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Hypothesis Testing

# energy sector data

x = rbind(c(13621, 4848, 4572, 485, 898.9, 23.4), c(1117, 1038, 478, 59.7, 91.7, 3.8),
c(1633, 701, 679, 74.3, 135.9, 2.8), c(5651, 1254, 2002, 310.7, 407.9, 6.2),
c(5835, 4053, 1601, -93.8, 173.8, 10.8), c(3494, 1653, 1442, 160.9, 320.3, 6.4),

c(1257, 355, 181, 167.5, 304, 0.6), c(1743, 597, 717, 121.6, 172.4, 3.5),
c(1440, 1617, 639, 81.7, 126.4, 3.5), c(14045, 15636, 2754, 418, 1462, 27.3),

(
(
c(1654, 451, 779, 84.8, 130.4, 1.6), c(1679, 1354, 687, 93.8, 154.6, 4.6),
(
(
(

c(3010, 749, 1120, 146.3, 209.2, 3.4), c(3086, 1739, 1507, 202.7, 335.2, 4.9),

c(1995, 2662, 341, 34.7, 100.7, 2.3))
n1 <-dim(x)[1]; p <- 2
# mean vector for energy sector
(x_mean <- as.matrix(apply(x[, 1:2], 2, mean)))
# MLE/empirical variance matrix for energy sector
(S_1 =cov(x[, 1:2]) * (n1-1)/(n1))

> (S_1 = cov(x[, 1:2]) * (n1-1)/(nl))
[,1] [,2]

[1,] 16634749 12409637

[2,] 12409637 13747417

T— S

— c§)1 — (:

> (x_mean <- as.matrixCapply(x[, 1:2], 2, mean)))

[1,] 4084%;% — <4084.000>

2] 2580.467 X1 = 2580.467

T —— O—

16634749 12409637
12409637 13747417
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# manufacturing sector data

y = rbind(c(1093, 1679, 1070, 100.9, 164.5, 20.8), c(1128, 1516, 430, -47, 26.7, 13.2),
c(1804, 2564, 483, 70.5, 164.9, 26.6), c(4662, 4781, 2988, 28.7, 371.5, 66.2),
c(6307, 8199, 598, -771.5, -524.3, 57.5), c(2366, 3305, 1117, 131.2, 256.5, 25.2),
c(4084, 4346, 3023, 302.7, 521.7, 37.5), ¢c(10348, 5721, 1915, 223.6, 322.5, 49.5),
c(752, 2149, 101, 11.1, 15.2, 2.6), c(10528, 14992, 5377, 312.7, 710.7, 184.8))

n2 <- dim(y)[1]

# mean vector for manufacturing sector

(y_mean <- as.matrix(apply(y[, 1:2], 2, mean))) > (y_mean <- as.matrixCapply(Cy[, 1:2], 2, mean)))
,1

# MLE/empirical variance matrix for manufacturing sector [1,] 4357% _ 4307.2

(S_2 = cov(y[, 1:2]) * (n2-1)/(n2)) [2,] 4925.2 g 27\49252

> (S_2 = cov(y[, 1:2]) * (n2-1)/(n2))

[1,] 12247663 1142538 5, = (12247663 11425398
[2,] 11425398 15111585 11425398 15111585

| —— S

)



B TR (e d Hypothesis Testing
2% RIx
o {l: BREREZENTIFBIEE. XWFEEIRIT (group 1) FHliE\ (group 2), FKA1E
LEREZ (X)) FEE (X,) HE.

# Weighted S
(S<-(n1*S_1+n2*S _2)/(n1 + n2))

> (S <- ("l *S_1+n2*S_2)/ (nl + n2))
[,1] [,2]

[1,] 14879915 12015941

[2,] 12015941 14293085

T — T

1
— §= o (S +ny8,) = (

14879915 12015941
12015941 14293085
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> (05 HO - B =R 0 F é}iﬁi-l_%\‘

—p-1
pommntn=p-1) (% -%,) ! (% - %,) = 2.703567

P (”1 + n2)2

# F statistic

(F<-n1*n2*(nN1+n2-p-1)/(p*(n1+n2)"2) *t(x_mean - y_mean) %*% solve(S) %*% (x_mean - y_mean))

>(F<-nl*n2* M1l +n2-p-121)/(* (nl + n2)A2) * t(x_mean - y_mean) %*% solve(S) %*% (x_mean - y_mean))
[,1]
[1,] 2.703567

> HIRAY p B9 0.08915582.

# p-value
(pf(F, p, n1+n2-p-1, lower.tail = FALSE))

> (pf(F, p, nl+n2-p-1, lower.tail = FALSE))

[,1]
[1,] 0.08915582

R — e ——
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Hypothesis Testing

> 518 BEIKF a = 0.05 B, ENWRINRY p {E 0.08915582 > 0.05, FRlARe( 1=

> 2518 BEEKF a =0.10 B, ENRIEAY p 18 0.08915582 < 0.10, PrLAF(13ELE

> RIOHI p BN

# p-value
(pf(F, p, n1+n2-p-1, lower.tail = FALSE))

> (pf(F, p, nl+n2-p-1, lower.tail = FALSE))
[,1]
[1,] 0.08915582
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Hypothesis Testing

117\l (group 1) FOIEN (group 2), FA13E

X 8] 9

P (nl + n2)2

0; = Hy; — o € (3_61]' - )_C2j> == \

nin, (n1+n2—p— 1)

Fp, n1+n2—p—1(a) ) Sj' ’ j= 1,2

—761.5132 < py, — p, < 315.1132

—2872.3248 <y, — oy < — 1817.1418

# The 95% simultaneous confidence intervals for the differences
a<-sqgrt(((p*(n1+n2)*2)/ (n1*n2*(n1+n2-p-1))) *agf(0.05, p, n1+n2-p-1) * S[1, 1])
b <-sqrt(((p * (n1 +n2)*2)/(n1*n2*(n1+n2-p-1))) *qf(0.05, p, n1+n2-p-1) * S[2, 2])
X_mean - y_mean - matrix(c(a, b), nrow=2)

X_mean - y_mean + matrix(c(a, b), nrow=2)

> x_mean - y_mean - matrix(c(Ca, b), nrow=2)
[,1]

[1,] -761.5132

[2,] -2872.3248

—

> x_mean - y_mean + matrix(c(Ca, b), nrow=2)
[,1]

i, ] 315.1132

[2,] -1817.1418
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() (6 )
6 6

10 10
\10) \13)

> BATM N, (p;, 2)) BERDER, ER X =9, p =

library(MASS)

(mu_1=c(8, 6, 10, 10))

(mu_2 =c(6, 6, 10, 13))

(Sigma_1 = matrix(c(1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 1), nrow = 4, byrow = TRUE))
(n1 =30)

(n2 = 20)

(p=4)

> (X1 <- M\Ergﬁrm(nlt,zr]nu_l, Si[gr;t]l_l)) Lo > (X_2 <- mvrnorm(n2 , mu_2, Sigma_1))
X 1 < 1 1 S 1 [1,] 8.260837 6.671906 11.117292 10.256293 [,1] [,2] [,3] [,4]
( - mvrnorm(n , MuU_T1, sigma )) [2] 8.082771 5.759805 11.125805 10589469 [1,] 5.125250 6.226469 11.850497 14.13727
— — — [3,] 8.903574 7.753947 9.950393 9.518630 [2.] 6.738880 9.083297 11.280650 13.39498
[4,] 6.290549 6.790796 10.642292 8.479732 »d 0. : : :
X 2 < 2 2 S 1 [5,] 6.676542 6.368791 9.411594 10.158326 [3,] 5.815085 6.991109 9.844850 14.56964
- [6,] 6.745329 6.808953 9.964471 10.586075
( - mvrnorm(n , MU_<, oSlgma__ )) [6.] 6745579 6.0e953 9964471 19.506475 [4,] 5.612698 6.975234 9.827844 12.85726
[8,] 9.526924 4.332007 9.001943 12.631406 | S | [5,] 6.337115 6.875820 8.979938 13.71038
[9,] 9.166748 6.184875 10.331208 10.359070 [6,] 6.452551 4.538974 10.113856 13.20398
[10,]1 7.320884 4.913665 10.022148 10.532201
[11,] 8.114750 6.377355 9.318121 9.491029 [7,]1 7.419900 6.110562 10.117898 12.78523
[12,] 10.430525 5.422526 10.408451 10.025123 [8,] 5.932880 5.363696 7.989238 11.25792
[14.] 6.138845 8.108788 10.056912 9.857842 [9,] 6.464152 7.013614 9.372163 13.53824
[15,] 6.779966 4.125711 10.160490 9.419439 [10,] 5.519181 4.376781 10.078456 12.39057
[16,] 8.310867 5.059859 10.118258 8.426746
[17.] 8538501 7.096629 ©.581178 O.530868 [11,] 5.552706 8.868371 9.064187 11.12131
[18,] 8.185146 4.730059 9.449271 9.302461 [12,] 5.39339% 4.167856 7.862729 15.25098
[19,] 8.359620 6.255100 8.901019 9.877490
[20.] 9.065371 6.031014 8 605386 O.706008 [13,] 7.797070 6.994050 9.124206 12.92307
[21,] 9.141920 5.609571 11.689098 8.870538 [14,] 6.758487 5.706366 10.174298 11.41367
[22,] 8.830803 6.282785 9.994154 11.882147 [15,] 5.920911 6.661731 9.385993 14.06337
[23,] 7.424494 4.8300010 8.841714 10.437428
[24,] 10.089527 4.871879 9.720482 10.015031 [16,] 5.114027 6.988115 11.886501 14.75661
[25,] 7.179824 5.592972 9.533401 11.009305 [17,] 5.888629 5.518362 8.954602 14.00841
26,] 7.818662 6.225895 8.008966 8.784138
B L ones o eoe o oesess 5 seeras [18,] 8.222050 4.354827 10.535476 13.58807
[28,] 8.734859 6.179385 11.563029 9.541995 [19,] 5.732962 6.147791 9.681520 13.00775
29,7 8.356537 5.209258 10.678182 10.047856
ot IRl o ol A [20,] 6.940529 4.915214 10.067072 13.22897

D——— I ———
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Hypothesis Testing

() (6 )
A A \ 6 6
> @ZTI]M N4 (ﬂi ) 21> j:L/{/El\Tﬁ‘jﬁ\*izlga HrH Z'1 — j4, H = 10l Hy = 10l’ n = 30,
10 \13)
> ARSI ENT:
# sample mean vectors
mean_X1 <- apply(X_1, 2, mean)
round(mean_X1, digits = 3)
mean_X2 <- apply(X_ 2, 2, mean)
round(mean_X2, digits = 3)
> meanaX1 <- ;pl)plél(x_l, 2,3mean) ( 7978 \ ( 6237 \
> round(mean_X1, digits =
[1] 7.;78 5910 9,964 10?057 . x = 5.910 % — 6.194
. rouniCnean 2, gt < D L[ 99s3 [T T 9810
[1] 6.237 6.194 9.810 13.260 \10057) \13260)
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() (6 )
- BTN, (. 5) BERMER, B s =7, =0 | =[] n =30,
10 \13)
» ITEEERRITEUT:
# sample covariance matrix
S 1=cov(X_1)*(n1-1)/(n1)
round(S_1, digits = 3)
S_2 =cov(X_2) * (n2-1)/(n2)
round(S_2, digits = 3)
51 = covX_1) * (1-13/CrD) (1.311 —0.188 —0.046 0.023
T e o e o _[-0.188 0981 0053 —0.177
) 81158 o080 0% -0 103 17 1-0.046 0.053 0.897 0.017
(2] 002 0175 0.0y 0824 L 0.023 -0.177 0.017 0.824 )
iiginzéigfxaftégf%%’“f; (0711 —0.126 0.006 —0.179)
[1,] 0.711 -0.126 0.006 -0.179 —0.126 1.797 0276 —-0.178
[2,] -0.126 1.797 0.276 -0.178 ——> c§)2=
[2,] g.?gg g.izg ég;g ?igi 0.006 0276 1.078 0.222
o A e —0.179 —0.178 0.222 1.181

- —— —
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o Bl BUREAIF AR IERIEHE, ElutyERmAERFNERE.

() (6 )
- BTN, (. 5) BERMER, B s =7, =0 | =[] n =30,
10 \13)

B nlnz(n1+n2—p—1)

F= 2
p(n1+n2) > F

(%, —%,) 7' (%, —X,) = 36.55469

,1
# F statistic for testing H_0: mu_1 = mu_2 [1,] 36.5£46g
S<-(n1*S_1+n2*S_2)/(n1+ n2) ———
F<-n1*n2*(n1+n2-p-1)/(p*(n1+n2)"2) * t(mean_X1 - mean_X2) %*% solve(S) %*% (mean_X1 - mean_X2)
F

# p-value > pf(F, p, nl+n2-p-1, lower.tail = FALSE)

pf(F, p, n1+n2-p-1, lower.tail = FALSE) [1,] 1.3275@9(513,

Hypothesis Testing

| — —

> ZH1 BB Hy o opy = .

> AMEERSRKNNERETE T, NNAZEE RN R ZEFRIFE.



&) FR AR T LR s

& =/ CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

HRrix

Hypothesis Testing

o fl: BATNEATR RINEIERIER, ERRENT S EREFNERT.

() (6 )

> BATMN, (1, . Z) BEmMER, B s =7, u=| 0 . m=|2] n =30,

» WEENBEEN 95% NS EEXEN

10 10
10 \13)

p (”1 + ”2)2

0; = Hy; — My € <371j ~ 372]') + \

nin, (n1+n2—p— 1)

Fp, n1+n2—p—1(a) ’ Sj' s j= 1? 2’ 3’ 4

# The 95% simultaneous confidence intervals for the differences

al <-sgrt(((p * (n1 +n2)*2)/ (nN1 *n2*(n1 +n2-p-1))) * qf(0.05, p,
a2 <-sqgrt(((p * (n1 +n2)*2)/ (n1*n2* (n1 +n2 -p - 1))) * gf(0.05, p,
a3 <-sqgrt(((p * (n1 +n2)*2)/ (n1 *n2 *(n1 + n2-p-1))) * qf(0.05, p,

a4 < > mean_X1 - mean_X2 - matrix(c(Cal, a2, a3, a4), nrow=4) )5, ¢

meat [,1]
[1,] 1.47790823

mear [2,] -0.57504658
[3,] -0.09673054 -
[4,] -3.45360215

| — e ———

n1+n2-p-1) * S[1, 1])
n1+n2-p-1) * S[2, 2])
n1+n2-p-1) * S[3, 3])

> mean_X1 - mean_X2 + matrix(c(Cal, a2, a3, a4), nrow=4)

[,1]
[1,] 2.005228521
[2,] 0.007514841
[3,] 0.404935224
[4,] -2.952711955

T — S




G JAZRT g s Hypothesis Testing

25 ERix
o Gl NTHATRIBEIEIESEISI, EAITENNS EIEMhE S
(g) (6)
- BTN, (. 5) BERMER, B s =7, =0 | =[] n =30,
10 \13)
n, = 20.

» WEENBEEN 95% NS EEXEN

1.47790823 < &, = py; — pio; < 2.005228521
—0.57504658 < 8, = pi1, — pry, < 0.007514841
—0.09673054 < 8, = piy, — i, < 0.404935224
—3.45360215 < 8, = iy, — pip; < — 2.952711955

_/

BINT X, 5 X, B99EAE.
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HRrix

o f5ll: AN ReA 1 R
> Bl 1B SRR

D ¢/ CHINA UNIVERSITY OF PETROLEUM - BEING AT KARAMAY

IR EHERIEER, EALTSER TG ZEFEFERIE
RE N, (p; . 2,) IR TEEA, HE

Hypothesis Testing

S E L.

1 2, =16 X S 4, B{ERERITAZE.

# Simulate with different Sigma

Sigma_2 = matrix(c(16, 0, 0, 0, 0, 16, 0, 0, 0, 0, 16, 0, 0, 0, 0, 16), nrow = 4, byrow = TRUE)

Y 1 <-mvrnorm(n1, mu_1, Sigma_2); Y 1

Y 2 <-mvrnorm(n2 , mu_2, Sigma_2); Y_2

> Y_1 <-

(1,]

(2,]

(3,]

[4,]

(5,]

[6,]

(7,]

(8,]

[9,]
(10,]
(11,]
[12,]
[13,]
[14,]
[15,]
[16,]
(17,]
[18,]
[19,]
[20,]
(21,]
[22,]
[23,]
[24,]
[25,]
[2e6,]
(27,]
[28,]
[29,]
[30,1]

mvrnorm(
[,1]
8.3974618
2.5655640
11.6269392
2.9622076
4.4609419
9.0532925
13.8054527
18.6778096
10.9239779
0.9766640
0.8677006
4.9780011
4.8823786
7.4326080
5.6320427
13.1343026
-1.7694523
10.7978931
15.1951108
1.4278909
7.7636468
12.0895838
5.0028268
4.6203294
4.6732495
3.1829271
8.7853168
4.7488134
8.7762873
3.7925491

nl , mu_l, Sigma_2); Y_1

[,2]
5.6239717
6.4732461
4.7602155
7.9008808
3.7831869

13.3975639
0.6812262
3.7646728
9.1130861
5.8239364
8.3602153
5.4006436
6.1921179

11.4293103
9.1945914
6.7090997
4.0295208
8.7803181
7.2516345
8.2678676
3.4093564

13.6414836

10.0349296
4.3800721
6.5886095
6.8609971
6.3196780
0.6448099
3.3993835
9.3927687

- —

[,3] [,4]
11.0430480 9.1577758
6.8699196 6.4663611
15.9520012 9.3999412
14.0142753 11.1761885
11.6210735 19.1144205
9.9757708 ©.5685187
18.1700756 6.6383017
-0.4937562 5.8048799
13.3113333 8.6132512
4.6726798 9.4461028
4.3238356 7.3307191
7.4792162 8.8289769
8.2168797 8.7604994
15.8503835 4.6419381
11.5040166 8.9562280
8.6112216 10.5773574
8.7826784 7.8686858
10.4981390 6.78670@55
11.0498941 3.9106981
14.7626042 14.8588964
15.2820005 12.8585235
5.2765707 8.5743802
12.7990420 8.5908834
6.7605634 6.5961305
9.2502411 19.5157791
14.0103484 11.4241146
11.8560324 8.5628778
7.2487858 12.1769575
4.6385889 15.3355914
10.1319640 9.7514829

S—

> Y_2

[1,]
[2,]
[3,]
[4,]
[5,]
[6,]
[7,]
[8,]
[9,]
[10,]
[11,]
[12,]
[13,]
[14,]
[15,]
[16,]
[17,]
[18,]
[19,]
[20,]

0.

7.

8.
6.
3.
6.

6.
.8386859
4.

8.

, mu_2,

[,2]
6107765
3560186
7287525
1424701
4583453

.9093282

6054377
8132397
4085165
2295778
1565453
0616746
5300757
3752375
7640401

7240511
5282507
6198283
5506892

Sigma_2); Y_2

10.
6.
12.
9.
15.

12

9
12

4

[,3]
576171
843536
856401
719947
369491

.906593
7.

945354

.873295
.465166
13.

628226

.083274

8.
10.
13.
15.
14.
13.

5.

7.
16.

514730
217014
097941
251841
505072
412611
798741
148565
137652

<- mvrnorm(n2
[,1]
9.6880895
0.4286959 10.
6.5455939 10.
6.2194654 13.
-2.1446008
3.8734797 7
9.2947745 11.
14.0846093
12.5657412
1.1174743
9.9642556
8.9792592 11.
8.6532576 -1.
3.9539232 11.
5.6849686
4.3162601 2
6.1136579
8.7485605 14.
10.8835587 10.
1.4001456
T —

13.
13.
13.

14

12.

6.
11.
14.
16.
16.

12

14
11

[,4]
972106
946251
888709
.989641
045088
741463
337787
333612
791857
551058
.810890
. 796829
.143847
.357502
.642179
. 730159
.398367
.797023
.691502
.388991

E—
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Hypothesis Testing

> BATERELRA N, (i, , Z,) R TER, Hp 3, = 16 x 7, HEASREFRE.
> HEESEASITENT:

# sample mean vectors
mean_Y1 <- apply(Y_1, 2, mean)
round(mean_Y1, digits = 3)
mean_Y2 <- apply(Y_2, 2, mean)
round(mean_Y2, digits = 3)

> mean_Y1l <- apply(Y_1l, 2, mean)
> round(mean_Y1, digits = 3) ( 6.982 ) (6.519 )
[1] ©6.982 6.720 10.116 9.410 6.720 7 768
> mean_Y2 <- apply(Y_2, 2, mean) — Y1 =| .~ : '

S 10.116 11.018
> round(mean_Y2, digits = 3)
[1] 6.519 7.768 11.018 11.398 \ 9.410 \11.398)

T — e

]
[\®)
|




2% %R

o I DURBAIFI RGBS, EMINtIERT S ZRMFNERN.

> BBRERE N, (1, 2) OATHER, Hp 3 = 16x 7, HERDERETE.
> ITESHARGITEA T

Hypothesis Testing

# empirical covariance matrices
S 1=cov(Y_1)*(n1-1)/(n1)
round(S_1, digits = 3)

S 2=cov(Y_2)* (n2-1)/(n2)
round(S_2, digits = 3)

. vaunde 1. dgits 23 o (21919 —0.152 —0.031 —5.841)
; ’ [,31 [,4] — —

[1,] 21.[9g -0.[13 -@.021 -5.811 —— 05’1 — 0.152 9.641 0.737 4.341

[2,] -0.152 9.641 0.737 -4.341 —0.031 0.737 17.050 1.261
,] -0.031 .737 17.050 1.201

EZ% -2.221 -2.321 1.221 15.835 \—5.841 —4.341 1.261 15.835,

> S_2 = cov(Y_2) * (n2-1)/(n2)

> round(s-2, digits =3) (17.248 0354 —7.239 2.859

[1,] 17.248 0.354 -7.239 2.859 . ¢ _| 0354 16794 -4511 0.543
2, 0.354 16.794 -4.511 0.543 —

(571 71730 4911 11,421 -1.547 27 [-7239 —4511 11421 —1.547

[4,] 2.859 ©.543 -1.547 18.163 \ 2.859 0.543 —1.547 18.163)

— T




(f\ )fLﬂ / X F (e A )i X

o {l: LATFEAIFIFEINEUESRIEE, ERIIERN S EEFNEEN.
> BATEREDRE N, (1, . ) IR NMER, HAP 2, =16 x 7, HEODEREFALZE.

-l

nn, (n1 +n,—p— 1)

p(n1+n2)2 .

F =

(¥, -¥,) S~ (3, —7,) = 1.226174

,1
# F statistic for testing H 0: mu_1=mu_2 [1,] 1,22(5171
S<-N1*S 1+n2*S 2)/(n1+n2)

F<-n1*n2*(n1+n2-p-1)/(p*(n1+n2)"2) *t(mean_Y1 - mean_Y2) %*% solve(S) %*% (mean_Y1 - mean_Y2)
F

# p-value

B

> pf(F, p, nl+n2-p-1, lower.tail = FALSE)
pf(F, p, n1+n2-p-1, lower.tail = FALSE) [,1]

ERSITY OF PETROLEUM -BELING AT KARAMAY HypOtheSiS TeSting

[1,] 0.3131732

T — e ———

> 2510 RS HO - K = I

> HERBAERNITERNE XMIEENES.



(@) IABERF g s Hypothesis Testing
\ | - \)-L
5 s 54k
. AWA \ [ W AN I— I— - E
o il A IRIEBRMDFEY Y ER=.
rm(list = Is(all = TRUE))
library(mclust)
data(banknote)
banknote genuine = subset(banknote, Status == 'genuine')[, 2:7]
banknote counterfeit = subset(banknote, Status == 'counterfeit')[, 2:7]
~ Vodas hJ = .
> TTEERGITEUT:
# sample statistics
mean_g <- apply(banknote _genuine, 2, mean)
round(mean_g, digits = 2)
mean_f <- apply(banknote counterfeit, 2, mean)
round(mean_f, digits = 2)
(214.97) (214.82)
> round(mean_g, digits = 2)
Length Left Right  Bottom Top Diagonal 12994 13030
214.97 129.94 129.72 8.30  10.17 141.52 . 129.72 . 130.19
> round(mean_f, digits = 2) X ) xf =
Length Left Right  Bottom Top Diagonal 8 830 1053
214.82 130.30 130.19  10.53  11.13  139.45
10.17 11.13
\141.52) 1139.45,




() AERT G s Hypothesis Testing
\ :\)-L
2% | F %
. AN AS \ - AN I— I— - E
o i BARIEWRNPFAEE Y EDE.
» TTEEFEARSFIT=UT:
# sample statistics
Sigma_g <- (n_g - 1) * cov(banknote_genuine)/n_g
round(Sigma_g, digits = 4)
Sigma_f <- (n_f - 1) * cov(banknote counterfeit) / n_f
round(Sigma_f, digits = 4)
. . (0.1487 0.0574 0.0567 0.0566 0.0143  0.0054 )
> round(Sigma_g, digits = 4)
Length ©.1487 ©.0574 0.0567 0.0566 0.0143 0.0054 . 0.0567 0.0850 0.1250 0.0576 0.0303 —=0.0235
Left 0.0574 ©0.1313 0.0850 0.0561 0.0486 -0.0426 =
Right  0.0567 0.0850 0.1250 ©.0576 0.0303 -0.0235 ’ 0.0566  0.0561  0.0576  0.4091 ~ —0.2608 —0.0002
Bottom 0.0566 0.0561 0.0576 0.4091 -0.2608 -0.0002 0.0143 0.0486 0.0303 -0.2608 0.4170 -0.0746
Top 0.0143 0.0486 0.0303 -0.2608 0.4170 -0.0746 |0.0054 —0.0426 —0.0235 —0.0002 —0.0746 0.1978 |
Diagonal ©.0054 -0.0426 -0.0235 -0.0002 -0.0746 ©.1978
> round(Sigma_f, digits = 4)
Length Left Right Bottom Top Diagonal ( 0.1228 0.0312 0.0238 —0.0996 0.0192 0.0114 )
Length  ©0.1228 0.0312 0.0238 -0.0996 ©0.0192 0.0114 _ _ _
Left 0.0312 ©0.0644 0.0463 -0.0238 -0.0118 -0.0050 0.0312 0.0644  0.0463 0.0238 0.0113 0.0050
Right ~ 0.0238 0.0463 0.0881 -0.0184 0.0001 0.0339 __. ¢ _ [ 00238 0.0463  0.0881 —0.0184 0.0001  0.0339
Bottom -0.0996 -0.0238 -0.0184 1.2685 -0.4853 0.2361 f —0.0996 —-0.0238 —-0.0184 1.2685 —0.4853 0.2361
Top 0.0192 -0.0118 0.0001 -0.4853 0.4004 -0.0219 _ _ _
Diagonal 0.0114 -0.0050 ©.0339 0.2361 -0.0219 0.3081 0.0192 0.0118 - 0.0001 0.4853 04004 0.0219
\ 0.0114 —-0.0050 0.0339 0.2361 -0.0219 0.3081 )
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2%

HRrix

o fl: FAIREEBRMVDF BT RIYER=E.

> FuEY HO - B = M N F 43it=/ F =391.9217

Hypothesis Testing

> F
[,1]

# F statistic for testing H 0: mu_1=mu_2

S <-(n_g*Sigma_g+n_f*Sigma f)/(n_g+n_f)
F<-ng*n f*(ng+nf-p-1)/(p*(n_g+n_H*2)*t(mean_g- mean_f) %*% solve(S) %*% (mean_g - mean_f)

F
# p-value
pf(F, p, n.g+n_f-p-1,lower.tail = FALSE)

[1,] 391.9217
——_‘

> # p-value

> pf(F, p, h_.g + n_f - p - 1, lower.tail = FALSE)

[1,] 3.378887e-105

> 1 B Hy o opy = p,.

[,1]

T —




&) TARS e e Hypothesis Testing

o fl: BAVPRIEBRMDMED Y ERE.
> BEES =p,;—py; (j=1,2,...,6) WEEEN 95% WEBEEREXEN

2
p(ng+nf)
O0: = Uy; — ln; X:—X; | £ F a) - S =1,2,3,4,5,6
J /’tlj /’tZJE ( 1j 2]> 1 D, ng+nf—p—1( ) jj J g Ly Dy Ty Jy
\ngnf Ng+ne—p—

> mean_g - mean_f - matrix(cCal, a2, a3, a4, a5, a6), nrow=6) > mean_g - mean_f + matrix(cCal, a2, a3, a4, a5, a6), nrow=6)

[,1] [,1]
[1,] 0.0783729 [1,] 0.2136271
[2,] -0.4144075 [2,] -0.2995925
[3,1 -0.5329059 [3,] -0.4130941
[4,] -2.3931004 [4,] -2.0568996
[5,] -1.0823388 [5,] -0.8476612
[6,] 1.9746866 [6,] 2.1593134

— P T — T

# The 95% simultaneous confidence intervals for the differences

al<-sgrt(((p*(n.g+n H*2)/(ng*n f*(ng+n f-p-1)))*qgf(0.05 p,n g+n f-p-1)*I[1, 1])
a2<-sgrt(((p*(n.g+n H*2)/(ng*n f*(ng+n f-p-1)))*qgf(0.05 p,n g+n f-p-1)*3[2, 2])
a3 <-sgrt(((p*(n.g+n H2)/(ng*n f*(n.g+n f-p-1)))*agf(0.05p,ng+n f-p-1)*[3, 3]
ad <-sgrt(((p*(n.g+n H*2)/(ng*n f*(ng+n f-p-1)))*qgf(0.05 p,n g+n f-p-1)*S[4,4])
ad <-sgrt(((p * (n_g+n_H*2)/ (n (ng+n f-p-1)))*qgf(0.05 p,n g+n f-p-1)* G5, 5)])
a6 <-sgrt(((p*(n.g+n H*2)/(ng*n f*(ng+n f-p-1))) *qgf(0.05 p,n g+n f-p-1)*J[6, 6])
mean_g - mean_f - matrix(c(a1, a2, a3, a4, a5, a6), nrow=6)

g*n f*

mean_g - mean_f + matrix(c(a1, a2, a3, a4, a5, a6), nrow=06)




() AERT G s Hypothesis Testing
2% %1z

o i FARIER DI EE I ERE.

> BEES =p,;—py; (j=1,2,...,6) WEEEN 95% WEBEEREXEN

2
p (ng + I’lf)

\ngnf<ng+nf—p— 1)

5= 1y, — oy € (xlj—xzj) + Fo ampt(@ 55+ j=1,2,3,4,5,6

0.0783729 < 5,  <0.2136271
—04144075< 5, < —0.2995925
~0.5329059 < 5, < —0.4130941
—23931004 < 5, < —2.0568996
~1.0823388 < &, < —0.8476612
1.9746866 < 5 <2.1593134

» FIEDENYESHRIIE T EFENESR. RANEENZE X, (lower border) 5 X (diagonal).
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D) ARG GEd i Hypothesis Testing

2% %R

HINERE 9: (ths £ MG AR)IRX, ~N, (m,, %), i=1,2, ...m, h=1,2, . k=Z

8 E RSB .
Hy: 5=%5=-=5 — H: B4K

n

N, (1 > %) e XX n Xy Fomd = Z (%1 = %) (xil—fl)T ~ W, (Z,m—1)
=1
: )

Np<ﬂ2’22) Sa_pl>gX12a X500 oon Xy 0 '_>”2°S)2=2(xi2_f2) (xi2_f2)T ~ Wp(ZZ’HQ_l)
=1

: WEEMT .

mplin kL

N, (> %) S X e X SN, '_>nk&k=2(xik_fk) (xik—fk)T ~ W, (%, m—1)
=1

s W H 5 =5, = =5 A S HN, #i1E

. n=n;+n,+ - +m
Znhofh ~ WP(Z, 14—’
h=1
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D) ARG GEd i Hypothesis Testing

2% %R

HINERE 9: (ths £ MG AR)IRX, ~N, (m,, %), i=1,2, ...m, h=1,2, . k=Z

H8 EIRSIARE L .
Hy: 5=%5==% — H: F4R

v B S, BT R S

S ==

n —
W= h n1+n2+~--+nk

> PARLENINFEIA T ST =

k

—2log A =nlog ‘CS" — Znhlog ‘cS’h‘
h=1

|
Ny < m=—(k-1Dp(p+1)

k .
—2log A =nlog ‘S‘ — Znhlog ‘&h‘ Approfnarely )(,31/

h=1
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2% %R
o fll: FAPREEBINDM B D BURAVN S ZEFERE.

> '*ﬁizkﬁiJEib . 12%3 — 2;% ’ §321T];F§-

# likelihood ratio statistic
LR _statistic <- log(det(S)) * (n_g + n_f) - (log(det(Sigma_g)) * n_g + log(det(Sigma_f)) * n_f)

LR_statistic

> LR_statistic

[1] 127.2149 —> —2logA =127.2149
# p-value
k<-2

m<-0.5* (k-1) * p * (p+1)
pchisq(LR _statistic, m, lower.tail = FALSE)

> pchisq(LR_statistic, m, lower.tail = FALSE) —17
[1] 3.338319e-17 —> p1{H =3.338319 x 10
T — —

> éﬁgﬁtEi:'TEiéigl.liQ) . ‘Z;g :::‘Z%F'
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D) ARG GEd i Hypothesis Testing

2% %R

WIGEER 10: (s £EMEFEM, AMHAEH T, ANGMEQEG L)
BIZX,  ~N, (1, %), i=12 .un, Xy~ N, (1, 2). j=1,2, ..., ny,
EEE I AIBEN =
Hy: py=p, <— H;: AR

> 18O =pu —p, BB

_ 2 2
X —X,~N {0, —+—
1 2 p n n,

> >\
— (7 —fz)T <n—11 +n—§> (%) = %) ~ 12

» AR S =N 3ETE, i=1,2, &(1B

§ S\ !
(%, —fz)T <_1 "‘_2) (%, —%,) = P
ny ny
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D) ARG GEd i Hypothesis Testing

2% %R

WIGEER 10: (s £EMEFEM, AMHAEH T, ANGMEQEG L)
BIZX,  ~N, (1, %), i=12 .un, Xy~ N, (1, 2). j=1,2, ..., ny,
EEE I AIBEN =
Hy: py=p, <— H;: AR

> BEKFRa B, Hy: opy=p, KIBEER /» + a S

S S\
(fl_fz)T <_1+_2) (%, —%,) > (@)
n n,

> Si=p i j=12, .., pNEREN 1 - a NBKEEEXERN

\ ny ny /

S B, J) TR S, B (j, j) TTR




B P R G Hypothesis Testing

& =/ CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

2% % (I
o {l: BN LMK EBRH Y E LA ZIER (n, 7 n, MEHAX).

> WFHy: Z,=3, Bl1A

# test statistic

mean_g <- as.matrix(mean_q)

mean_f <- as.matrix(mean_f)

TS <- t(mean_g - mean_f) %*% solve((1/n_g) * Sigma_g + (1/n_f) * Sigma_f) %*% (mean_g - mean_f)
TS

> TS
[,1]
[1,] 2436.819

R

# p-value
pchisq(TS, p, lower.tail = FALSE)

> pchisq(TS, p, lower.tail = FALSE)
[,1]
[1,] 0

R — ——

> Ee BB H: X, =X




(@) $RAERT LR e Hypothesis Testing
oA |5 ah
o Al HATH LRGN DRI B YRI5 ZIEFE (n, ¥ n, R EEK).

> BEEEN 95% HEXEEEXIERN

# The 95% simultaneous confidence intervals
a <- array(0, dim = p)
for (jin 1:p) {
a[j] <- sqgrt(qchisq(0.05, p, lower.tail = FALSE) * (Sigma_glj, j]/ n_g + Sigma_f[j, j]/ n_f))
}
a <- as.matrix(a)
Lower <- mean_g - mean_f-a
Upper <- mean_g - mean_f + a
SCI <- data.frame(Lower = Lower, Upper = Upper)
SCI

~0.0389 < &, = p, | — pr 1 < 0.3309

> round(SCI, digits = 4)

Lower  Upper —0.5140 < 52 — //lg y //lf o) < —0.2000
Length  -0.0389 0.3309 = =
Left  -0.5140 -0.2000 —0.6368 < 03 = pt, 3 — pp 3 < —0.3092 mAES
Right  -0.6368 -0.3092 —> _/
Bottom  -2.6846 -1.7654 —2.68460 < 6y = py 4 — ppy < — 1.7654
Top -1.2858 -0.6442
Diagonal 1.8146 2.3194 —1.2858 < 85 = p, 5 — pp 5 < — 0.6442

I —————




@) IABERT Hypothesis Testing
2RI
o IPERDOMT (Profile Analysis)
> [ERUREIHEA, HENNEAHEHTEENN (HEFREZIFHE THITHE
EIZRERNE), BREEXNREEHAHITICRA.

Lmh

x<-¢(0,1,2,3,4,5,6)

y1<-c(4.5,4.0,3.2, 2.8, 3.0, 3.8, 4.4)

y2 <-¢(3.0, 2.6,2.4, 2.3, 2.5, 3.0, 3.1)

plot(c(0, 5), c(0, 5), type = 'n', axes = FALSE, xlab = 'Treatment’, ylab = 'Mean',
main = 'Population Profiles', asp = 1)

abline(h =0, v=0)

lines(x, y1, Ity =1, Iwd = 2, col = 'blue')

Population Profiles

lines(x, y2, Ity =1, lwd = 2, col = 'red')
axis(1, pos = 0)

axis(2, pos = 0) o -
for (i in 1:7) lines(c(x[i], x[i]), c(0, y1[i]), Ity = 2) E

Treatment
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® E/t\,}éﬁéj\dﬁ (Profile Analysis)

Hypothesis Testing

EEIETNE i -

» X5WM MM ER=RIEERE
X, ~N,(p,Z2) .
XiZNNp (ﬂz ) Z) )

> FAIRORo)FE

Population Profiles

, FREZ=MHEMI -

eeeeeeeee

v MNETHARESR, XEREEEEM? (XiRRarloH BT E(ER)
v UREEZEFTH, EfIRELTHERERIKE?
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&) FR AR T LR s

& o ¢/ CHINA UNIVERSITY OF PETROLEUM - BEING AT KARAMAY

2%

HRrix

® Eﬁf?ﬁﬁd‘ﬁ' (Profile Analysis)

> A7

(1

L0

v BRRREEIRN H : E (i — ) =0

(

\(/’tp—l 1 _Mp—l 2> o <Mp 1 _/’tp 2>)

Hypothesis Testing

(/41 1~ M 2) - (ﬂm‘ﬂzz) \

(/421_#22) - (/431—/432)

(p—DXp

y3<-y1+1.5

plot(c(1, 5), c(0, 5), type = 'n', axes = FALSE, xlab = 'Treatment’, ylab = ‘Mean', main = 'Population Profiles')

abline(h=0, v=1)
lines(x, y1, Ity=2, lwd=3)
lines(x, y3, Ity=1, Iwd=3, col = 'red")

for (i in 1:5) lines(c(x[i], x[i]), c(y1[i], y3][i]), col = 'green4', lty=3)

axis(1, pos = 0)

axis(2, pos = 1)

Population Profiles
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) AR KT e s Hypothesis Testing

2% %R

® E/t\,}_éﬁﬁj\*ﬁ' (Profile Analysis)

( B B B \
> ZZ?E— (ﬂll ﬂ12) (ﬂzl Mzz) (0)
(ﬂzl—ﬂzz)—<ﬂ31—ﬂ32) 0
(1 -1 0 - 0 0) ; =1 .
z_|0 1 —:1 0 0 \(Plp_ll_ﬂp_m)_(Mpl_ﬂpz)) L0

0o 0 0 - 1 -1

(p—Dxp
v BIEIANRIRN H . € (0 —p,y) =0 1
$ = (”151"‘”252)
v MNANIGOE 8 LR, 1B SRR
B —1 ruc
2 = (ny +ny = 2) [% (%, —fz)] (fg&ng) T (X, %) '~ 2
(nl + l’lz)

v 1Bzl

nyn, (”1 + Ny —p)

(n + 1) (p = 1)

—1
(6%)" (65") GX>F, i 1)@



B bk Gk s Hypothesis Testing

& >~/ CHINAUNIVERSITY OF PETROLEUM -BELING AT KARAMAY

A MERS

® E/t\,}éﬁﬁj\d:ﬁ' (Profile Analysis)

= M1 =M1 Hy1 =Moo s By = My o

> FMERIKT (= p2) + (21 = pa ) + =+ (1= 11,2) =0

v OEABRE LT MLEITT (1552 H)Y) A EREX

vV RTKEEREPIRIR S

H®: 1 (g —py) =0\“]/<1 1

(M11—/412\
Ho1— Hy2

plot(c(1, 5), c(0, 5), type ='n', axes = FALSE, xlab = "Treatment', ylab = 'Mean', main = 'Population Profiles')
abline(h=0, v=1)

lines(x, y3, Ity=1, Iwd=3, col = 'red")

lines(x, y3-0.01, Ity=2, Iwd=3, col = 'blgck’

axis(1, pos = 0) 1

axis(2, pos = 1)




@) 1AS Gegys Hypothesis Testing

AMBR

® E/t\,}éﬁéj\dﬁ (Profile Analysis)

B 54 ZR X ~N, (u, Z) H—MEMTIHR Y =6X, HP G, HRE g <p. NR
x5 §y DRARARYEQDESHEARDHEERE, WE
y=%xX~N, (%p, l%z@)
n

nSy=n€ Sy €T ~ W, (%Z%T, n— 1)

> P TERIRYIKF - 1(@5-6w) (65,87 (BF-6u) ~ T2, ,

/ ZETBREEFNEEET (152 HO) HAEEX

vV RTKEEREPIRIR S

v AN
_|_
1, (%1 -%) ~ N, <1§ (11— 1) hT 1gz1p>
nin,
(m + nz) 1;21]9 ~ W, (1;211) , 1y + Ny — 2)
17 (% -5)|
nin, [ » (X =X, ]
(”1 n n2)2 <n1 +n, — 2) 1117 ~ le, a2 = F1 nin,—2



@) 1AS Gegys Hypothesis Testing

® E }_TZ \7|:ﬁ' (Profile Analysis)
> FMEEHKE

v ZEBRESRTRETT (S ) R BEEX

0

vV RTKEEREPIRIR S

HE s 1Ly —ps) = 0

v B8R

) £ a 71l
nyn, (nl +n, — 2) llg (fl - fZ)] /

> F H(a)
2 1, nj+n,—2
(l’ll + n2) lgc‘sjlg e




:_x*“"m “'"’%_ - S 2 o Lo . .
) LIRS e Hypothesis Testing

A MERS

® E/t\,}éﬁﬁj\d:ﬁ' (Profile Analysis)

> ZH[B)RAN

¢ BHD S HOHBEES, N, BIITURERHEATES0EERRA N

N, BI, MTEEBESIIAKFESE. XAIURTA

0

(1 =1 0 - 0 0 2u1) (o) (=t (0)
(,) 1 _.1 () () 2/4.21 _ () . ﬂ21jﬂ31 _ O

0 0 O 1 —1)(p_1)xp \2/4[)1) oy Hp-117Hp1) 0

Population Profiles

y4 <-rep(2.5, 5)

plot(c(1, 5), c(0, 5), type ='n', axes = FALSE, xlab = '"Treatment’, ylab = 'Mean', main = 'Population Profiles')
abline(h=0, v=1)

lines(x, y4, Ity=1, lwd=3, col = 'red')

lines(x, y4-0.01, lty=2, lwd=3, col = 'black")

axis(1, pos = 0)

axis(2, pos = 1)




G JAZRT g s Hypothesis Testing
\ : \ )-L
25 [ E 1%

® E/t\,}éﬁéj\dﬁ (Profile Analysis)

>  ZH[B)

v &HHV5H?HEES, W, FITUMARERESHESRIGIA R
N, BI, MTEEBESIIAKFESE. XAIURTA

Hé?’) . © (ﬂl +ﬂ2) =0

|

‘/ % E\_zigie}_‘?l—z f

X = : X ~ Np
ny + n-

P+ iy 1 5
ny + n» ’ ny + n»

1E Hy) 52{3 HNER 7 <”1ﬂ1+”2ﬂ2> _ 0

n1+n2

T B S H NER
— I’ll + I’l2 %f ~ Np (0 ) %Z%T)



B P R G Hypothesis Testing

& =/ CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

AMBR

30 5.4 B X ~ N, (1, Z) — MR ¥ = 6X, HF 6, BE g <p. R

A = _ _ x5 §y DRARARYEQDESHEARDHEERE, WE
® Eb}éﬁﬁ*ﬁ' (Profile Analysis) *

1
y=%x~N\, (‘gﬂ, ;%2%T>

nSy=n€ Sy €T ~ W, (%Z%T, n— 1)

> ZH[BR N (- 1(@2-F) (G5, (Bx-Bw) ~ 12,

v &HHV5H?HEES, W, FITUMARERESHESRIGIA R
N, BI, MTEEBESIIAKFESE. XAIURTA

Hé?’) . © (ﬂl +ﬂ2) =0

p—1, ni+n,—p

(m+n,-2) (€%)" (5%") &% ~ 12
) a4h3E 4 ek
v Hp BB t a 9
nl + n2 _p (
p—1

-1
&%) (65E") GX>Fy 0@

T B S H NER
== I’ll + I’l2 %f ~ Np (0 ) %Z%T)



@) 1AT gy Hypothesis Testing

Boston B EZN3E

library(MASS)
str(Boston)
506 VLR 14 NI E

> str(Boston)

"data.frame': 506 obs. of 14 variables:

$ crim  : num 0.00632 0.02731 0.02729 0.03237 0.06905 ...

$ zn :hum 18 200 0 0 12.5 12.5 12.5 12.5 ...

$ indus : num 2.31 7.07 7.07 2.18 2.18 2.18 7.87 7.87 7.87 7.87 ...
$chas :int 0000000000 ...

$ nox : num ©.538 0.469 0.469 0.458 0.458 0.458 0.524 0.524 0.524 0.524 ...
$ rm : num 6.58 6.42 7.18 7 7.15 ...

$ age : num 65.2 78.9 61.1 45.8 54.2 58.7 66.6 96.1 100 85.9 ...
$ dis : num 4.09 4.97 4.97 6.06 6.06 ...

$ rad :1nt 1223335555 ...

$ tax : num 296 242 242 222 222 222 311 311 311 311 ...

$ ptratio: num 15.3 17.8 17.8 18.7 18.7 18.7 15.2 15.2 15.2 15.2 ...
$ black : num 397 397 393 395 397 ...

$ 1stat : num 4.98 9.14 4.03 2.94 5.33 ...

$ medv : num 24 21.6 34.7 33.4 36.2 28.7 22.9 27.1 16.5 18.9 ...




:_x*‘““““""’;a - S 2 ST ks . .
) LIRS e Hypothesis Testing

Boston [5Z &1 ¥z X, - BEREM IR (AL 1000E5T)
K
head(Boston) \
X, : Charles 5d] (1 #8581, 0 AHEHTE)

B MEERYEEE

X6
%-WﬁiﬁﬂAMM¢GWMWE%
X,y B—HETH SRR

> head(Boston) ////////7

crim zn indus chas  nox rm age dis rad tax ptratio black lstat medv

K///////f’1_5760632 18 2.31 @ 0.538 6.575 65.2 4.0900 1 296 15.3 396.90 4.98 24.0

2 0.02731 @ 7.07 0 0.469 6.421 78.9 4.9671 2 242 17.8 396.90 9.14 21.6

X, ANPBIEFEER 3 0.02729 0 7.07 0 0.469 7.185 61.1 4.9671 2 242 17.8 392.83 4.03 34.7
4 0.03237 0 2.18 @ 0.458 6.998 45.8 6.0622 3 222 18.7 394.63 2.94 33.4

50.00905 0 2.18 @ 0.458 7.147 54.2 6.0622 3 222 18.7 396.90 5.33 36.2

6 0.02985 0 2.18 0 0.458 6.430 58 7 6.0622 ? 222 18.7 394.12 5.21 28.7

. 19404 ¥ BIEER B R HILL I . 1000 (B - 0.63)”1(B < 0.63)
X, : SEETIRE R BRI AT A MR Heh BEHF%?%EIAE’JH:{?I

. IRBREAONE D

X, : AMERBUEE FHAAOLL )
X, : RS SO
Xy —EHTRE - =L



@) 1AT gy Hypothesis Testing

Boston B EZN3E
° FREZHT=HEMBANIR, BAEMNZEES, FRAEIT T A TSH®:

YI = log (Xl) Yg = log (Xg)
Yz _ i(—é Yg = log <X9>
— X o= log (X10)
X5 =log <X3)
L 7 exp(0.4 X X )
X, =X,, TMEZH, REN_ETE e 1000
X5 =log (X5) X, = X
Y6 = log <X6) ~ 1
N X72'5 X 3= vV X3
7= 70000 X4 =log (X14)

X_1 = log(Boston$crim)

X 2 = Boston$zn /10

X _3 = log(Boston$indus)

X_4 = Boston$chas

X_5 = log(Boston$nox)

X _6 = log(Boston$rm) . -
X_7 = Boston$age’(2.5) / 10000 LTARR RS 424
X _8 = log(Boston$dis)

X 9 = log(Boston$rad)

X _10 = log(Boston$tax)

X_11 = (exp(0.4 * Boston$ptratio)) / 1000

X _12 = Boston$black / 100

X _13 = sqgrt(Boston$lstat)

X _14 = log(Boston$medv)




B P R G Hypothesis Testing

2%/ CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY

Boston B/ £{1E
o o HNBFA X, < X, WHRNMEEL X, > X, WFUEEEBIEE 2 IMRE.

o KUFMENEETHE: NEBETE X, X, X X, X3

[ @

\

> %ﬂ*ﬁgﬁ HO : ﬂl — ﬂz, EE: ﬂl ,ﬂz e RS *ﬁgﬁl\ﬂﬂ 8: ﬁiﬁXi1~Np(ﬂ1,2), i=12, .., ny, XjZNNp(FZ’Z)’ j=1, 2, ceey Ny, E
PAAARZEEREIRIL

Hy: py=p, <« H,: THAR

> Hy: p = p, BIBHEITH

/—'J:aﬁj\ﬁiﬁﬁl
nlnz(n1+n2—p—1) (

P(n1+n2)2 xl_x2)ToS{1 (%1 =%,) 2 F, pinyp1@
T — \ e —————
1
S§ = §+n,&

T (”1 1T 1y 2)
boston = data.frame(X_1, X 2, X 3, X 4, X 5 X 6, X 7,X 8, X 9, X 10, X 11, X_12, X 13, X_14)
names(boston) = names(Boston) > F_test
boston_sub_group1 = subset(boston, boston$medv <= median(boston$medv), select = ¢(1, 5, 8, 11, 13)) [,1]
boston_sub_group2 = subset(boston, boston$medv > median(boston$medv), select = ¢(1, 5, 8, 11, 13)) [1,] 126.3005
n1 = dim(boston_sub_group1)[1]

ﬁ

p = dim(boston_sub_group1)[2]

n2 = dim(boston_sub_group2)[1]

mu_1 = sapply(boston_sub_group1, mean)
mu_2 = sapply(boston_sub_group2, mean)

S 1 =cov(boston_sub group1) * (n1-1)/n1
S 2 = cov(boston_sub_group2) * (n2-1)/n2
S=(n1*S 1+n2*S 2)/(n1+n2)

S = as.matrix(S)

S_inv = solve(S)

F_test = t(as.matrix(xbar_1 - xbar_2)) %*% S_inv %*% as.matrix(xbar_1-xbar 2)*n1*n2*(n1+n2-p-1)/(p * (n1 + n2)"2)
F_test




N SR L X I~ . :
B TR RGOk q s Hypothesis Testing

o 7 BATEBFA X, < X4 IPNUEEL X, > X, WPMEGEEES D HmE.

o KIFMANBESHE: NEZETE X, X X, X, X

> /{}ﬂ*ﬁgﬁ HO - B = Ko, ;E\:I::l Hi 1) € RS IEM 8: RRXy ~N, (1, %), i=12 .om, Xy~ Ny (g, ), j=1,2, om, B

HPATANREHEEIRI.
> IHEERKRSITTENER —— E——
> EFIRRMIEFREN et B 2 0
> EIB BB H) i =p, S o ()
> F_test
F=1263005 > 2232042=F,, . . (0.05) 11 1263000
i

gf(0.05, p, n1 + n2 - p - 1, lower.tail = FALSE)

> qf(0.05, p, n1 + n2 - p - 1, lower.tail = FALSE)
[1] 2.232042

— T —




) JAARS Qe Hypothesis Testing

Boston B EZN3E

o H: BAEFA X, < X, IRNIEEL X, > X, BIPUEUREURES 2 M E.

o MINMANERSEF: (XNBEREE X, X5, X5, X1, X3

> G= =) =1,5,8,11,13 WEFER 95% KEX G EFEXIE)N

0 (1.4019611 ] 2.5498855) R 8: ﬁ;;;;;” i’;lﬁfj;f“’ 2 s Xy Ny (222, = 1,2, oy B
Hy: py=p, < H: THAR
= (0.1314898 ] 0.2383455) T —————

53 € (—0.5243907, — 0.2221791)
&), € (1.0374981,1.7383789)

513 € (1.1576946,1.5818046)

2
p(n+n)
5'=ﬂ"‘ﬂ'€ (f.—f.)i F __(a).s..
J VA ) iy nlnz(n1+n2—p—1) p, my+ny—p=1 i

> data.frame(mu_L = mu_L, mu_R = mu_R)

mu_L mu_R
M AN =~ > ~ = =2 Y NES crim 1.40190611 2.5498855
dis -0.5243907 -0.2221791

> ER X @mtmE silposmies) B8 AR, prratio 1.0374981 1. 7383789

T — B
mu_L = as.matrix(xbar_1 - xbar_2) -

sqrt(qf(0.05, p, n1 + n2 - p - 1, lower.tail = FALSE) * (p * (n1 + n2)*2) / (n1 *n2*(n1+n2-p-1)) *
as.matrix(c(S[1, 1], S[2, 2], S[3, 3], S[4, 4], S[5, 5])))
mu_R = as.matrix(xbar_1 - xbar_2) +
sqrt(qf(0.05, p, n1 + n2 - p - 1, lower.tail = FALSE) * (p * (n1 + n2)*2) / (n1 *n2*(n1+n2-p-1))*
as.matrix(c(S[1, 1], S[2, 2], S[3, 3], S[4, 4], S[5, 5])))
data.frame(mu_L=mu_L, mu_R=mu_R)




&) Jal e R T (B s Hypothesis Testing

Boston B EZN3E

o A BEFAIMNKNESHIRE X, WEE

\

N

T =L a=0m.

o MINMANEREEE: BTREE X5, X3, Xy, X5, X153, X1y

10T 8: BRIR X, ~N, (. 2), i=1,2, ...,n, Xy~N,(a,, %), j=1,2, ....,n,, &
PERENEEEE ML

> BRIGEE Hy:py =po, HEFR py.p, € RO

Hy: py=p, <« H,: THAR

> Hy: p = p, BIBHEITH

/—'J:aﬁj\ﬁiﬁﬁl
”1”2(”1"‘”2—17—1) ( T

5 X -%) (X -%) 2 F, 1@
p (nl +n2) \
T — \ I
1
§ = S +n,S$
T (”1 1Ty 2)

n3 = dim(boston_sub_group3)[1]

p = dim(boston_sub_group3)[2] > F_test

n4 = dim(boston_sub_group4)[1] [,1]
xbar_3 = sapply(boston_sub_group3, mean) [1,] 5.814844
xbar_4 = sapply(boston_sub_group4, mean) e

S_3 = cov(boston_sub_group3) * (n3-1)/n3

S_4 = cov(boston_sub_group4) * (n4 - 1)/ n4

S=(N3*S 3+nd4*S 4)/(n3 +n4)

S = as.matrix(S)

S_inv = solve(S)

F_test = t(as.matrix(xbar_3 - xbar_4)) %*% S_inv %*% as.matrix(xbar_3 - xbar 4) *n3*n4 *(n3+n4d-p-1)/(p * (n3 + n4)*2)
F_test




B TR RGOk q s Hypothesis Testing

° D BATEFT MR ESRE X, NEEEERSEXMN.

1I0ERA 8: RIR X, ~N, (1, %), i=1,2, ...,n;, Xy~N, (1, %), j=1,2, ...ny, &
FATENEEEE ML

T

> R Hy gy =y, B opy.p, € RO

Hy: py=p, «— H: TAR

» TESKRZIT=NEN > Ho: i =, RIS e

mny (ny+ny—p—1) (%, — % )ToS"l(

> 1~ %, X -%) > F,,.. ,
. p(n1+n2)
- BRI EY E— ee——
\\)5: - j—n (1S +n,8,)
> 1B BB H) p = u,
> F_test
[,1]
F=5814844 > 2.116738 = Fp,n1+n2_p_1(0.05) [1,] 5.814844
P———

gf(0.05, p, n3 + n4 - p - 1, lower.tail = FALSE)

> qf(@0.05, p, n3 + n4 - p - 1, lower.tail = FALSE)
[1] 2.116738

T — T —_—_"
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ot // CHINA UNIVERSITY OF PETROLEUM - BELING AT KARAMAY

Boston B EZIE

o A BEFAIMNKNESHIRE X, WEE

\

Teaxstas0m.

o MINMANEREEE: BTREE X5, X3, Xy, X5, X153, X1y

> 5=~ ;) =5.8,9,12,13, 14 INEEER 95% MBS EEXER

e (—0.060322746,0.1919113) AT LISl Dt = O ok
e (—0.522497204,0.1527192) T
e (~0.505094923 ,0.5937961) o T
512 (-0.397384925,0.7481127) o e
5,3 € (—0.859549918,0.3781680) BT
314 € (0.001432809,0.5084371) s
- BAREREEN, R X, SHTES N, ERE

- T— T—

mu_L = as.matrix(xbar_3 - xbar_4) -
sqrt(qf(0.05, p, N3 + n4 - p - 1, lower.tail = FALSE) * (p * (n3+ n4)*2) /(n3*n4 *(n3+nd -p-1)) *
as.matrix(c(S[1, 1], S[2, 2], S[3, 3], S[4, 4], S[5, 5], S[6, 6])))
mu_R = as.matrix(xbar_3 - xbar_4) +
sqrt(qf(0.05, p, n3 + n4 - p - 1, lower.tail = FALSE) * (p * (n3 + n4)*2) / (n3*n4 * (n3+nd-p-1))*
as.matrix(c(S[1, 1], S[2, 2], S[3, 3], S[4, 4], S[5, 5], S[6, 6])))
data.frame(mu_L=mu_L, mu_R =mu_R)
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Hypothesis Testing

JHAZ IEAMBR A AL

> summary(X_14_1m)

Call:
Im(formula = medv ~

Residuals:
Min

1Q Median

LEAEBRN— TS IERE

3Q

., data = boston)

Max

-0.9918 -0.1002 -0.0034 0.1117 ©0.7640

Coefficients:

Estimate Std. Error t value Pr(>ltl)

(Intercept) 4.176874

crim -0.014600
zn 0.001392
indus -0.012709
chas 0.109980
nox -0.283112
rm 0.421108
age 0.006403
dis -0.183154
rad 0.068362
tax -0.201832
ptratio -0.040017
black 0.044472
lstat -0.262615

Signif. codes:

Residual standard error: 0.2008 on 492 degrees of freedom

X 14 Im =Im(medv ~ . , data = boston)

summary(X_14 _Im)

par(mfrow = c(2, 3))

plot(X_14_Im, which = 1:6)

Multiple R-squared:

0.765,

0.379017 11.020 < 2e-16
0.011650 -1.254 0.210527
0.005639 0.247 0.805121
0.022312 -0.570 @.569195
0.036634 3.002 0.002817
0.105340 -2.688 0.007441
0.110175 3.822 0.000149
0.004863 1.317 0.188536
0.036804 -4.977 8.97e-07
0.022473 3.042 0.002476
0.048432 -4.167 3.64e-05
0.008091 -4.946 1.04e-06
0.011456 3.882 0.000118
0.016091 -16.320 < Z2e-16

F-statistic: 123.2 on 13 and 492 DF,

T —

R

% %k %

* %
* %
% % %k

% % %k
* %

* % ¥k
% % %k
% %k %k
% %k ¥k

@ ‘*¥**° 0.001 ‘**’ 0.01 ‘*> 0.05 ‘.’ 0.1 °°

Adjusted R-squared:
p-value: < 2.2e-16
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Hypothesis Testing

PEVARBHBEMRR Hy: (8.6 ... fi) =0 < dB=0

1 0 0 - 0
1 () 0
0

-)
- O
[

0 0 0 - 1/13><14

X = as.matrix(model.matrix(X_14_Im))

n = dim(boston)[1]

p = dim(boston)[2] - 1

qQ=p

beta_hat = as.matrix(X_14_Im$coefficients)
y = as.matrix(boston$medv)

A = array(0, dim = c(13, 14))

for (iin 1:13) A[i, i+1] =1

HIRERE 7: RIR Y, Y,, ..., Y, BEMIZ, BY,~N, (7%, 0%), x,e RP, HA o> KA.
Hy: df=a «— H;: TAR

> FBRIEE 4 hEAIEAZINER, OBt ERERN F RN

ponmp| lr-s] ]_n-pwﬁ—a)T[wmwlM—a)

q

1|= ~F,
boxal® )0 (o) p-3) "

> LR H, B3R R

R={%:F>ﬂmwmQ\\_/”
Fq< n—p ((Z) IEEL a ﬁ{ﬁﬁ&

T ——— ——————

F_test = ({(A %*% beta_hat) %*% solve(A %*% solve(t(X) %*% X) %*% t(A)) %*% (A %*% beta_hat) /

t(y - X %*% beta_hat) %*% (y - X %*% beta_hat)) * (n-p)/q

F test

> F_test
[,1]

P——

[1,] 123.452 -
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Hypothesis Testing

- . e T
> DEHEEFRBNEEERIE Hy: (b6, ... .p) =0 = dB=0
(3 )
bo (001 0 0 0
P 0O 0 1 0 0
A A
ﬂ= ,52 ) ﬂ=(013,j13>= O O O 1 0
\ﬂ13) \ 0 0 0 0 1 / 13x14
> 'L-l_ﬁ *_L t{,i‘f%ﬂ@{ﬁy\j IR 7: KRR Y, Yy, . Ynmﬁﬂz,:i;:ivlgx:;j);&;; RP, HA o KA.
> FIBKRIEE 4 hENEAINER, ZOTbERERN F 0K
> /%7':\_&4'3’]“ EEME% _n-p ||y_.~:«xﬁ||22_1]=n_p(dﬁ—a)T[g(ng?1dr]—1(dﬁ—a)~Fqn_P
|y- 27| ! (v-28) (v-28) |
T > RS H, BB
» 51 BB Hy: (B, Py, - s P13) =0 e
0 ( ! 2 13) { et )LFq,n_pw)%J:aﬁmﬁ
——— ——
F=123.452 > 1.740034 = F, . p(0.0S)
> F_test
. - . il = [,1]
LB G 1= O] = A ee) |, qf(0.05, g, n - p, lower.tail = FALSE) - [1,] 123.452
[1] 1.740034
ﬁ

—

—



G TR T e s Hypothesis Testing
o ININZLMHAR
» BEMUTHE (X,) MEMEMm, FIKGEK Hy:f=0 <= JB=0
(l%)\

P
BB, 420 000100000000 0

. MG 7: RIRY,, Y,, ... Y, BEMIZ, BY,~N (T, 0%, x,€RP, HA o> KA.
ﬁ Ho:dﬂ=a(_)H1:£ggi
\/"13 ) » FIRKRKIEE 4 R RHGER, ZOSbERRN FHK

_n-r

q

”y—.%’ﬁ ”2 N (dﬁ—a)T[d(.%Tg‘)-ldT]‘l (gﬁ—d) h
|y-28 ||2 1 (y—&”ﬁ)T(y—fl“ﬁ) o

> IERY H, BO3EEEN

R={2: F>F, ,,_p(a)L
F, . p(@ L a DAEK

H— -—
q=1
A = array(0, dim = c(1, 14))
A[5] = 1 > F_test 1

A = as.matrix(A)

F_test = ({(A %% beta_hat) %*% solve(A %*% solve(t(X) %*% X) %*% t(A)) %*% (A %*% beta_hat) /
P
tly - X %*% beta_hat) %*% (y - X %*% beta_hat)) * (n-p)/q

[1,] 9.031265

F test
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o MINZLIMELAR

> REATHD (X,) MENRRM, BITRIGK H:fh=0 < Jp=0

(ﬁo\
P
BB, 420 000100000000 0

MG 7: RIRY,, Y,, ... Y, BEMIZ, BY,~N (T, 0%, x,€RP, HA o> KA.

ﬁ Ho:dﬂ=a(_)H1:£g<J§
\/"13 ) » FIRKRKIEE 4 R RHGER, ZOSbERRN FHK

> HHBRBAITBIER o

||y-sz"ﬁ||2 q n_p(dﬁ—aY{d(&T%yqaﬂTJ(dﬁ—a>

N g T ~ ~Fynp
|y-23 | (v-28) (v-27)
- RS H, B3R

> E'%*ﬁgﬁﬁ’\lllﬁﬁﬁﬁ rR={z: F>Fq,,,_,,(a)L
F, (@) RE a 538K

A . l.....----——l—— ~——---III.......'

F=9.031265 > 3.86039=F, , (0.05) S L
[1,] 9.031265

> gf(0.05, g, n - p, lower.tail = FALSE) | -

[1] 3.86039
—— ‘—

qf(0.05, q, n - p, lower.tail = FALSE)
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Hypothesis Testing

> BBIEREIRERIEEALEE (p ERS).

> BRI H): py=p=p=p,=0

> summary(X_14_1m)

Call:
Im(formula = medv ~ ., data = boston)
Residuals:

Min 1Q Median 3Q Max

-0.9918 -0.1002 -0.0034 0.1117 0.7640

Signif. codes: @ ‘***’ @9.001 ‘**’ 0.01 ‘*’ .05 ‘.’ 0.1 ¢ ’ 1

Residual standard error: 0.2008 on 492 degrees of freedom

Multiple R-squared: 0.765, Adjusted

F-statistic: 123.2 on 13 and 492 DF, p-value: < 2.2e-16

——

Coefficients:
Estimate Std. Error t value Pr(>ltl)
(Intercept) 4.176874 0.379017 11.020 < 2e-16 ***
crim -0.014006 0.011650 -1.254 0.210527
(En 0.001392 ©0.005639 0.247 0.805121
indus -0.012709 0.022312 -0.570 @.569195
chas 0.109980 ©0.036634 3.002 0.002817 **
nox -0.283112 0.105340 -2.088 0.007441 **
rm 0.421108 0.110175 3.822 0.000149 ***
(age 0.006403  ©.004863  1.317 0.188536 )
dis -0.183154 0.036804 -4.977 8.97e-07 ***
rad 0.068362 ©0.022473 3.042 0.002476 **
tax -0.201832 0.048432 -4.167 3.64e-05 ***
ptratio -0.040017 0.008091 -4.946 1.04e-06 ***
black 0.044472 ©0.011456 3.882 0.000118 ***
lstat -0.262615 0.016091 -16.320 < 2e-16 ***

R-squared:

4——'"""........I.llllllll



B JAAERT e Hypothesis Testing
=g=p"
Boston 5 Z £

o MINLLMELIR

> BB EREIPRERHIEEILEE (p ERS).

> BRI Hy: p=p=p=p=0 = dP=0y,

(ﬂo\
8 (01 00000O0O0O0GO0OO0 O)
ﬂAﬂ ﬂAOOIOOOOOOOOOOO
.2 ’ O 0O01O0O0O0O0O0OO0OO0OO0OT®O0OS®O0
: 00 0000O01O0O0O0O0O0 O,
Bis,
RIGEE 7 BIR Y, Y, ...V, BEMIL, BY,~N, (7x, o), x € R?, EHeh o? KA
Hy: df=a «— H;: TAXR
> FURSHIGIEE 4 BB AENER, ZDBbEERN F K0
- ponmp| Ly | op(Boe) [z ] (hoe)
q= T\ y-=s| ’ (r-2) (v-27) |
A = array(0, dim = c(4, 14)) - U H B
for (iin 1:3) A[i, i+1] = 1 R={5r: F>Fq,,,_P(a)L
A[4, 8] — 1 F, (@) Bt a HAE
T — E—
A = as.matrix(A)
F_test = (t(A %*% beta_hat) %*% solve(A %*% solve(t(X) %*% X) %*% t(A)) %*% (A %*% beta_hat) / > F_test
* * * * [ 1]
t(y - X %*% beta hat) %*% (y - X %*% beta hat -p)/ ’
. (y 0*% beta_hat) %*% (y 0*% beta_hat)) *(n-p)/q [1.] 0.9363377
_tes

——
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* MINZIEAR

> BB EREIPRERHIEEILEE (p ERS).

> BRI Hy: p=p=p=p=0 = dP=0y,

(ﬂo\

8, (01 00 0000O0O0OO0OO0 O)
Y 42|00 100000000000

21 000100000O0O0OO0O0O

ﬁ= 000000010000 O0 O,

\P13

RIEE 7: BIR Y, Y, ., Y, HEMIL, BY,~N, (b7, 0?), x, € R, Hrho? KAl
Hy: df=a «— H,: TH%

> -L-I_ ﬁ *J qA IJ-L-I_E E’] 1-E jj > FARIEE) 4 qﬂﬁﬂ‘]“éﬁﬁﬁﬂ:’ﬂ.ﬁ% iil‘ﬂ@mﬁ*ﬁﬁﬁﬂlj F 10238

> EBRIIIETER ] e T e e

[s-28]" (-28) (v-d)
—_ > RS H, BOTEAEN
- 0/l 2 3 7 R={Z: F>F,, @
{ }\/Fq (@ B a S
F=0.9363377 < 2390021 =F, ,_ (0.05)
q w4 > F_test
] - > qf(0.05, g, n - p, lower.tail = FALSE) [ [,1]
gf(0.05, q, n - p, lower.tail = FALSE) [17 2.390021 [1,] ©.9363377

T———————

T — e e
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> $ Aﬁ'ﬁ?% @J _/I\E_[ﬁg EI’\] rE'_I.I‘- ,r ‘t 1:% ﬂ yu _F > summary(X_14_1lm_reduced)

Call:
Im(formula = medv ~ chas + nox + rm + dis + rad + tax + ptratio +
black + lstat, data = boston)

X,, = 4.158186 + 0.108655 X, .
—0.305541 X5 + 0.466307 Xg -1.01?2)2 -0.108!11(72 -aﬁggégg 0.1162(52 0.77?2)7(
—0.185537 Xg + 0.049184 X, N
_0209594 Xl() . 0041047 Xll Estimate Std. Error t value Pr(>ltl) .

(Intercept) 4.158186 0.362788 11.462 < 2e-16
chas 0.108655 ©0.036227 2.999 0.00284 **
+OO48139X12 — 0258773 X13 nox -0.305541 0.097307 -3.140 0.00179 **
rm 0.466807 ©.105917 4.407 1.28e-05 ***
dis -0.185537 0.032671 -5.679 2.31e-08 ***
rad 0.049184 ©0.018286 2.690 0.00739 **
tax -0.209594 0.044550 -4.705 3.30e-06 ***
ptratio -0.041047 0.007774 -5.280 1.94e-0Q7 ***
black 0.048139 0.011180 4.306 2.01e-05 ***
lstat -0.258773 0.014875 -17.396 < 2e-16 ***

Signif. codes: @ ‘***’ @.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ¢’ 1

H . ﬁ — ﬂ — ﬂ — ﬂ — O Residual standard error: 0.2007 on 496 degrees of freedom
0-H/F1 2 3 7 Multiple R-squared: ©.7632, Adjusted R-squared: 0.7589

F-statistic: 177.6 on 9 and 496 DF, p-value: < 2.2e-16

v
!
7
(R
ikt
MK

T — T

X 14 Im_reduced = Im(medv ~ chas + nox + rm + dis + rad + tax + ptratio + black + Istat , data = boston)
summary(X_ 14 _Im_reduced)




