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> RIS X MHILEY 4 — Jx Fdx, WHEIERN £ = Var(X) = E | (X —) (x—p)"].
BEEN X ~ (1.5).

> SKREAZEREMIZE, BIE (aX+4Y) =aEX)+BEY). IR X 5 YHEEMIZ, N
F(XYT) =EQOE (7).

> WITBENDE X 5 YA EREEN

Sy = Cov(X,Y) = [(X— E(X))(Y—E (Y))T] —F <XYT> —EX) E(¥7).

MR X5 Y™z, M Cov(X,Y)=0.

> BEHLEIR X BYRAESRER (of) 70 gy(0) = E (e4'%)

> p EREHRZE X WD HREHFW "X BB —H o WRE, HF ¢ € R? (Cramer-Wold EI2).
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x = array(0, dim = 1000)
for (i in 1:1000){
y = rbinom(5, 1, prob = 1/2)
X[i] = sqrt(5) * (mean(y) - 1/2)
}
fig8 = plot_ly()
d = density(x, kernel = 'gaussian’)
fig8 = add_lines(fig8, x = d$x, y = d$y, name = "n = 5")
fig8 = add_lines(fig8, x = d$x, y = dnorm(d$x, 0, 0.5), name = "N(0, 0.25)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = #ffff', zerolinewidth = 2, gridcolor = 'ffff"),
yaxis = list(zerolinecolor = '#ffff', zerolinewidth = 2, gridcolor = 'ffff'))

x <- array(0, dim = 1000) :

for (i in 1:1000){ o
y = rbinom(35, 1, prob = 1/2) 8
X[i] = sqrt(35) * (mean(y) - 1/2)

} Py VAL
fig9 = plot_ly() P N —
d = density(x, kernel = 'gaussian’) L — —_—

fig9 = add_lines(fig9, x = d$x, y = d$y, name = "n = 35")
fig9 = add_lines(fig9, x = d$x, y = dnorm(d$x, 0, 0.5), name = "N(0, 0.25)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = "#ffff', zerolinewidth = 2, gridcolor = 'ffff"),
yaxis = list(zerolinecolor = "#ffff', zerolinewidth = 2, gridcolor = 'ffff'))

subplot(fig8, fig9)
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Bl 18 Xy, Xy, .0 X, 2— D THBENEE, RESHHIN p =
Bernoulli 28 B RS S (7K.

n=2>50

mul =0

mu2 =0

s1=1/2

s2=1/2

rho =0

X = seq(-4, 4, length = n) * s1
y = seq(-4, 4, length =n) * s2

Multivariate Distributions

0.5 BN HIZAY

f = function(x, y){

(2 * pi *s1*s2*sqrt(1-rho”2))*-1 * exp(-0.5 * (1 - rho*2)M-1 *

((x-mu1)*2/s122 -2 *rho * (x -mu1) * (y - mu2) / (s1 * s2) + (y - mu22)*2/s2"2))

}
z = outer(x , y, f)
fig10 = plot_ly(x = ~x, y = ~y, z = ~z) %>%

add_surface()
fig10
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o B %X, X5, ..., X, B— T _HEEIVIFER, 3
Bernoulli 737014 RS S .

rm(list = Is(all = TRUE))

library(MASS)

x = array(0, dim = 1000)

y = array(0, dim = 1000)

for (i in 1:1000){
a = rbinom(5, 1, prob = 1/2)
X[i] = sqrt(5) * (mean(a) - 1/2)
b = rbinom(5, 1, prob = 1/2)
yli] = sqrt(5) * (mean(b) - 1/2)

}

kd = kde2d(x, y, n=50, lims = ¢(-2, 2, -2, 2))

HARBSEn = SN S

fig11 = plot_ly(x = ~kd$x, y = ~kd$y, z = ~kd$z) %>%

add_surface() %>%
layout(
scene = list(
xaxis = list(title = ""),
yaxis = list(title = ""),
zaxis = list(title = "")
)

)
fig11

Multivariate Distributions
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o Bl ixX, X, ... X, B— T HBIEAR, KESEIIA p=0.5 M TIHILAY

Bernoulli 475+ BR B S k. BARE n = 85 HIHED T

x = array(0, dim = 1000)
y = array(0, dim = 1000)
for (i in 1:1000){
a = rbinom(85, 1, prob = 1/2) i2sz
X[i] = sqrt(85) * (mean(a) - 1/2)
b = rbinom(85, 1, prob = 1/2)
y[i] = sqrt(85) * (mean(b) - 1/2)
}
kd2 =kde2d(x, y, n=50, lims = c(-2, 2, -2, 2))
fig12 = plot_ly(x = ~kd2$x, y = ~kd28y, z = ~kd2$z) %>%
add_surface() %>%
layout(
scene = list(
xaxis = list(title = ""),
yaxis = list(title = ""),
zaxis = list(title = "")
)

) 0 — EE—

fig12
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> IR X, RMIESD, W =1 FRIAE X BIRMESD .
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0
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(fl\
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1 1
fx) = - — 00 <x <00
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1+ ()
S

> EX~C(Ls), WEEEX), FE Var(X) ARESNENTREE.

\

> EHX,RCWL ), WY X, ~ Cl, ns).

i=1

> EX~CU ) )ﬂul of >
~ 9S> o ’ .
X 2+s2 12452
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> %erU(—g, §> M tan X ~ C(1 . 0).
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@ T /asb RF (e s Multivariate Distributions
= AN
BRED

o UBEZHNI. RESE s B Cauchy 57 C(, s) IR ZEREN

f(x)=1- : >, —00<x<oo
s x—1
()
\)

rm(list = Is(all = TRUE))
X = seq(-8, 8, length = 200) i
y_1 = dcauchy(x, location = 0, scale = 1) —in
y_2 = dcauchy(x, location = 0, scale = 1/2)
y_3 = dcauchy(x, location = 0, scale = 3)
y_4 = dcauchy(x, location = -3, scale = 2/3)
y_5 = dcauchy(x, location = 2.5, scale = 2)
fig_13 = plot_ly() %>% /\

add lines(x=~x,y=~y 1, name="1=0,s=1") %>%

add lines(x=~x,y=~y 2, name ="=0, s = 1/2") %>%

add _lines(x=~x,y=~y 3,name ="1=0, s =3") %>% O ————

add _lines(x=~x,y =~y 4, name ="l = -1, s = 2/3") %>%

add_lines(x = ~x,y =~y _5, name =" = 2.5, s =2") — —

fig 13 =fig_13 %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = "#ffff', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = '#ffff', zerolinewidth = 2, gridcolor = 'ffff', title = ""))
fig_13
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Y= ki

o — NN E L (heavy-tailed) EIEH EEPRIEIRMBLLABEINE 1 A E o° WESSH
HWEEESHBREERE.

X = seq(-6, 6, length = 200)
y_1=dnorm(x, mean =0, sd = 1)
y_2 = dcauchy(x, location = 0, scale = 1)
fig_14 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "Normal") %>%
add_lines(x = ~x, y = ~y_2, name = "Cauchy")
fig_14 =fig_14 %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = ""))
fig_14
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® F_XS& éJ\’ﬂ'.l (Generalized Hyperbolic Distribution)

Multivariate Distributions
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BRE7D

® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

library(fBasics)

X = seq(-6, 6, length = 200)

y_1 =dhyp(x, alpha =1, beta =0, delta=1, mu =0)

y 2 =dhyp(x, alpha = 1, beta = 0, delta = 1/2, mu = 0)

y_3 = dhyp(x, alpha = 1, beta = 0, delta = 1/100, mu = 0)

y_4 = dhyp(x, alpha = 1, beta = 0, delta =4, mu = 0)

fig_15 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "HYP (delta = 1)") %>%
add_lines(x = ~x, y = ~y_2, name = "HYP (delta = 1/2)") %>%
add_lines(x = ~x, y = ~y_3, name = "HYP (delta = 1/100)") %>%
add_lines(x = ~x, y =~y 4, name = "HYP (delta = 4)") %>%
layout(plot_bgcolor="#e5ecf6',

xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),

yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff, title = "¥X#H% 2 R RO R ZE K E0"))
fig_15 # HZ D MV R E /%
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® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

@ Fi8 sl R F (e R s Multivariate Distributions

X = seq(-6, 6, length = 200)

y_1 =phyp(x, alpha =1, beta =0, delta=1, mu =0)

y 2 = phyp(x, alpha = 1, beta = 0, delta = 1/2, mu = 0)

y_3 = phyp(x, alpha = 1, beta = 0, delta = 1/100, mu = 0)

y_4 = phyp(x, alpha =1, beta = 0, delta =4, mu =0)

fig_16 = plot_ly() %>%
add_lines(x = ~x, y =~y 1, name = "HYP (delta = 1)") %>%
add_lines(x = ~x, y = ~y_2, name = "HYP (delta = 1/2)") %>%
add_lines(x = ~x, y = ~y_3, name = "HYP (delta = 1/100)") %>%
add_lines(x = ~x, y = ~y_4, name = "HYP (delta = 4)") %>%
layout(plot_bgcolor="#e5ecf6',

xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),

yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff title = "X #1259 70 K L")
fig_16 # XX %k 70 o AY 7D 10 R ZXER 4%
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® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

@ Fi8 sl R F (e R s Multivariate Distributions

X = seq(-4, 4, length = 200)

y_1=dnig(x, alpha = 1, beta = 0, delta = 1, mu = 0)

y_2 =dnig(x, alpha = 1, beta = 0, delta = 1/2, mu = 0)

y_3 =dnig(x, alpha = 1, beta = 0, delta = 1/5, mu = 0)

y_4 = dnig(x, alpha = 1, beta =0, delta =4, mu = 0)

fig_17 = plot_ly() %>%
add_lines(x = ~x, y =~y 1, name = "NIG (delta = 1)") %>%
add_lines(x = ~x, y = ~y_2, name = "NIG (delta = 1/2)") %>%
add_lines(x = ~x, y = ~y_3, name = "NIG (delta = 1/5)") %>%
add_lines(x = ~x, y = ~y_4, name = "NIG (delta = 4)") %>%
layout(plot_bgcolor="#e5ecf6',

xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),

yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "IES ¥ 5 i 0 7o AL R 23 FE BRI £0"))
fig 17 # IE S SHT D MM RZ E iz

NIG (delta = 1/2)
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® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

@ Fi8 sl R F (e R s Multivariate Distributions

X = seq(-4, 4, length = 200)

y_1 = pnig(x, alpha = 1, beta = 0, delta = 1, mu = 0)

y_2 = pnig(x, alpha = 1, beta = 0, delta = 1/2, mu = 0)

y_3 = pnig(x, alpha = 1, beta = 0, delta = 1/5, mu = 0)

y_4 = pnig(x, alpha = 1, beta =0, delta =4, mu = 0)

fig_18 = plot_ly() %>%
add_lines(x = ~x, y =~y 1, name = "NIG (delta = 1)") %>%
add_lines(x = ~x, y = ~y_2, name = "NIG (delta = 1/2)") %>%
add_lines(x = ~x, y = ~y_3, name = "NIG (delta = 1/5)") %>%
add_lines(x = ~x, y = ~y_4, name = "NIG (delta = 4)") %>%
layout(plot_bgcolor="#e5ecf6',

xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),

yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff, title = "IES ¥ 5 i D 7RI R D 7R R £0"))
fig 18 # [ESW S ET DAY 16 R EHh 2%

NIG (delta = 1/2)
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® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

# [ XD MR E RN
X = seq(-4, 4, length = 200)
y 1 =dgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = -1/2)
y 2 =dgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 1/2)
y 3 =dgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 2)
fig_19 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "GH (lambda = -1/2)") %>%
add_lines(x = ~x, y =~y 2, name = "GH (lambda = 1/2)") %>%
add_lines(x = ~x, y = ~y_3, name = "GH (lambda = 2)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "I X IX g%k 0 7o ROTL R 25 FE BRI £0"))
fig_19

GH (lambda = 1/2)

IR 51 R A R
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® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

# [ XD AR D RN
X = seq(-4, 4, length = 200)
y_1=pgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = -1/2)
y 2 = pgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 1/2)
y_3 = pgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 2)
fig_20 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "GH (lambda = -1/2)") %>%
add_lines(x = ~x, y =~y 2, name = "GH (lambda = 1/2)") %>%
add_lines(x = ~x, y = ~y_3, name = "GH (lambda = 2)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "I X IXHH %% 2 o AUMEZR 0 7o R £1"))
fig_20

RS 5 R
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® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

# INEIMRER 28 R E I L
X = seq(-6, 6, length = 200)
y_1=dgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 0.5)
y 2 =dhyp(x, alpha =1, beta =0, delta=1, mu =0)
y_3 =dnig(x, alpha = 1, beta = 0, delta = 1, mu = 0)
fig_21 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "GH (lambda = 1/2)") %>%
add_lines(x = ~x, y = ~y_2, name = "HYP") %>%
add_lines(x = ~x, y = ~y_3, name = "NIG") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "HIZR 25 E XK £1"))
fig_21
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® r_xsa ﬁj\’ﬂ'.l (Generalized Hyperbolic Distribution)

# INEIMEER 25 R ERIXT L
X = seq(-6, 6, length = 200)
y_1=pgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 0.5)
y_2 = phyp(x, alpha =1, beta =0, delta=1, mu =0)
y_3 = pnig(x, alpha =1, beta =0, delta=1, mu =0)
fig 22 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "GH (lambda = 1/2)") %>%
add_lines(x = ~x, y = ~y_2, name = "HYP") %>%
add_lines(x = ~x, y = ~y_3, name = "NIG") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "#HiZR 9 7H K £X"))
fig_22
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#t DB BRI EN B
X = seq(-6, 6, length = 200)

y 1= dt(x, 15)
y 2 = dt(x, 5)
y 3 =dt(x, 1)

y 4 =dnorm(x, 0, 1)
fig 23 = plot_ly() %>%
add_lines(x = ~x,y =~y_1, name ="t (n = 15)") %>%
add _lines(x=~x,y =~y 2, name ="t (n = 5)") %>%
add_lines(x=~x,y=~y 3, name ="t(n=1)") %>%
add_lines(x = ~x, y = ~y_4, name = "N(0, 1)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),

yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "R ZE "))
fig_23
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#t DAY TR EN B
X = seq(-6, 6, length = 200)

y_1=pt(x, 15)
y_2 = pt(x, 5)
y_3 =pt(x, 1)

y_4 =pnorm(x, 0, 1)
fig_24 = plot_ly() %>%
add_lines(x = ~x,y =~y_1, name ="t (n = 15)") %>%
add _lines(x=~x,y =~y 2, name ="t (n = 5)") %>%
add_lines(x=~x,y=~y 3, name ="t(n=1)") %>%
add_lines(x = ~x, y = ~y_4, name = "N(0, 1)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = " A bR EHZ%"))
fig_24
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o 4 rih

> FE ke n BB ARBTIESSS lim f(x; n) = e”

n—oo

> TEtDBHRLE, x5 |x| " KRIELE.

#t D EEFHILER

\/ 27

x = seq(2.5, 5, length = 100) i
y_1=dt(x, 1) o
y 2 =dt(x, 3)
y_3 =dt(x, 9)
y_4 =dt(x, 45)
y 5 =dnorm(x, 0, 1)
fig_25 = plot_ly() %>%

add_lines(x = ~x,y =~y _1, name ="t 1)") %>%

SHBEHERPALEE

add_lines(x =~x,y =~y 2, name ="t
add_lines(x = ~x, y = ~y_3, name ="t 9)") %>%
add_lines(x =~x,y =~y 4, name ="t 45)") %>%
add_lines(x = ~x, y = ~y_5, name = "N(0, 1)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "t P % E B4k EZBAILLIR"))
fig 25

3)") %>%
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» MWEANZEW—IT Laplace 4% B Laplace (1774) 5| \.
VEEEY kit
> Laplace oA E X AEE IR HRME—I8EN D HRIFA T
e EE 2 ZND .

» WEN u, RESEN 0 Laplace 1 IR 25 E R EUN

_lx—n
fLaplace(X; U, 0) = 2_96 o, —o0o<xXx<O0o

> /\ﬁﬁ@%&y\j /Sign(x_ﬂ) = A O, X =U
-1, x<u
1 =

FLaplace(X; H, 0) = 5 1 + Sign(x — ﬂ)(l —€ 0 >]
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e laplace ofn

# Laplace 3 Y%A E BRI ENAE 2%
library(LaplacesDemon)
x = seq(-6, 6, length = 201)
y_1 = dlaplace(x, location = 0, scale = 1)
y_ 2 = dlaplace(x, location = 0, scale = 1.5)
y_3 = dlaplace(x, location = 0, scale = 2)
fig 26 = plot_ly() %>%
add_lines(x = ~x, y =~y _1, name = "L (theta = 1)") %>%
add_lines(x = ~x, y =~y 2, name = "L (theta = 1.5)") %>%
add_lines(x = ~x, y = ~y_3, name = "L (theta = 2)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "Laplace o fn 25 E#%"))
fig_26
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e laplace ofn

# Laplace 73 A9 7 bR EN HR 2%
X = seq(-6, 6, length = 201)
y_1 = plaplace(x, location = 0, scale = 1)
y_2 = plaplace(x, location = 0, scale = 1.5)
y_3 = plaplace(x, location = 0, scale = 2)
fig 27 = plot_ly() %>%
add_lines(x = ~x, y =~y_1, name ="L (theta = 1)") %>%
add_lines(x = ~x, y = ~y_2, name = "L (theta = 1.5)") %>%
add_lines(x = ~x, y = ~y_3, name = "L (theta = 2)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "Laplace 27807 fn kR Z B 2% "))
fig 27
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e Cauchy 7o

> MBS m, REZE s B Cauchy 77 fm RV RE: K & 7010 K €070 3l 9
1 1

' 2
STt 1+ (x—m)

A)

fCauchy(x; m, S) —

, —o0O<x<o

1 1 X—m
Fauchy(X; m, §) = — + —arctan
2 7 )

» fnE Cauchy 2fi: m=0, s=1

Teaeny () = 7 (1+x2)

1 arctanx
F Cauchy(x) — E +

, —o<x<o0o

» Cauchy ofRUISE. HZE. RE. BEENZFE.

» Cauchy DHIHIARZL (mode) F F 12201772, #HFTUESE m.
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e Cauchy 7o

# Cauchy D HIE E RRIZN A 4%
X = seq(-6, 6, length = 201)
y_1 = dcauchy(x, location = 0, scale = 1)
y_2 = dcauchy(x, location = 0, scale = 1.5)
y_3 = dcauchy(x, location = 0, scale = 2)
fig_ 28 = plot_ly() %>%
add_lines(x = ~x, y =~y _1, name = "Cauchy (s = 1)") %>%
add_lines(x = ~x, y = ~y_2, name = "Cauchy (s = 1.5)") %>%
add_lines(x = ~x, y = ~y_3, name = "Cauchy (s = 2)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "Cauchy 2925 E R ET#E2%"))
fig 28
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e Cauchy 7o

# Cauchy YD o R ZN HR 4%
X = seq(-6, 6, length = 201)
y_1 = pcauchy(x, location = 0, scale = 1)
y_2 = pcauchy(x, location = 0, scale = 1.5)
y_3 = pcauchy(x, location = 0, scale = 2)
fig_29 = plot_ly() %>%
add_lines(x = ~x, y =~y _1, name = "Cauchy (s = 1)") %>%
add_lines(x = ~x, y = ~y_2, name = "Cauchy (s = 1.5)") %>%
add_lines(x = ~x, y = ~y_3, name = "Cauchy (s = 2)") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "Cauchy 29D fH R EIHEZ%"))
fig_29
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o EEtRE

» 1B (S BRE 0 I EREBEE RN
2
_vy_m 5
Gaussian mixture Jfomx) = Z e I

I=1 \/ZT i

> HIERN 0 HNIESDHUANESES D, EEEREA
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Jom) = z, e i
=1V 271' 0]

HINE. HZE. RIENKEERNZ

BWEw=0
L

FZE o° = Z w07
=1




@ TE i X F (b 2 ) sk
i+ 2/ CHINA UNIVERSITY OF PETROLEUM - BEUING AT KARAMAY
= —=AN ﬁ

} FIFE]

o ffl: ZEH 80% K N®O, 1)5 20% 89 N, 9) JBEEMHNESES D .

Multivariate Distributions

> N, 1) 5 N, 9) BIBLZRZRE R ECH

X

1 1 }
fN(O, 1)(X) = e 2, fN(O, 9)()6) = — ¢ 18

V2r 3y/2n

> NIESEE D MIOBERZERECN

1 2 1 2
Tom®) = 0.8 - fyo. 1) + 0.2« fyo /) = (46—7 + _6—1—8>
N o RPN 3

» FSRESDHMAZESD !
WEu=0

FZ62=08x1+02%x9=2.6
%SI'J,g:O

| 4 \/5 4
IBE =08x| —— | X3+402%x| —— | x3=754>3
V2.6 V2.6
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o ffl: ZEH 80% K N®O, 1)5 20% 89 N, 9) JBEEMHNESES D .

#80% HI N(0, 1) 5 20% B9 N(O, 9) MBI IEZSIR & 70 11 iV % 5 bR £X R 4%
X = seq(-6, 6, length = 201)
y_1=dnorm(x, mean =0, sd = 1)
y_2 =dnorm(x, mean = 0, sd = 3)
y 3=08*y 1+02*y 2
fig_30 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "N(0,1)") %>%
add_lines(x = ~x, y =~y 2, name = "N(0,9)") %>%
add_lines(x = ~x, y = ~y_3, name = "GM") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff", title = "IEME SRR E R EEhZL"))
fig_30
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o ffl: ZEH 80% K N®O, 1)5 20% 89 N, 9) JBEEMHNESES D .

#80% HI N(0, 1) 5 20% HJ N(0, 9) 1 AN IEZIR S 70 faid D TR N EE 4%
X = seq(-6, 6, length = 201)
y_1=pnorm(x, mean =0, sd = 1)
y_2 = pnorm(x, mean = 0, sd = 3)
y 3=08*y 1+02*y 2
fig_31 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "N(0,1)") %>%
add_lines(x = ~x, y =~y 2, name = "N(0,9)") %>%
add_lines(x = ~x, y = ~y_3, name = "GM") %>%
layout(plot_bgcolor="#e5ecf6',
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = "IEXE SR D R RSB ZE"))
fig_31

NNNNNN




() AR T (R s Multivariate Distributions

UL

t 9%, Laplace 25 Cauchy 2RI FHFIE

[ Laplace Cauchy
Mean 0 H Not defined
n
Variance 26? Not defined
n—?2
Skewness 0 0 Not defined
| 6 |
Kurtosis 3+ 1 6 Not defined
n —
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A
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a’—pIAp 2
D (f) = 1 .
a2 — BTAB + EtTAt - iﬂTAtJ K; (5 Va2 —pTAB )
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1
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Ay A
A — ( 11 12>
Ay Ay

& A N—1"DRERE, AR A, NrxriEE NE:
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J?J% ya)
\
* [ XXNHTT

» [ X NHEDmUAIEIERERE,
fou(x 4, a, B, 8, p = 0) ~ x*le~(@Px, X — 00

# [ MO IS BURE R
x = seq(4, 6, length = 101) Tt o G it o) .
y_1=dgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 0.5) =
y_2 =dgh(x, alpha = 1, beta = 0, delta = 1, mu = 0, lambda = 1.5)
y_3 =dnig(x, alpha =1, beta =0, delta=1, mu =0)
y_4 = dhyp(x, alpha =1, beta =0, delta=1, mu =0)
fig_32 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = TeX("\\text{GH} (\lambda = 0.5)")) %>%
add_lines(x = ~x, y = ~y_2, name = TeX("\\text{GH} (\\lambda = 1.5)")) %>%
add_lines(x = ~x, y = ~y_3, name = "NIG") %>%
add_lines(x = ~x, y = ~y_4, name = "HYP") %>%
layout(plot_bgcolor="#e5ecf6', title = "Tail comparison of GH distributionns (pdf)",
xaxis = list(zerolinecolor = 'cyan', zerolinewidth = 2, gridcolor = 'ffff', title = ""),

yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff title = "GH FIZZE #%%")) %>%

config(mathjax = "cdn")
fig_32
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» IEZSHSET (NIG), Laplace. Cauchy. FrEIER7D % (Gaussian) HIEEER.

# IESESER(NIG). Laplace. Cauchy. #R/AEIEZR(Gaussian) 77 RYZ B H 2 RIEEER
X = seq(-6, 6, length = 201)
y_1 =dnig(x, alpha =1, beta =0, delta=1, mu =0) i . .
y_2 = dlaplace(x, location = 0, scale = 1)
y_3 =dnorm(x, 0, 1)
y_4 = dcauchy(x, location = 0, scale = 1)
fig_33 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "NIG") %>%
add_lines(x = ~x, y = ~y_2, name = "Laplace") %>%
add_lines(x = ~x, y = ~y_3, name = "Gaussian") %>%
add_lines(x = ~x, y = ~y_4, name = "Cauchy") %>%
layout(plot_bgcolor="#e5ecf6', title = "Distributions Comparison",
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = ""))
fig_33



il sl X 5 (kR i Multivariate Distributions
= —=AN

BEof

o [ XXHA D

» IEZSHSET (NIG), Laplace. Cauchy. FrEIER7D % (Gaussian) HIEEER.

# IEZSE S HR(NIG). Laplace. Cauchy. #r/E1EZR(Gaussian) 770 EEPRIEEER
x = seq(-6, -4, length = 101) -
y_1 =dnig(x, alpha =1, beta =0, delta=1, mu =0)
y_2 = dlaplace(x, location = 0, scale = 1)
y_3 =dnorm(x, 0, 1)
y_4 = dcauchy(x, location = 0, scale = 1)
fig_34 = plot_ly() %>%
add_lines(x = ~x, y = ~y_1, name = "NIG") %>%
add_lines(x = ~x, y = ~y_2, name = "Laplace") %>%
add_lines(x = ~x, y = ~y_3, name = "Gaussian") %>% ////
add_lines(x = ~x, y = ~y_4, name = "Cauchy") %>% 6 i 5 i 4
layout(plot_bgcolor="#e5ecf6', title = "Tail Comparison",
xaxis = list(zerolinecolor = 'cyan’, zerolinewidth = 2, gridcolor = 'ffff', title = ""),
yaxis = list(zerolinecolor = "cyan", zerolinewidth = 2, gridcolor = 'ffff', title = ""))
fig_34
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Ej] /f (Bootstrap)

o JEBEIFLOMEREIE (CLT) ITEFE e OinEi{E, BRINFEFERT=R X
—HJHEIRE—REK n> 50

Multivariate Distributions

o HAFER/NZAMMEEEXIE)? H Bhi% (Bootstrap)

o A58 :?k- & (bootstrap algorithm) %ﬁ)ﬁﬁ\{ﬁ : ész[j:E :

> ARTTRATIRIER 54K
> M—TMEITH DA TR, DOEITERA]RIERY 4+ ZRUBNA D 1h.
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' Ej];f (Bootstrap)

o —HIIERIGHZ:
R X, X,, ..., X, WME: x, x5, ..., x,

INFE R _1 5
ZWHTE (ecdh): F,(0) = ZI(Xisx)

XE—THERE, £ THEBINMMEZ BREER—TE L.

o fi: MIRELEZSDT NO, 1) BENLIHEY n = 10 TERES.

n=10

x =rnorm(n, 0, 1)

plot(ecdf(x), xlab ="'X', ylab =", xlim = ¢(-3, 3), main = 'ECDF and CDF',
verticals = TRUE, do.points = FALSE)

curve(pnorm(x, 0, 1), -3, 3, add = TRUE, col = "red', lwd = 2)
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' Ej];f (Bootstrap)

o —HIIERIGHZ:
R X, X,, ..., X, WME: x, x5, ..., x,

2250

/

Vo0 R RN (edf): Fn(x)=% ZH:I(X,-SX)

XE—THERE, £ THEBINMMEZ BREER—TE L.

o fi: MARELESTDT NO, 1) BENLIHEY n = 100 PR S.

n =100

x =rnorm(n, 0, 1)

plot(ecdf(x), xlab ="'X', ylab =", xlim = ¢(-3, 3), main = 'ECDF and CDF',
verticals = TRUE, do.points = FALSE)

curve(pnorm(x, 0, 1), -3, 3, add = TRUE, col = "red', lwd = 2)
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' Ej];f (Bootstrap)

o —HIIERIGHZ:
R X, X,, ..., X, WME: x, x5, ..., x,

2250

/

Vo0 R RN (edf): Fn(x)=% ZH:I(X,-SX)

XE—THERE, £ THEBINMMEZ BREER—TE L.
o {: MITEIESDH NO, 1) FEHIHEY n = 1000 TEUES.

CCCCCCCCCC

n = 1000

X <-rnorm(n, 0, 1)

plot(ecdf(x), xlab ="'X', ylab =", xlim = ¢(-3, 3), main = 'ECDF and CDF',
verticals = TRUE, do.points = FALSE)

curve(pnorm(x, 0, 1), -3, 3, add = TRUE, col = "red', lwd = 2)
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' Ej] 5£ (Bootstrap)
o MK (Bootstrap sample). MATIETEAS Xl, X29 cees Xn R R] & 8 A ENEY—TETR

X¥, X5, ..., X%, —RRERAIEY n* = n.

> )(l* %ﬂﬁgﬂyXl,Xz,,X (l:1,2,,n) Z_

n

e, () = 3 (3 ) =

i=1

> NAHELERFNESR, Bl

~ 1 x )2
Varp (Xf) = 5° =;§ (xi—x)

n =100

x =rnorm(n, 0, 1)

y1 = sample(x, n, replace = TRUE)

y2 = sample(x, n, replace = TRUE)

plot(ecdf(x), xlab ="X'", ylab =", xlim = ¢(-3, 3), main = 'ECDF and 2 bootstrap ECDFs, n = 100',
verticals = TRUE, do.points = FALSE, Iwd = 2, col = 'black")

plot(ecdf(y1), verticals = TRUE, do.points = FALSE, col = 'red’, add = TRUE)

plot(ecdf(y2), verticals = TRUE, do.points = FALSE, col = 'blue’, add = TRUE)

curve(pnorm(x, 0, 1), -3, 3, add = TRUE, col = 'cyan3', lwd = 2)
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’ Ej];f (Bootstrap)

HEIE 4.2 AR X, X¥, ..., X BB X, X,, ..., X, N—TBEEEFE, N

H(E)

N TR ARM N, 1), HF
1 & N | N2
x*:;ig;)(i*’ (0*)2:;Z<)(i>k_x*)
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' Ej];f (Bootstrap)
o WFRBBENAITE u NEEXIE)?
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o o
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o Vn o
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' Ej];f (Bootstrap)
AaIFI R BBNEITE ¢ NE(EX(E)?

N|R
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o
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