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Chapter 1

£ 8 FA1EM

8 Bk A aE ] 20264E5 ) 8 H24:00
% 8 Ak z it :  Friday 8™ May, 2026 23:08

pi

L F BRI 7 705, S i s L ARAT 20 SRR 4R (mclust A H Y banknote #E4E).

(a) [2 70] P R W scale() sREONEHEHEATARAEI, KebrdEtb 2 5 R EIC Y .
[#7]
hn#% melust AIFEEHC banknote ##i4E, #2H 6 N {EZE (Length, Left, Right, Bottom,
Top, Diagonal), FIH scaleO X EFIBEATIRAEN CHAVIMERN 0, FEAMRMEZLN 1D, P
HERAC N X, 4EFEN 200 % 6, HIl n =200, p=6.
rm(list = 1ls(all = TRUE))

library (mclust)

data(banknote)

n <- nrow(banknote) # n = 200

p <- ncol(banknote) - 1 # p

]
(o))

# Extract 6 numeric variables (drop the first column: Status)

X_data <- banknotel[, -1]

# Standardize: subtract column mean, divide by sample std (ddof = n-1)

X <- scale(X_data)

# Verify: column means = 0O, column sds = 1
round (colMeans (X), 6)
round (apply (X, 2, sd), 6)
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briEfLIE, X SFIEIEN 0, BIIREARMEZES Y 1, B

X = L i=1,...,200, j=1,...,6.

E*g_vhilzlmw—%ﬁﬁ%j%%%%#ﬁﬁ@%
(b) [2 4] JRFE BTG, A X TR, =T, e n AR, IR
FEMEE N Y. DU Y BRI A M
(%)
FRRAALBAR AR X MBATERIRL i =T = V199 ~ 14,1067, FHEI5-H SR AFE Y

Y <- X / sqrt(n - 1) # sqrt (199) = 14.10674 (the analysis data matrix)

xij — .’Ej

i, 31y = T D 200 x 6. B, R = V1Y IS TIRIHOR A
PSR N )
(c) [2 4] REEFE R = VTV BURAE (B S SIR W RRFE 1T R SRR R = VT SRR AR
il
[#2]
VR = VTV X AT, SRAAE (L 5 0 R R A

# Compute correlation matrix R = Y°T Y

R <= t(Y) %xh Y
# Verify: R equals the sample correlation matrix of the raw data
round (R, 4)

round (cor (X_data), 4) # should be identical to R above

# Spectral decomposition: eigen() returns eigenvalues in descending order

eig <- eigen(R)
lambda <- eig$values # eigenvalue vector
U <- eig$vectors # unit eigenvector matrix (columns are eigenvectors)

round (lambda, 4)
round (U, 4)

HXIEME R:
1.0000  0.2313  0.1518 —0.1898 —0.0613 0.1943
0.2313  1.0000 0.7433  0.4138  0.3623 —0.5032
» 0.1518  0.7433  1.0000  0.4868  0.4007 —0.5165

—0.1898 0.4138  0.4868  1.0000  0.1419 —0.6230
—0.0613 0.3623  0.4007  0.1419  1.0000 —0.5940
0.1943 —-0.5032 —-0.5165 —0.6230 —0.5940 1.0000




UTHIXI R : Length, Left, Right, Bottom, Top, Diagonal )
YHEE (FEFHETD -

A1 =2.9456, Ao =1.2781, A3 =0.8690, A, =0.4498, X5 =0.2687, Ag=0.1889

WAlE: Yp_) A = 6.0000 = p, SHISEHFED tr(R) = 6 —3K.

M BAFHEEE FIEE uw) -

A u us ugz on us ug

Length —0.0070 —-0.8155 —0.0177 —0.5746 —0.0588 —0.0311
Left 0.4678 —0.3420 0.1034 0.3949 0.6395 0.2977
Right 0.4867 —0.2525 0.1235 0.4303 —0.6141 —0.3492
Bottom 0.4068 0.2662 0.5835 —0.4037 —0.2155 0.4624
Top 0.3679 0.0915 —0.7876 —0.1102 —0.2198 0.4190

Diagonal —0.4935 —0.2739 0.1139 0.3919 —0.3402 0.6318
B oup YR ||lugl =1 HFHIER.
(d) 2 7] B PR ER A Y KA ER Y ~ Y MRS, SHars BT 2, M 2,
HESuW
(%]
HPFEE 10 %, 38 k MRTER Z), = Yuy,, HIGRMIEER Y, ... Y WEMAE, &
HERZEH u, WEDELE (Y =Length, Y, =Left, Y; =Right, Y; =Bottom, Y3 =Top,

Ys =Diagonal) .

# Direction vectors of the first two factor axes
ul <- U[, 1] # corresponds to the largest eigenvalue lambda_1

u2 <- U[, 2] # corresponds to the second largest eigenvalue lambda_2

B ouy M ouy BITEAN, SRTHA TR E R IE

Z1 = —0.0070Y; + 0.4678 Y2 + 0.4867 Y5 4 0.4068 Yy + 0.3679 Y5 — 0.4935 Y5

Zy = —0.8155Y; —0.3420Y, — 0.2525 Y3 + 0.2662Y, 4+ 0.0915Y; — 0.2739 Y5

WEA: Z, M EEER Left. Right. Bottom. Top X HA IE[A5T#Hk, Diagonal A B 1A 51
Wk, Length TTMAJLFNE; Z, FEH Length (REEHA) £ 5.
(e) [2 7] HHRTBANH TAE R Z, Al Zo XoF I FIRFE B 2 T 3 T A A 2 R LR 51
[#%]
HIVF S8 S ] [T Z4EN TR BTREAR R (B (7 22D (LG

tau2 <- sum(lambda[1:2]) / sum(lambda)

cat ("tau_2 =", round(tau2, 4), "\n")
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# output: tau_2 = 0.7039

AL+ Ay 2.9456+1.2781  4.2237
[ER: 6.0000 6.0000

>

k=1
BTN AR B L ARRE T B 2020 70.39%, 4k RIE AT LB H Jo B HUHE (1 3 B4 4.

(£) [2 70 WHEMBAR (17) ERTPHAE TR Z, M Z, ERAARHE.
(%]
n AW SRS kAT e BRI 2, = Yuy, MBS Z = YU 1.9,
YEREA 200 x 2.

# Compute coordinates of 200 observations along Z1 and Z2
Z <= Y %x}% UL, 1:2]
colnames (Z) <- c("z1i", "Z2")

# Preview first 6 rows (genuine) and rows 101-106 (counterfeit)
round (Z[1:6, 1, 5)
round (Z[101:106, 1, 5)

Bl 6 AL (CEE) 5% 101-106 DA (BAEE) [RIARARIN T

Ly Z1 Za el

1 0.12356 —0.11673 genuine

2 —0.16082 0.03810 genuine

3 —0.16104 0.00761 genuine

4 —0.16147 0.00620 genuine

5 —0.18612 —0.00277 genuine

6 0.05363 —0.21841 genuine
101 0.07817 —0.05174 counterfeit
102 0.10553 —0.01264 counterfeit
103 0.09100 0.02020  counterfeit
104 0.11840 —0.03290 counterfeit
105 0.13066 0.01028  counterfeit
106 0.08716 —0.07267 counterfeit

HEI Z BMEAN —0.1059, AP Zy MEZN +0.1059, WRALE Z, J7n B MR 5.
(2) [2 7] TEMIBIEAERTPIANR TR 2, F1 Z, BIBUSE, B2 50 REE 50 SRR

MEEERR, REEEETAIME.

[#%]

# Get banknote class labels

status <- banknote$Status



# Scatter plot on Z1-Z2: genuine = blue circle, counterfeit = red triangle

plot(z[, 11, z[, 21,

col = ifelse(status == "genuine", "steelblue", "firebrick"),
pch = ifelse(status == "genuine", 16, 17),
xlab = expression(Z[1]),

ylab = expression(Z[2]),

main = "Banknote: Observation Scatter Plot on Z1-Z2")
abline(h = 0, v = 0, 1ty = 2, col = "grayb50")

legend ("topright",

legend = c("Genuine (genuine)", "Counterfeit (counterfeit)"),
col = c("steelblue", "firebrick"),

pch = c(16, 17),

bty = "n"

Banknote: Observation Scatter Plot on Z1-Z2
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o U Zy 1 CETETASRD, PR BRISERM 2, IR, PALE Z, 7 EHRKE

=

=,

o XU~ TR Z, X/ HMWEERNFEHNTTW, KT FE B Left. Right.
Bottom. Top (X MALMMIN~}) 5 Diagonal (KHALKE) ZIAIKHN K/NKAR.
(h) [2 77| WEAEHE (5)) AR TRE W, M W, BRI
[##]
B OEHE 104, p MEESAESE kAFET4H (G T, SR YY1 MFHERE vy ERAR
LAV
wi = Vo =\ uy,

Bl W, X BRFAEAEL KT 5 AR 5 S AR AR R SRR, AT E R vy

# Variable coordinates: W_k = sqrt(lambda_k) * u_k

# Matrix form: W = U[,1:2] %%} diag(sqrt(lambdal[1:2]))
W <- UL, 1:2] %*% diag(sqrt(lambda[1:2]))

rownames (W) <- colnames (X_data)

colnames (W) <- c("W1", "wW2")

round (W, 4)

6 NMEEAE Wi-Wo T ER AR
@Ei lemujl W2:\/Euj2

Length —0.0120 —0.9219
Left 0.8028 —0.3866
Right 0.8353 —0.2854
Bottom 0.6981 0.3010
Top 0.6314 0.1034
Diagonal —0.8469 —0.3097

HE w, WRER Y, 5% k MITERE Z, W72 OHRRLD, Fib W | BRIZAL
BESH kAT R RBORE D).

(i) [2 70] fRAR R GAERT PN R 722 W A0 W, ERHURE, IREER S A LR.
(721

# Scatter plot of variable points on W1-W2
plot(wl, 11, W[, 2],

type "n",

xlim = c(-1.1, 1.1), ylim = c(-1.1, 1.1),

xlab = expression(W[1]),

ylab = expression(W[2]),

main = "Banknote: Variable Scatter Plot on W1-W2",
asp = 1)

text (W[, 1], W[, 2], rownames(W), cex = 1.0, col = "darkgreen")



abline(h = 0, v = 0, 1lty = 2, col = "grayb0")
# Draw unit circle as reference
theta <- seq(0, 2 * pi, length.out = 200)

lines (cos(theta), sin(theta), col = "gray70", 1lty = 3)

Banknote: Variable Scatter Plot on W1-W2
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1.2: 6 NMERERFAE W-W, EHEUEE

& 534

o £ W, Jylal (ZE—[AF#h) L, Left. Right. Bottom. Top HIAEFRIIAIEME (ZLITE 0.63 ~
0.84), T1fj Diagonal AR N HME (—0.85), Length 5%, XU KT Z, T E%|H
TRV /I ERS) (Left. Righty Bottom. Top) S5XFAZEKE (Diagonal) 2 [A] X}

o 7E W, I BT E, Length MAMFAR MK (—0.9219), Hor TH iR,
YR N Z, FERBEPEKE (Length) HIfERE.

o Left 5 Right 5£iT, Bottom 5 Top %, ULEHIXPIX AL & S FEAHK (SHOCAERET Left-
Right % &% 0.74, Bottom-Top 4 0.14 AHIFRL) .

o WARHR AR A B S EMIERN B RG% 7 F AL Diagonal 55 Left/Right /Bottom/'T
MBI R b, X5 —RTERE 7, e A 38X 0 BN RN —8



