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> 3h\EA. BIEHMEIESH Fisher B9 Z 54 w = w— o0+ tanh(V)
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> BURERINENEBIEEBFEAN G EEESH:
1 n

_ A\T
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n—1 =_SZ‘TSZ‘ ——T
n
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= l%T%U FIMERERE: # =7, - ~1, 17
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> MHEARBXEMER =9 782712 4HH.

vRT%BE P12 = diag <SX1)é12 S S};l)?)
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£ 3IE ZxHN—EMSSIRE ATIHARK IR A [
o HMT: Y=o,X TIENEBIREE: ¥ =94d'
y=dX
Sy =dS g’

e Mahalanobis E#: z, =" (x;—%) , i=1,2, ..,n

THEMIIRERE: 7 = (1, 20, ... 2))| = HLS
Sy= 7, HRTEBZEMEXY
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EF AR (Recap)
5 3 FE ZrnHm—EMES5RE
® |55 2L |E (o)) EEY
yl=ﬁ0+ﬁ1xl+€l, i=1,2, ...,n
\)[E (el-) =0, Var (8l-) =%, or E; L N(O, 02)
SHET — 5=, f,=y-px
Sxx
o 1 n - ’ 1 n ~ ~ 2
6> = 5 Z} (vi =) _jizzl (yi—ﬁo—ﬁlxi>
BEASHSBAR: Y (i-9)'=Y (5.:-9)+ Y (-5’
i=1 i=1 i=1
% (5~ Y (5= 9)°
NI > =l i) o] Y3 75 (1 i=1 T
/;%KE/Z./F\\R r- = n 7 — &IEZE*D — 1~ )
) (vi—73) = > (vi—-79)
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> summary(wages . Im)| NVjodel T 1ogiage = By £ 5, X education ¥z, e ~N (0, 67)

Call: or  y=ftphxte. g~ (0.0%), i=1,2 .., 2178

Im(formula = logwage ~ education, data = wages)

Residuals: | =Yi=Yi=yi~ (:BAO"'ﬁlx')a =1, 2, ..., 2178

Min 1Q  Median 30 Max 2XP {t2176 > ‘22 54‘ }

-1.78239 -0.25265 0.01636 0.27965 1. 61101 A
By SE (ﬂo)

Coefficients:
Esftimate S Error t valu Pr(>|t|)

(Intercept) (1.239194 22. 54 (<2e-16)*** B AT
31 education (0.078600 18 44) (<2e- 16 * % X

1
0.001 ‘**’ 0.0 & (4,) 2% P{ 176> |18.44] |

Signif. codes >k <ﬁ1)

0 < (Residual standard error: 0.4038)on(2176 degrees of freedom) — 1 — 2
Multiple R-squared: 0.1351 Adjusted R-squared: ©.1347
F-statistic: 340 on 1 and 2176 DF, p-value: < 2.2e-16

,  SSR SSE  ——
RP=——=1-——= Cor (X, Y)*
SST SST
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o HEFHEDH (ANOVA)

yy=iy + &= (n+ay) + =12, ..m;j=12 ..

1.1 d
= j TKENIYE *—/ & ~ N 0 0)

H0 . 'ulz'uz:-u:'upzlu
H, : wu #py forsome kand!

o) &R

> BRFAEDMRBEFHAREDERMBESELEZEDITRF

> FATRIBAA R BHRY aov() RECRIE R EZ D

sales.aov <- aov(Sales ~ Strategy, data = Pullover)
summary(sales.aov)

> summary(sales.aov)

Df Sum Sq Mean Sqg F value Pr(GF)
Strategy 2 102.6 51.30 8.783 0.00115 **
Residuals 27 157.7 5.84

Signif. codes: @ ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 °

b/
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% 3 E SN —EMSSRE
o ZEHZEM)IRE: yiuy: 4 EL Rt

T
MEZE v, BHRERX = (X,X, ..X,)

SHEIT — B=(2"7) 2Ty

_J%%[I -l«/ v (Recap)

e

y=2p+e

WEE — 7=00=2(2"2) 2Ty=2y

BE = e=y-y=y-Py=(S,-P)y=0Q [SyTE C(I)WERHLH
ﬁ:(%_

i (/y\i_y)z

RERE: 2= _ BAFHA]
> (y-y)°  =FAA
i=1

G , p(1-r)

BEGNRERE: 2 =7 -

n—p-—1

=

(V1) (X1 X1 X1p)
/yj___>3, _ X211 A22 X2p
\yn \xnl Xn2 xnp)
K i (&)
RS p= || BER: e=|7
: N
%3 \ )
W y 15 C () LHiRE
JLB-
X7

9.)

=12

ﬁ: (%“7)2

I
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1 A4 a0
= AR AR (Recap)

i =z — S =]
£ 38 i —EMzSRE
o ZEZ|F[MO])FRE:

> summary(pullover.1lm2)

kv

Call: _>Hy: /=0 < H;: f#0 = &% H,

Im(formula = X1 ~ ., data = pullover)

Residuals:
Min 1Q Median 30 Max : =0 o H{: /b #0 — o 28 H,

-13.369 -9.406 1.599 5.151 19.729

Coefficients:

Estimate Std. Error t value Pr(Gltl) 3 = O <> Hl ﬁ3 ;é O =}> ?EQ@, HO

(Intercept) 65.66956 57.12507 1.150 0.29407

(X2 -Q.21578 0.32194 -0.670 6.5276€§__,,//”/////

(x3 0.48519 0.08678 5.591 0.00139)**

X4 0.84373 0.37400 2.256 0.06491);\N~_______#’

g{;]nif codes: @ ***’ 9.001 ‘**’ 9.01 ‘*’ 0.05 ‘.’ 0.1 ¢ ’ 1 Pr=h=Ps= — 3648 H

. : . . . . . Z 0

Residual standard error:
Multiple R-squared: 0.90

12.7 on 6 degrees of freedom
67, Adjusted R-squared:

(F-statistic: 19.44 on 3 a

nd 6 DF, p-value: 0.001713

0.8601

at least one ﬂj ;é 0

/{ iy
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ﬁj\ﬁg@& '5 ":._.—" EIZ@& (Distribution and Density Function)
%E '54%: J_.E K *& (Moments and Characteristic Functions)

G

gl
Xt

El:% (Transformations)

_,jl_%/\ﬁ (The Multinormal Distribution)

EFEM% \ﬁ '57'{&|ZE/ZEIE_ (Sampling Distributions and Limit Theorems)
[E 230 (Heavy-Tailed Distributions)

E ﬂj] 5% (Bootstrap)

W
gl
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il
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\7)

X EI"] j% A2 /7}‘%[7. & Z4 (cumulative distribution function) ,E'_‘E__'S(ﬂ{]

F(x)=P(XSX)=P(X1le,Xzs.Xé, ...,Xpﬁxp>

> i{fi%iﬂ[‘ﬁﬂﬁ% X, Z_T’_ /\EHEJ\ E’]*%i R & %4 (probability density function f’fﬁ

X X

F(x) = f(u)du=[p J f<u1, iy ..., up) dut,-+~d,

—00

0’ F(x)
0x; - 0X,

[ fwdu =1, f(x)=
—Rp
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(
X,
XZ

X
\ 7)

X EI"] j% A2 /7}‘%[—7- & Z4 (cumulative distribution function) ,E'_‘E__'S{y{]

F(x)=P(XSX)=P(X1S.XszSXz, ...,Xpﬁxp>

J

> BHEBHEER X, BISEZERMEETHERNE (¢} | i,
jE

PXeD)= Y P<X=cj)

{J: ¢en}
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SRS BERE

(X1 \
e
X . X
o EWRMANAEx=| | HHA X = <X1>’ HeF X, € R, X, € RV, JUFR
' \_/ 2
&)

Fy (xl) = P(Xl §x1> = F(xl, ceey Xy OO0, .o, oo)

y\j-‘ﬁ‘lﬁi (marginal) /l}‘jﬁ \Zﬁlﬁ (cdf). *ljl_{ F = F(X) ?ﬂsé/e} (joint) /7}’7’5 \’I’ﬁ (cdf).

. SHEGRBIEE X, fy (x1>=J £ (x). %) dx,

f(xl’ x2) |
le (xl)

> RBEX, =x, B, X, OREREBEN f(v]x) =
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7RIS 25 B K X
o fi: Z[EKRZ
(13
f<x1 x2) ) —X1+EX2 . 0 < X1s X9 < 1

2 2 4
VPR : < "
b 3 3 1
kfX2<xx>:J’f<xl7 XZ)dX1_,[O (5x1+5)€2> X1—5X2+Z, <X2§1
r Lx, +2x
f xz‘xl =f(x1’x2) =21 22 0<x<1,(0<x<1)
f(x1> %x1+%
FHEBE: |

|l
|l
-)
N
i~
VAN
ok
—
-)
N
=
\®)
N
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) —




() A AEXF R i Multivariate Distributions

HTRENSBERH

EX 41X, 5 X, MERINFS BERMR f0) = f (v, x) = fy, (1) fy, (x2).

> X3 X, *EE@TL%EW%}C(M‘%) = Ix, (xl) » f(xz‘ x1) = Jx, (xz)-

> MITMERIEERANT: BAX, = x, ARIE X, IR, RZIMA.

A AEINEX SR E R 2 A BE=H 1H[E R PRt 2R 25 E R .
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STRERSBERL
o fl: SR MAMMTERZEZRIN

1 O<x1,x2<1

f(xl’xz):{ e

0,HE

f(xpxz):{1+a(2x1—1)(2x2—1) O<xpn<l

0, HE

Sy, (x1) = {

1, O<x <1 ( ) {1, 0<x <1
: X,) = N
0, HE ’ 0, HE

1
le<x1>:J [1+06<2X1—1) (2x2—1)]dx2=1, 0<x <1
0

|

fx, (%) = J

ta(2g-1) (26-1)|dy =1, 0<x<!
0
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VRS ITICIRALE.

library(mclust)
data(banknote)

# PO E LRI X RERE
round(cor(banknote[, 2:7]), digits = 2)

> # YEIEEXIER
> round(cor(banknote[, 2:7]), digits = 2)

Length Left Right Bottom Top Diagonal
Length 1.00 0.23 0.15 -0.19 -0.06 0.19

Left 0.23 1.00 0.74 0.41 0.36 -0.50
Right 0.15 0.74 1.00 0.49 0.40  -0.52
Bottom  -0.19 0.41 0.49 1.00 0.14
Top -0.06 0.36 0.40 0.14 1.00 -0.59 X, 5 X, JLEARIIL.
Diagonal ©.19 -0.50 -0.52 (0.62)-0.59 1.00
T — EE——

# X45 X6V = &l

library(ggplot2)
library(plotly)
fig = plot_ly(banknote, x = ~Bottom, y = ~Diagonal, type = "scatter", mode = "markers") %>%
layout(plot_bgcolor = '#e5ecf6',
xaxis = list(zerolinecolor = #ffff', zerolinewidth = 2, gridcolor = 'ffff'),
yaxis = list(zerolinecolor = #ffff', zerolinewidth = 2, gridcolor = 'ffff'))

7 s B 10 n 2 13
aaaaa m
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DHTEBSE,

)<1¢l
%

BB %
Fl: FARYELIRSEITICTHILE.

# X45X6H9% % EE
fig1 = plot_ly()
dX4 = density(banknote$Bottom, kernel = "gaussian”, na.rm = TRUE)
fig1 = add_lines(fig1, x = dX4%x, y = dX4$y, name = "gaussian") %>%
layout(plot_bgcolor="#e5ecf6’,
xaxis = list(zerolinecolor = "#ffff', zerolinewidth = 2, gridcolor = 'ffff'),
yaxis = list(zerolinecolor = "#ffff', zerolinewidth = 2, gridcolor = 'ffff'))

fig2 = plot_ly()
dX6 = density(banknote$Diagonal, kernel = "gaussian")
fig2 = add_lines(fig2, x = dX6%x, y = dX6%y, name = "gaussian") %>%
layout(plot_bgcolor="#e5ecf6’,
xaxis = list(zerolinecolor = "#ffff', zerolinewidth = 2, gridcolor = 'ffff'),
yaxis = list(zerolinecolor = "#ffff', zerolinewidth = 2, gridcolor = 'ffff'))

subplot(fig1, fig2, shareY = TRUE)

Multivariate Distributions
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STREBSE,

S RN
o fl: FMAYEHREEITICIIIM

> MR X, 5 X HREIIL, W F (v, x0) =y - fr. BAVELE fy -y 49

#fX4 'fX6 E/‘Jﬂ:g

z = outer(dX43%y, dX63y, function(a, b) a * b)

fig3 = plot_ly(x = ~dX4%$x, y = ~dX6%x, z = ~z, type = "surface")
fig3

Multivariate Distributions

7/
S
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D IRRENS B R R 2N
o fl: FIAYERIEEITIMIM.

> B (X, X)) WIS ZEERFNZEEE.
# X4'5 X6HB AR B E R BB EE
library(MASS)

x = sort(banknote$Bottom)

y = sort(banknote$Diagonal)

KD_X4 6 = kde2d(x, y, n = 25)

figd = plot_ly(x = ~x,y =~y, z=~KD_X4 6%z, type = "surface")
figd
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D IRRENS B R R 2N
o fl: FMAYEHREEITICIIIM

> MR X, 5 X EEMIL, Wiy - f 5 (X.X) NEFRRIZEFTK.

— X, 3 Xg NI
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UL

® 4B (moment) = ﬁf] Eﬂ. (expectation) '—5 ‘mféfﬁ- F$ (covariance matrix)

(Xl\
, X . Lo
> HALE: BREMEE X = | | AEBREERE f(x),

\Xp)

( )

E(X1> (f---fxlf(x)dx\

E X coe

EX) = (: 2> =J...Ixf(x)dx= J sz.f(x)dx .
(x) et

— E(aX+pY) =aEX)+pEY)

E(/X)=AEX) «— o, RNk

X5 Y{EEMY — E <XYT> = B(X)E (Y")
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2> %)
xS

® 4B (moment) = ﬁf] ’iﬂ. (expectation) '—5 ‘H}féfﬁ- F$ (covariance matrix) u=EX)
o
> S EIER: Var (X) = [(X u) (X —p) ]

- EREE X MEEREN p, DAEEEN S, NETNEEETRN X ~ (1 )
. FNHEE X ~ (1 Syg) 5 Y ~ (1, Tyy) SUH75 2550
Sy = Cov(X, Y) = E [(X — ) (¥ — y)T]
O Zyy =Xy

O X5YHEMYT — CoviX,Y)=

X Zyxx Zxy
o 2=() = -
I iy
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2> g
xS

® 4B (moment) = ﬁf] Eﬂ. (expectation) '—5 'H]‘Z'z%‘...fﬁ. F#- (covariance matrix)

» X BIZRiFE:

B () = {E(xx)} . ii=12
pXxp

(E(X) E(XX,) - E(X1X>\

E(GX) E(XG) -~ E(x%X)

E (prl) E(XPX2> E(Xg) |



) A EER T (R s Multivariate Distributions

o HhAEMEM S = Var(X) BIMER - \ ’iﬂ

X =
PXp / \ P
E (X)) o
>=F (XXT> —put E (X,) Z;
>0 e e
2 12
E(x \"? )
\ ( p))

° HESMAEENER
T ar (@a"X) =a"VarX)a =) aq X%

(a;)

a, I, J
a =

) Var (4 X +b) = o Var (X) AT

\ )

CoviX+Y,Z)=Cov(X,Z)+Cov(Y, Z)
Var(X+Y)=Var(X)+ Cov(X, Y)+ Cov (Y, X)+ Var (Y)

Cov (X, BY) =dCov(X,Y) B'
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UL

1 3

) R BR iF R & —x+—=x, 0<x,x<1
o Bl WEBEBERMS (x. x) = 4 27112 %
0, otherwise
(1_3\
> MIEHEEEE= (") =%
Ho S
\ 8 )
o 1 o1 | 3 =
Hi = | x1f<x1, x2) dx; dx, = ) Xy Exl +5x2 dx, dx, = o

i 1l

1 3 5

py = || X2 f (%1, %) div dx, = [ [ X (—x1 + —x2> dx;dx, = —
)l 0 Jo 2 2 8
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Multivariate Distributions

13
% 57 i R X —xt+-x, 0<x,x<1
o fil: IREMEBERES (x), x,) = ) 1T 1> 42
0, HE
(13 )
\ = H1 . 24
S muaig1arcugﬂ_<ﬂz>_ 3
Xy

Oxx, Ox.x 0.0816 —0.0052
> EI: ; — 11 1422 —
SZESE (%xl 6X2X2> (-o.oosz 0.0677 >

1 1 2 2
1 3 13 3 13
09Y0

1 1 2 2
1 3 5 11 5
6X2X2 = (X22) —/422 — [ [ Xy <E~x1 + E-x2> dxl dxz — (g) = a — (g) ~ 0.0677
070
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UL

8 BEX, =x, i, X, NEHUESH
* RFFRIZE (condiiona /p“”/f BEX, = xH, X WEHIESY

Xz‘ xl) = Jx2f< x1 dx,, (Xl ‘ xz) Jx1f<x1 ‘ x2> dx,

Var(Xz‘Xl =x1> — E(szg‘x1 =x1) —E(Xz‘Xl =x1>E(X2T‘X1 =x1)

Var(X) = E <XXT> — puT /

Var(Xl‘X2=x2> =E(X1X1T‘X2=x2)—E(XI‘X2=x2>E(X1T‘X2=x2>

® m{¢$ﬁ9€§*& (conditional correlations)

‘sz, X3|X1=X1=
\/Var <X2‘ Xl = X1> Var (X3 ‘ Xl = .Xl)

BEX, =x B, X, 5 X; BRIEBERZREN (partial correlation).
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2
> w —(xi+x+x), 0<x,x,x:<1
o Bl EEEEBEEE £(x. 00 x) = {3 O TR0 0<xn
LO’ @/»
aéa:xla Xoy, X3 yjﬁ-{

2 1
— f(xl, x2) — Jf(xl, X, x3> dx, = g <X1 +X2+5> , 0<x;,x<1
0, HE
% + -|-l 0 1 2 1
f<x1’x3)= 3 T 2) " DAL ) f(Xzax3)= §<X2+X3+5>’ 0 <Xy, x3<1
— f(x1)=[f(x1,x2)dx2=<§<x1+ ), <x <
LO’ :/EEE
r%( + 1 0 1 r2 { 0 |
Flo)= {3t Osn<t ) J3larl), 0<ns
LO, ;E\:E LO’ ;E\:E
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o f5l: ZEMRE

I
E&t
X}
[
)>d2||_:
~~
—~
Ry
S
Y
S
~—
I

x1+x2+x3
,» Xo, , 0 ; 1,
— f<x1,x2‘x3>=f(x1 2 x3) = X3+ 1 SRS : (O<x3<1)
/() 0, HE
rx +x+1
1 3T
A3
0, HE
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o fi: EEM%

BY
F&

B RZN f(xla X2 x3) =93

> ITHEAFUATENE

2
1 /5 1
Cov (XX ) =E(XX) ~E(X)E(X) =~ (2) =-=
’ / )36 \9 324

(13 1 1)
162 324 324 RS
11 1
— o= By 324 L 0385
324 162 324 5 \/13 13
1 13 162 162
324 324 162
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o il ZEIEEK

BY
F&

=R f(xla X2 x3) = 9 §<

0
9&3: x]a x2, x3 yj*’.l’-{

> ITREAENUNEME

1 6X3+7

B (1) ) = (6 1= ) = (ST )
3

(
E<X22‘X3=x3> _ 1 <4x3+5>

2\ n+1
1 3X3+4
2\ n+1

RNE x5 RIZRIEREN

)
)

E (Xle‘ X, = x4
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o B ZEMERBERL f(x, %) =4 3

0
O ’ @/»
9&3: x]a x2, x3 yj*’.l’-{

Var<X1|X2=x2)=E(X1X1T‘X2=x2)—E<X1|X2=x2)E<X1T‘X2=x2>

(1252 + 240y + 11 -1 ‘
X, 144 (x4 1) 144 (x55+1)°
— Var ( >X3=x3 =
X5 ~1 12x7 + 24x; + 11
144 (x5 +1)" 144 (x3+1)°

\/Var<X2|X1=x1>Var<X3|X1=x1) 1

2
144 (x3 + 1) /\x3€ o)

sz, X3|X1=X1 -

pX1X2|X3=.7C3 —

12x3 + 24x; + 11 12x3 + 24x3 4+ 11

\ 144 (n 1) 144 (x4 1)

11
P Xymrs € <— = ~ 47> ~ (=0.0909, —0.0213)
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2x,5 (xl +x3) , 0 <xp, %, x3< 1
HE KT x; 5 x3 TR

\

® @J %E\%J’E@%&f(xl, X5, x3) = {
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— f(xp X3) = [f (xb X2, x3) dx, = {O e

2%y, O0<x <1

fl) = {0 HE

- -

1 (1
x+—, O<x <1 x+—, O0<x;<1
f(x1>=Jf(x1’ x;)dxy =17 2 1 ’f<x3)=Jf(X1’ x3)dg =477 2 ’
0,HE 0,.HE
(7 ) (1 1 )
12 144 144
2 1
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3 18
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2x,5 (xl +x3) , 0 <xp, %, x3< 1

0, @\/9&? x; T x; JFR
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nt+t—, 0<x<1
2
0. 5T
(O<x3< 1)
0 1 V-
X +x3, 0<x,x;< y
f(xl’x3)={ =
\Lﬁ/by f(xl x3) 2(x1+x3) 0<x <1
f(xl‘X3>= — 2.X3+1 ’ I ’ (O<X3<1)

f (x3)

f(xz‘x3) =f(x2)=2x2, 0<x <1 (O<x3<1)

— f(xb xz‘ x3) =f<x1‘ X3> 'f(xz‘ x3>

BEX, =x; 1, X, 5 X, WEESHmEEMIL
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2x,5 (xl +x3) , 0 <xp, %, x3< 1

@\/9&? X, 5 x3 7R

—> Var

(
1 | 6xF+6x;+ 1
18] (2x5+1)°
0

\

/

rx3+5, 0<x;<1
0,.HE

(O<x3 < 1)

, (0<x3<1)



() Tl Ak XF L s Multivariate Distributions

UL

o KIFRAZERIMEMR
E (Xz‘ X =x1> =h (xl) , var (XZ‘ X =x1> =g (xl)
> MAFAHEEXEINEZS

h(X,)2E (Xz‘ X1> . g(X) 2 var <X2‘ X1>

> HERYEmR

E(X,) —E |E (%] X1>]

Var (X,) = E |Var <X2‘ Xl)

+ Var [E (Xz‘ X1>]
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Wr%ﬁ%ﬁﬁﬁﬂﬁﬁg={kﬁ“(“ﬁﬁda%>0
0. K
2x;, O0<x; <1 2 1
— f(x1)=Jf<x1,x2)dx2={0,l EE'E'I — E(X1)=§, Var(X1)=§
f (21 x,) L -2 > 0
e TH
f(xz‘x1)= —— = X1 2 (0<x <1)
f(xl) 0, He

» RFHES (v,) BFIAR, BAIHTIUEE

E(X2)=E[E<X2‘X1) —E X1)=§
Var (Xz) =E [Var <X2‘ X1> + Var [E <X2‘ X1>] =E (Xlz) + Var (Xl) = % +1—18 = 1—2
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- REMIIRETS U=X, - E (X X,)
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1. E(U)=0
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—F) /\I::l

MSE(h) = E { X, (Xl)]T X, - h (x))] }




