.1633 -0.1939 0.4360 0.1573




() FRAGXTF e R Principal Components Analysis

Boston Housing

o RITIN{FEEIESERI NPCA.
# principal components - projections of the individuals

Xxv = as.matrix(x) %*% v
round(head(xv), digits = 4)

> roundChead(xv), digits = 4)

[,1] [,2] [,3] [,4] [,5] [,0] [,7] [,8] [,91 [,1e] [,11]1 [,12] [,13]
1 -3.2125 -0.1160 -0.9491 -1.0005 -0.1491 0.06016 -0.2317 -0.1843 -1.1462 1.2367 -0.0798 0.3718 -0.2497
2 -1.9628 -0.6111 -1.2270 -0.4652 -0.6344 0.0433 0.4074 -0.2832 0.3274 0.5174 0.1874 -0.0152 -0.2738
3 -2.9835 0.7931 -1.0865 ©0.0342 -1.0445 -0.3756 ©0.0398 -0.4871 0.1210 0.3143 0.1144 ©.1485 -0.0939
4 -3.58960 0.4982 -0.4317 0.4026 -1.0863 -0.4097 0.2400 0.7798 -0.5793 0.4407 0.2567 ©.1180 -0.1727
5 -3.3252 0.5725 -0.4849 0.3214 -1.0216 -0.1905 ©.5156 0.9371 -0.2835 0.1764 ©0.0995 0.3595 0.1826
6 -3.0851 -0.2948 -0.5435 0.1239 -0.8193 -0.3126 ©0.2121 1.0052 -0.3861 0.5148 0.2363 0.1571 -0.2552

> round(corr, digits = 4) > round(as.matrix(cumr2), digits = 4)
# correlations of the first 3 PC's with the origit PC1 PC2 PC3 [,1]
corr = cor(x, xv)[, 1:3] crim 0.9076 0.2247 ©0.1457 crim 0.8955
Co|names(corr) = C('PC']" 'PCZ', 'PC3') zZn -0.6399 -0.0292 0.5058 Zn 0.066061
round(corr, digits = 4) indus 0.8580 0.0409 -0.1845 1ndus 0.7719
nox 0.8737 ©.2391 -0.1780 nox 0.8521
rm -0.5104 0.7037 0.0869 rm 0.7632
# proportions of variables explained by first 3 gge 0.7999 ©0.1556 -0.2949 age 0.7510
cumr2 = apply(corr®2, 1, sum) dis -0.8259 -0.2904 0.2982 dis 0.8554
round(as.matrix(cumr2), digits = 4) rad 0.7531 0.2857 0.3804 rad 0.7935
tax 0.8114 0.1645 0.3672 tax 0.8203
ptratio 0.5674 -0.2667 ©.1498 ptratio 0.4155
black -0.4906 -0.1041 -0.5170 black ©0.5188
lstat 0.7996 -0.4253 -0.0251 lstat 0.8209
medv -0.7366 ©0.5160 -0.1747 medv 0.8394
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Boston Housing

o RITUEREEIEEHNI NPCA.

x1 = as.matrix(x - matrix(mean(as.matrix(x)), nrow(x), ncol(x), byrow = T))
# projections of individuals into PCs

r1=x1%"%v

# correlation matrix of PCs and original variables

r = cor(cbind(r1, x))

round(r, digits = 2)

> round(r, digits = 2)

1 2 3 4 5 6 7 8 9 10 11 12 13 crim zn indus  nox rm age dis rad tax ptratio black lstat medv
1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.91 -0.64 0.86 0.87 -0.51 0.80 -0.83 0.75 0.81 0.57 -0.49 0.80 -0.74
2 0.00 1.00 0.00 0.00 0.00 ©0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.22 -0.03 0.04 0.24 0.70 0.16 -0.29 0.29 0.16 -0.27 -0.10 -0.43 0.52
3 0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.15 ©.51 -0.18 -0.18 0.09 -0.29 0.30 0.38 0.37 0.15 -0.52 -0.03 -0.17
4 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.04 -0.09 0.07 -0.12 0.08 -0.10 0.11 0.20 0.17 0.60 0.50 -0.19 0.10
5 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.09 @.35 -0.04 0.08 -0.23 0.02 -0.04 0.20 0.21 -0.37 0.46 0.08 0.01
6 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 ©0.00 -0.06 ©.38 -0.18 ©.09 0.23 0.38 -0.11 -0.21 -0.03 0.23 0.06 0.13 -0.11
7 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.05 -0.19 -0.10 -0.08 ©0.31 0.02 0.17 0.13 -0.04 -0.14 0.13 0.21 -0.25
8 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 ©0.00 0.10 -0.10 -0.37 -0.03 -0.15 0.12 -0.02 0.17 -0.13 0.05 -0.03 0.03 0.14
9 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.01 0.04 0.18 -0.23 -0.02 0.22 0.13 0.06 -0.02 -0.02 -0.04 0.09 0.16
10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 -0.08 -0.11 -0.10 -0.06 -0.04 ©0.14 0.05 -0.09 0.25 -0.05 -0.01 -0.14 -0.06
11 0.00 0.00 0.00 0.00 0.00 ©0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.12 ©.03 0.04 0.15 -0.04 0.09 0.21 0.00 -0.11 -0.01 0.01 -0.16 -0.07
12 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 -0.08 -0.03 -0.02 ©0.17 0.01 -0.02 0.15 -0.03 0.09 0.02 -0.01 0.14 0.14
13 0.00 0.00 0.00 0.00 0.00 ©0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.22 -0.01 -0.02 -0.05 0.01 -0.05 0.01 -0.17 0.05 0.00 0.01 0.04 0.05
crim 0.91 0.22 0.15 0.04 0.09 -0.06 0.05 ©0.10 0.01 -0.08 0.12 -0.08 ©0.22 1.00 -0.52 0.74 0.81 -0.32 0.70 -0.74 0.84 0.81 0.45 -0.48 0.62 -0.57
zn -0.64 -0.03 0.51 -0.09 0.35 0.38 -0.19 -0.10 0.04 -0.11 @.03 -0.03 -0.01 -0.52 1.00 -0.66 -0.57 ©.31 -0.53 ©0.59 -0.35 -0.31 -0.35 0.18 -0.45 0.36
indus 0.86 0.04 -0.18 0.07 -0.04 -0.18 -0.10 -0.37 0.18 -0.10 0.04 -0.02 -0.02 0.74 -0.66 1.00 0.75 -0.43 0.66 -0.73 0.58 0.66 0.45 -0.33 0.62 -0.55
nox 0.87 0.24 -0.18 -0.12 0.08 ©0.09 -0.08 -0.03 -0.23 -0.06 0.15 0.17 -0.05 0.81 -0.57 0.75 1.00 -0.32 0.78 -0.86 0.61 0.67 0.34 -0.38 0.61 -0.52
rm -0.51 0.70 0.09 0.08 -0.23 ©.23 0.31 -0.15 -0.02 -0.04 -0.04 0.01 0.01 -0.32 ©.31 -0.43 -0.32 1.00 -0.28 0.28 -0.21 -0.31 -0.32 0.13 -0.64 0.61
age 0.80 0.16 -0.29 -0.10 0.02 ©0.38 0.02 0.12 0.22 0.14 0.09 -0.02 -0.05 0.70 -0.53 0.66 0.78 -0.28 1.00 -0.80 0.47 0.54 0.38 -0.29 0.64 -0.48
dis -0.83 -0.29 0.30 0.11 -0.04 -0.11 0.17 -0.02 0.13 0.05 0.21 0.15 0.01 -0.74 ©.59 -0.73 -0.86 0.28 -0.80 1.00 -0.54 -0.60 -0.32 0.32 -0.56 0.41
rad 0.75 0.29 0.383 0.20 0.20 -0.21 0.13 0.17 0.06 -0.09 0.00 -0.03 -0.17 0.84 -0.35 0.58 0.61 -0.21 0.47 -0.54 1.00 0.82 0.40 -0.41 0.46 -0.43
tax 0.81 0.16 0.37 0.17 0.21 -0.03 -0.04 -0.13 -0.02 0.25 -0.11 0.09 0.05 0.81 -0.31 0.66 0.67 -0.31 0.54 -0.60 0.82 1.00 0.48 -0.43 0.53 -0.56
ptratio 0.57 -0.27 0.15 0.60 -0.37 ©0.23 -0.14 0.05 -0.02 -0.05 -0.01 0.02 ©.00 0.45 -0.35 0.45 0.34 -0.32 0.38 -0.32 0.40 0.48 1.00 -0.20 0.43 -0.51
black -0.49 -0.10 -0.52 0.50 0.46 ©0.06 0.13 -0.03 -0.04 -0.01 0.01 -0.01 .01 -0.48 ©0.18 -0.33 -0.38 0.13 -0.29 0.32 -0.41 -0.43 -0.20 1.00 -0.36 0.40
lstat 0.80 -0.43 -0.03 -0.19 0.08 0.13 0.21 0.03 0.09 -0.14 -0.16 0.14 0.04 0.62 -0.45 0.62 0.6l -0.64 0.64 -0.56 0.46 0.53 0.43 -0.36 1.00 -0.83
medv -0.74 0.52 -0.17 0.10 0.01 -0.11 -0.25 ©0.14 0.16 -0.06 -0.07 0.14 0.05 -0.57 ©.36 -0.55 -0.52 0.61 -0.48 0.41 -0.43 -0.56 -0.51 0.40 -0.83 1.00
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Boston Housing

o SRITUN{ERBEEIEEERY NPCA.

graphics.off()
par(mfrow = c(2, 2))
ucircle = cbind(cos((0:360)/180 * pi), sin((0:360)/180 * pi))
plot(ucircle, type ="I", Ity = "solid", col = "blue", xlab = "First PC", ylab = "Second PC",
main = "Boston Housing", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.6, lwd = 2, asp = 1)
abline(h =0, v=0)
label = c("X1", "X2", "X3", "X5", "X6", "X7", "X8", "X9", "X10", "X11", "X12", "X13", "X14")
text(corr[, 1], corr[, 2], label)

ucircle = cbind(cos((0:360)/180 * pi), sin((0:360)/180 * pi))

plot(ucircle, type ="I", Ity = "solid", col = "blue", xlab = "Third PC", ylab = "Second PC",
main = "Boston Housing", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.6, lwd = 2, asp = 1)

abline(h =0, v=0)

label = c("X1", "X2", "X3", "X5", "X6", "X7", "X8", "X9", "X10", "X11", "X12", "X13", "X14")

text(corr[, 3], corr[, 2], label)

ucircle = cbind(cos((0:360)/180 * pi), sin((0:360)/180 * pi))
plot(ucircle, type ="I", Ity = "solid", col = "blue", xlab = "First PC", ylab = "Third PC",

main = "Boston Housing", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.6, lwd = 2, asp = 1)
abline(h =0, v=0)
label = c("X1", "X2", "X3", "X5", "X6", "X7", "X8", "X9", "X10", "X11", "X12", "X13", "X14")
text(corr[, 1], corr[, 3], label)

Principal Components Analysis

rrrrrrr

rrrrrrr

plot(perc, xlab = 'PCs', ylab = 'Proportion of total variances explained by PCs', main = 'Scree Plot', pch = 16,

cex = 2, axes = FALSE, ylim = ¢(0, 0.6))
axis(1, at = 1:13)
axis(2, at = ¢(0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6))
abline(h=0, Ity=2)
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o SRR EIESER NPCA.

> WUNERIRRZE B £ A ERIEIA.

# price X[, 13] greater or less than average, 15 is >= average, 17 is < average, stored in h1
h =x[, 13]

h[h >= mean(h)] = 15 Firstvs. Second PC

h1 =h ° A

h1[h1 < mean(x[, 13])] = 17 1T . n k .

hr = h1 o] A*A,,,,:‘A‘%..:'“.“'E:"l'- ,,,,,,,,,,,,,
# mark more expensive houses with red square e | t“,,i“:i fe EFI R
hr[hr == 15] = "red" PR _—

# mark cheaper houses with black triangle

hr[hr == 17] = "black"

# correction for signs of eigenvectors T - - 0

XV =Xxv * (-1)

plot(xv[, 1], xv[, 2], pch = h1, col = hr, xlab = "PC1", ylab = "PC2", main = "First vs. Second PC",
cex.axis = 1.2, cex.lab = 1.2, cex.main = 1.6)



B IALRT e s Principal Components Analysis

o SRTW{EFEEIEEERY NPCA.

BRI T ERD S EEMERX.

> X,, < mean
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o SRTW{EFEEIEEERY NPCA.

> WUNERIRRZE B £ A ERIEIA.

# houses close to the Charles River are indicated with red squares
col = xt[, 4]

col[col == 1] = "red"

col[col == 0] = "black"

h2 = xt[, 4]

h2[h2 == 1] =15

h2[h2 == 0] = 17

graphics.off()

plot(xv[, 1], xv[, 2], pch = h2, col = col, xlab = "PC1", ylab = "PC2", main = "First vs. Second PC",
cex.axis = 1.2, cex.lab = 1.2, cex.main = 1.6)

abline(h=0, v=0, Ity=2, col = ‘cyan2')

First vs. Second PC
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o SRITUN{ERBEEIEEERY NPCA.

> X

First vs. Second PC
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CHINA UNIVERSITY OF PETROLEUM -BEDING AT KARAMAY

— o= _
79 REE/LT]
|_‘_| _— \Y V4
* Z[RT79RKEENTINEIEE.
rm(list = Is(all = TRUE)) # clear all variables
graphics.off()
setwd("~/Desktop/2025 Multivariate Statistical Analysis/R_Code/Data")
library(readr)

x = read_table("uscomp2.txt", col name = FALSE)

colnames(x) = c("Company", "A", "S", "MV", "P", "CF", "E", "Sector")
attach(x)

Sector = as.character(Sector)
Sector[1:2] ="H"
Sector[3:17] ="E"
Sector[18:34] = "F"
Sector[35:42] = "H"

Sector[43:52] = "M" > head(x) assets (X;) market value (X;) cash flow (X;)
# A tibble: 6 x 8
Sector[53:63] =" Company A S MV P CF E Sector
Sector[64:73] = "R" <chr> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl> <chr>
Sector[74:79] = "*" BellAtlantic 19788 9084 10636 1093. 2577. 79.4 Communication
detach(x) ContinentalTelecom 5074 2557 1892 240. 578. 21.9 Communication
AmericanElectricPower 13621 4848 4572 485 899. 23.4 Energy

head(x) BrooklynUnionGas 1117 1038 478 59.7 91.7 Energy

3.8
CentralIllinoisPublicService 1633 701 679 74.3 136. 2.8 Energy
ClevelandElectricIlluminating 5651 1254 2002 311. 408. 6.2 Energy

sales (X,) profits (X,) employees (X)
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> BIREEARNEEZ, BNEURRITIR AL,

# standardizes the data

X = as.matrix(x[, 2:7])

n = nrow(x) # number of rows

X = (x - matrix(apply(x, 2, mean), n, 6, byrow = T))/matrix(sqrt((n - 1) * apply(x, 2, var)/n), n, 6, byrow = T)
round(head(x), digits = 4)

1L

> roundChead(x), digits = 4)
A S MV P CF E

[1,] 1.5219 0.7041 ©.6558 1.1151 1.8164 0.6522
[2,] -0.0952 -0.2327 -0.1227 0.0380 0.1481 -0.2449
[3,] 0.8441 0.0961 ©0.1159 0.3475 0.4157 -0.2215
[4,] -0.5301 -0.4507 -0.2486 -0.189% -0.2582 -0.5273
[5,] -0.4734 -0.4991 -0.2307 -0.1712 -0.2213 -0.5429
[6,] -0.0318 -0.4197 -0.1129 0.1274 0.0058 -0.4899
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> ITRAFIHENX N AVFEEE.

# spectral decomposition

eig = eigen((n - 1) * cov(x)/n)
e = eig$values
round(as.matrix(e), digits = 3)
v = eig$vectors

round(v, digits = 3)

eigenvalues corresponding eigenvectors

> round(as.matrix(e), digits = 3) > round(v, digits = 3)

[,1] [,11 [,21 [[,31 [,4 [,51 [,6]
[1,] 5.039 [1,] -0.340 0.849 -0.339 -0.205 -0.077 0.006
[2,] 0.517 [2,] -0.423 0.170 ©.379 0.783 0.006 0.186
[3,] 0.359 [3,] -0.434 -0.190 -0.192 -0.071 0.844 -0.149
[4,] 0.050 [4,] -0.420 -0.364 -0.324 -0.156 -0.261 0.703
[5,]1 0.029 [5,] -0.428 -0.285 -0.267 0.121 -0.452 -0.667
[6,]1 0.007 [6,] -0.397 -0.010 ©.726 -0.548 -0.098 -0.065

T — S— T — B
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> HIR P ER D RIER R R

# principal components
X = as.matrix(x) %*% v
graphics.off()

Principal Components Analysis

plot(cbind(-x[, 1], -x[, 2]), type = "n", xlab = "PC 1", ylab = "PC 2", main = "First vs. Second PC",

cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.6)
text(cbind(-x[, 1], -x[, 2]), Sector)

First vs. Second PC

PC2

PC1

T
15
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SRR SE.

L\

>
First vs. Second PC

O,

m L BAMNA T EEESE IBM FE
O i M= . L
S O RIS (GE), BfIEEREIH
- ME M
o {8, SEMASHRTRE.
8 F
o
(\II —
H — Hi Tech and Communication
F E — Energy
7 F — Finance
M — Manufacturing
- R — Retail
' * — all other sectors
F

PC 1
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>
First vs. Second PC

d

] > round(v, digits = 3)
- ?Eﬁgh%ﬁﬁ R [,11 (21 [,3] [,4 [,5] [,6]
L R <:::> [1,] -0.340 ©0.849 -0.339 -0.205 -0.077 ©.006
3
F

we oy " [2,] -0.423 0.170 0.379 ©.783 0.006 0.186
N : [3,1(-0.434)-0.190 -0.192 -0.071 0.844 -0.149
T - * [4,] -0.420 -0.364 -0.324 -0.156 -0.261 0.703

[5,] -0.428 -0.285 -0.267 ©0.121 -0.452 -0.667
F [6,] -0.397 -0.010 ©.726 -0.548 -0.098 -0.065

H — Hi Tech and Communication

i ER—ENDH, TEMGNERK,
XH—T R T IXM R S BIFFIAIE.

R — Retail

PC 2

* — all other sectors

PC 1
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> ELE.

# scree plot

plot(e, xlab = "Index", ylab = "Lambda", main = "Eigenvalues of S", cex.lab = 1.2,
cex.axis = 1.2, cex.main = 1.6, pch = 16, cex = 1.5)

abline(h = 0, Ity = 2)

Eigenvalues of S

Lambda

Index
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> WRFIBMABEAHBIMNBIESEFRIIR, B

rm(list = Is(all = TRUE)) # clear all variables

graphics.off()

Principal Components Analysis

EMHBARNERIIBAZ.

setwd("~/Desktop/2023 _Applied Multivariate Statistical Analysis/R Codes with data/Data")

library(readr)

x = read_table("uscomp2.txt", col name = FALSE)

= rbind(x[1:37, ], x[39, ], x[41:79, ])
COInameS( ) — (llCompany" "A" IIS" llMV" "P" "CF" "E" "Sector")

attach(x)

Sector = as.character(Sector)

Sector[1:2] ="H"
Sector[3:17] ="E"

Sector[18:34] =
Sector[35:40] =
Sector[41:50] =
Sector[51:61] =
Sector[62:71] =
Sector[72:77] =

detach(x)

IIF"
"H"
"M"

nikn

" R"

win
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> LERTRY4FAHERI T N A IE R =

X = X[, 2:7]

n = nrow(x)

# standardizes the data

X = (x - matrix(apply(x, 2, mean), n, 6, byrow = T))/matrix(sqrt((n - 1) * apply(x, 2, var)/n), n, 6, byrow =T)
# spectral decomposition

eig = eigen((n - 1) * cov(x)/n)

e = eig$values

round(as.matrix(e), digits = 3)

v = eig$vectors

round(v, digits = 3)

eigenvalues corresponding eigenvectors

> round(as.matrix(e), digits = 3) > round(v, digits = 3)

[,1] [,11 [,21 [[,31 [,4 [,51 [,6]
[1,] 3.191 [1,] -0.263 ©0.408 0.800 0.067 -0.333 -0.099
[2,] 1.535 [2,] -0.438 0.407 -0.162 0.509 0.441 0.403
[3,]1 0.791 [3,] -0.500 ©0.003 ©0.035 -0.801 0.264 ©.190
[4,] 0.292 [4,] -0.331 -0.623 0.080 0.192 -0.426 0.526
[5,] 0.149 [5,] -0.443 -0.450 ©.123 0.238 0.335 -0.646
[6,] 0.041 [6,] -0.427 ©.277 -0.558 -0.021 -0.575 -0.313

T — e — e ——
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» EENSIHE (7 IBM FIEBRRS) ERD.

X = as.matrix(x) %*% v # principal components

plot(-x[, 1], X[, 2], xlim = c(-2, 8), ylim = ¢(-8, 8), type = "n", xlab = "PC 1", ylab = "PC 2", main = "First vs. Second PC")
text(-x[, 1], x[, 2], Sector)

abline(h =0, v =20, Ity = 2, col = 'orange")

First vs. Second PC

PC1
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» EAE.

# scree plot
plot(e, xlab = "Index", ylab = "Lambda", main = "Eigenvalues of S", pch = 16, cex = 1.5)
abline(h = 0, Ity = 2, col = 'orange')

Eigenvalues of S

Principal Components Analysis

3.0

Lambda

1.5 2.0 2.5
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[ J
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> YFIHESBRER ERIEEA.
rm(list = Is(all = TRUE)) # clear all variables
graphics.off()
setwd("~/Desktop/2023 Applied Multivariate Statistical Analysis/R Codes with da
library(readr)

x = read_table("uscomp2.txt", col name = FALSE)

x = rbind(x[1:37, ], x[39, ], X[41:79, ])

X =X[, 2:7]

n = nrow(x)

X = scale(x) # standardizes the data matrix

e = eigen((n - 1) * cov(x)/n) # calculates eigenvalues and eigenvectors
e1 = e$values

> round(evprop, digits =

SOVt A WN B

Principal Components Analysis

eigenvalues proportion cumprop

3.150 0.532 0.532
1.515 0.256 0.788
0.781 0.132 0.920
0.289 0.049 0.968
0.147 0.025 0.993
0.041 0.007 1.000
S —

T —

evprop = data.frame(eigenvalues = e1, proportion = e1/sum(e1), cumprop = cumsum(e1)/sum(e1))

round(evprop, digits = 3)
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» TE5FRDRIBXZRARZEL

r =X %*% e$vectors # principal components

r = cor(cbind(r, x)) # correlation between PCs and variables

r1 =r[7:12, 1:2] # correlation of the two most important PCs and variables

corpcx = data.frame(PC1 = r1][, 1], PC2 = r1[, 2], SquaredSum = r1[, 1]*2 + r1[, 2]*2)
rownames(corpcx) = c('X1', 'X2', 'X3', 'X4', 'X5', 'X6')

round(corpcx, digits = 2)

> round(corpcx, digits = 2)
PC1 PC2 SquaredSum

X1 -0.47 0.50 0.48
X2 -0.78 0.50 0.87
X3 -0.89 0.00 0.80
X4 -0.59 -0.77 0.95
X5 -0.79 -0.56 0.94
X6 -0.706 0.34 0.70

T — T——
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> RIRESSHIM T EMRDRIEKE.

ucircle = cbind(cos((0:360)/180 * pi), sin((0:360)/180 * pi))
plot(ucircle, type ="I", Ity = "solid", col = "blue", xlab = "First PC", ylab = "Second PC",
main = "U.S. Company Data", cex.lab = 1.2, cex.axis = 1.2, cex.main = 1.8, lwd =2, asp = 1)
abline(h =0, v=0)
label = c("X1", "X2", "X3", "X4", "X5", "X6") U.S. Company Data

text(-r1[, 1], r1[, 2], label, cex = 1.2) o
S X1 X2
X6
£

-1.0 -0.5 0.0 0.5 1.0
First PC
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79 REELTF
U.S. Company Data > r'ound(cor'pcx, d'l.gltS = 2)
o PC1 PC2 SquaredSum
X1 -0.47 0.50 0.48
X2 -0.78 0.50 0.87
5 x x2 X3 -0.89 0.00 0.80
X8 X4 -0.59 -0.77 0.95
, X5 -0.79 -0.56 0.94
£ S X6 -0.76 0.34 0.70
. assets (X)) profits (X,)
sales (X,) cash flow (X;)
2 | market value (X;) employees (X;)
> BERE—EINDE—MIMERN", ESFBEERASZEEMNIRNEZE=E
EHIREPS
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79 REELTF
U.S. Company Data > r'ound(cor'pcx, d'l.gltS = 2)
o PC1 PC2 SquaredSum
X1 -0.47 0.50 0.48
X2 -0.78 0.50 0.87
5 X3 -0.89 0.00 0.80
X6 X4 -0.59 -0.77 0.95
, X5 -0.79 -0.56 0.94
£ S X X6 -0.76 0.34 0.70
. assets (X)) profits (X,)
sales (X,) cash flow (X;)
2 market value (X;) employees (X;)
> BERNDHER T AN A (FE—SER 5 "Gr—HE BER), M
ETRENRE, XERMER.



